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Plain Language Abstract

Constraint hypergraphs (CHGs) are a newmathematical method for representing information that

captures all the different ways a system can behave. While most methods for information capture focus

on describing things, CHGs emphasize simulation. Any model of a system can be turned into a CHG.

Additionally, once something is represented in a CHG, all the information that can be known about that

entity can be automatically derived from the graph. This allows users to predict what state something

will be in without having to manually specify all the inferences leading up to that prediction. There

are two major applications of this framework described in the dissertation. The first is model-based

engineering platforms, where users can connect all the software and databases used in an organization

into a single, executable CHG. The second application is digital twins, which when something physical

is represented on a computer. Digital twins are used in manufacturing, healthcare, and science. It is

shown how they become far easier to connect and maintain when created as a CHG.
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Abstract

The characterization of systems encompasses a variety of modeling frameworks designed to cap-

ture specific behaviors and components of various system domains. Whatever the framework, the core

elements of a system representation are the information of the system and a description of how that

information is related. The relations in deterministic systems are functions, which, when composed to

form executable processes, can be used to simulate system data. A declarative modeling framework is

one that encodes mechanisms for preparing these simulations within the model structure, allowing an

external agent to form the execution processes required for a given context.

To date, no declarative modeling framework has been proposed that allows for these processes to be

discovered for any system across any domain. In this dissertation, a new framework called a constraint

hypergraph is proposed that provides universal, declarative modeling. System behavior is embedded in

this framework as paths through the hypergraph. Simulating a system represented with a constraint

hypergraph can be accomplished by an autonomous agent capable of discovering these paths. This,

combined with the graphical nature of the framework, allows system information to be interrogated

autonomously across domains, enabling multiphysics, multiscale modeling and simulation of complex

systems.

Applications of this framework are shown to model-based engineering platforms and digital twins.

The former is given by showing how updatable digital threads can be traced throughout a data ecosys-

tem, including across analysis software platforms such as CAD and FEA tools. Constraint hypergraphs

are also shown to provide a robust foundation for creating digital twins, leading to twins that are us-

able, interoperable, maintainable, and verifiable. These applications are demonstrated using custom

algorithms published in the open-source package ConstraintHg.
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Preface

This dissertation is primarily based on papers published or submitted to publication between 2024

and 2025. These papers are divided by chapter. It is the opinion of the author that the thematic pro-

gression of the dissertation is unaffected by the strict inclusion. Note that the text has been adjusted to

improve continuity and readability. There is some redundancy between chapters, (such as redefining

terms) which was permitted to remain to preserve the context of each chapter. One benefit arising from

this is that each chapter can stand on its own, without dependencies on previous chapters.

The two chapters that are not based on a submitted paper are Chapter 5 and the Introduction. The

first is a review of digital twins adapted from the dissertation proposal, while the second is styled as a

comprehensive guide to constraint hypergraphs, their usage, and applications. The introduction is less

formal in tone, and is intended to serve as a general tutorial to the subject. More formal definitions of

the terms described in the introduction are given in the remainder of the dissertation. The intent is for

a reader to be able to fully grasp the concepts given in the dissertation after reading the introduction. A

reader who is unsatisfied by the details given in the introduction can then investigate further by reading

the remaining chapters. The thematic flow is the following:

1. Comprehensive introduction

Theory:

2. Definition of constraint hypergraphs

3. Mathematics of modeling and simulation

Applications:

4. Use of constraint hypergraphs in model-based engineering

5. Review of digital twins

6. Use of constraint hypergraphs in representing digital twins
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CHAPTER 1

Introduction

1.1. Understanding Information

Reality, as it exists, is unfathomable. Fortunately, as sentient beings we can construct worldviews

that allow us to make sense of our surroundings. We do so by identifying patterns in the physical

phenomena. Shared patterns of behavior become things: nouns such as bears, airplanes, and rain.

Each thing has a unique set of behaviors, such that all bears have some similar behavior that is shared

with neither airplanes nor snowflakes. A synonym for a thing is a system1 [1].

The distinctions we draw between things is information. This is such a foundational notion that it

bears a bit of additional explanation. If we have a set of things, and we can tell the difference between

them, then it follows that we are able to treat them all individually. Every thing that is unique becomes

a datum–the singular of data. Synonyms for data include labels and values. The last is most appropriate

whenwewant to consider groups of data. All the data that we can distinguish uniquely can be collected

into a set. For instance, the things below could be categorized by the set species, with values “cow”,

“tiger”, and “pig”; or by position: “left”, “middle”, and “right”. We can tell the difference between “left”

and “right”, but not between “cow” and “middle”.

A system that is temporally consistent imparts one more condition: that no two data in a group

can be manifest in a single frame of reference. That is, to be temporally consistent, a thing’s species

cannot be both a “cow” and a “tiger”, or its position both “left” and “right”. What a temporal system

1Throughout this chapter, text set apart in italics generally indicates the term is defined nearby in the text.
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1. INTRODUCTION: UNDERSTANDING INFORMATION

might, however, change is which value is manifest, the fundamental notion of a dynamic system. Con-

sequently, for dynamic systems we refer to these groups of unique, non-overlapping data as variables.

The set of variables that we assign to a system represents all the information that can be gleaned

about it. We can associate some loose terms to these concepts: characterizing a system is establishing

which variables are exhibited by a given system (our symbols above are characterized as having variables

of position and species). Describing a system, in contrast, is when we assign values to these variables:

to species, and “left” to position. Most of the goals of science and engineering are to describe

some entity: we want to know when a column will buckle, what virus is infecting a person, or which

quantum state will be manifest after a calculation.

There are two mechanisms for describing a system. The first one is observation, where a rational

agent assigns a datum to some perceived phenomenon. If every variable assigned to a system can be

fully observed, then the work of a scientist describing the system is complete. However, it is more often

the case that system variables are difficult to observe. For instance, the size of the symbols above is

not immediately obvious–at least, not if you don’t have a ruler handy. Other examples of unobservable

information include future states (such as who will win the next election), inaccessible information

(what is the temperature of the earth’s core), and lost data (how many species have gone extinct since

the earth formed).

It’s clear in these cases that we won’t be able to observe everything about a system. The second and

final mechanism for describing some entity is simulation. A simulation is when we use relationships

between variables that we know to inform the variables that we don’t. Synonymous terms for this

include prediction, inference, and to a lesser extent, estimation and decision-making. The result of a

simulation is the provision of a value for some unobserved variable. We refer to the known variables

as inputs and the artificially assigned variables as outputs. Most of this dissertation is focused on the

mechanisms we use to perform simulation.

1.1.1. SystemsModeling

The primary component of a simulation is the relationships used to transform inputs to outputs.

These relationships are functions, whose domains and codomains lie in the space formed by the input

and output variables respectively. The aggregation of functions and variables together forms a model,

2



1. INTRODUCTION: UNDERSTANDING INFORMATION

which describes the behavior of the system. Willems, in an influential article [2], gave a mathematical

definition for what we mean by behavior. He starts by considering the state space of a system–that is,

the vector space formed by the combination of all states that can exist. For our animals, that’s every

combination of species, position, and size that could be prescribed for the three symbols. Behavior

is given by reducing the state space, such that certain state combinations are no longer reachable. This

corresponds with the idea of information as distinction–to have unique behavior, a systemmust not be

able to exhibit the same states as another system.

species position

left

center

right

Size

10pt

20pt

30pt

There are two ways to restrict the state space. The first is to eliminate certain states independently.

For instance, the position of a symbol will never be “above” or “in front of”. These actions are performed

when characterizing the system, when the modeler defines what it implied by position. As such, they

are rarely represented in the model of the system–instead the model of the system is simply redefined

to only include valid states. The second method is a dependent restriction, when a state’s reachability

depends on other values in the system. An example might be stating that must always be in the

“left” position, consequently making the state combinations ( , center, 𝑥size) and ( , right, 𝑥size).

This constraint can be represented as a function, mapping from the domain cow to left.

species position

left

center

right

Size

10pt

20pt

30pt

𝑓( )

Unconstrained problems can have inequalities as constraints (such as mapping to either “left”

or “right”). However, these inequalities cannot be used to describe a real system for two reasons. The

first is that they violate temporal consistency. As described above, the animal cannot be both “left” and

“right”. We need additional information if we want to describe our system using this unconstrained
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relationship. The second is that these relations are nondeterministic. It’s unnecessary for this disserta-

tion to explore the philosophy of determinism. Instead, we can merely note that if a behavior cannot

be construed to be deterministic, then it becomes impossible to determine anything from it. Restricting

ourselves to real, temporal, deterministic systemsmeans that we can ignore inequality constraints. The

result is that all behaviors for these systems must be represented as algebraic functions.

It bears repeating that our goalwith formingmodels is to fully describe a system–to know everything

about it that can be known. To fully constrain a system requires amodeler to formbehavioral constraints

for every node that is not observed. Such a fully constrained system might look like this:

species position

left

center

right

Size

10pt

20pt

30pt

𝑓1

𝑓2

As shown, if we can observe a symbol’s species, we can also determine–or simulate–its position

and size. There’s another property with functions that makes them useful to use: they compose. Be-

cause of this we can form chains of reasoning. To demonstrate this, let’s modify the animal set so that

the center animal is a little bigger than the rest of them.

With this new system, let’s identify some behaviors. We have a mapping between the species of

animal and its position: on the “left”, etc. And we have another one between its position and

size: symbols in the middle are 30pt, otherwise they’re 20pt. We can represent these behaviors with

the functions 𝑓1 ≔ species → position, and 𝑓2 ≔ position → size respectively. Our visual model

becomes:

species position

left

center

right

Size

10pt

20pt

30pt

𝑓1 𝑓2
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The visual shows the simulations chains in the model. For two functions to compose requires them

to overlap in their domain/codomain. When this occurs, it is guaranteed that the output of one function

can be used as the input for another function, allowing extended simulation chains. With the model

above, we can simulate the size of the tiger symbol by taking
𝑓1−→ “center”

𝑓2−→ “30pt”. This is as if

we had a relationship mapping species to size, even though such a function is not explicitly given in

the model. When composed, 𝑓1 and 𝑓2 form a new function with the domain of 𝑓1 and the codomain of

𝑓2. The humble property of composition has powerful implications for building description schemes.

1.1.2. Graphical Representations

The scale of our small system is quite modest. More typical systems are too complicated for each

datum to be represented. Instead, we’ll draw the model graphically: condensing the variables in the

system to singular nodes, and draw the relations between them as edges. The result is the following:

species position Size
𝑓1 𝑓2

So far, we have beenworking with unary functions–functions taking in only a single parameter. But

arity is not restricted when dealing with behaviors. Consider the following expanded group of animals,

each of which is described by four different variables: species, position, status (either predator or

prey), and color (black, purple, or orange). The animals follow one behavior: predators in the center

are colored orange, while prey in the center are colored purple.

We can model this system as the following, where 𝑓1 is the function identifying whether a species is

predator or prey, and 𝑓2 determines what the symbol’s color should be:
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species

position

status

color

𝑓2

𝑓1

Here we see the first hyperedge: a multiple-arity edge corresponding to the multiple-arity function

𝑓2 ≔ (status, position) → color. The domain becomes the Cartesian product of its arguments, so

that every combination of (status, position) is mapped to color. The presence of a hyperedge means

that this graph is now a hypergraph. Representing a system with a hypergraph will make things a little

more complex, but will enable some remarkable capabilities in modeling and simulation. Note that

we can get information about our system using composition in the same way as the previous graph:

knowing an animal’s species lets us simulate its status via 𝑓1, and we can combine the output of 𝑓1 with

knowledge of an animal’s position to simulate its color via 𝑓2.

This style of representation is called a constraint hypergraph (CHG): the hypergraph formed of all

the behavioral constraints imposed upon a system. Representing a system as a CHG enables two im-

portant capabilities for modeling: universality, such that all behaviors can be represented in a CHG;

and declarativity, where all simulations are encoded into the model structure. The rest of this introduc-

tion will cover what these properties are, why they are important, and how they are provided by CHGs,

starting with a better understanding of a CHG.

1.2. Background

The task of representing behaviors is timeless, but specific notions have played more explicit roles

in the evolution of CHGs. The first significant contribution was the establishment of foundation for

mathematics based exclusively on functions by Church in 1933 [3] (and revised in 1941 [4]). The nota-

tion of Church’s lambda calculus was borrowed by McCarthy in 1960 in developing the first functional

programming language, Lisp [5]. Lisp was the first of many developments in functional programming,

giving rise to languages such as Haskell and Miranda [6]. This provided useful platforms for decom-

posing systems, especially whenWillems gave his behavioral interpretation of a system in 1989 [7].

6



1. INTRODUCTION: BACKGROUND

Separately, the notions of set and information theory paved the way for the study of cybernet-

ics, founded by Ashby in 1956 [8]. Ashby used the approach outlined above to decompose heteroge-

neous systems into a series of sets related bymappings, including references to arrow-based “kinematic

graphs” whose traces showed the effects of system elements on each on other [9].

While Ashby was mostly concerned about analyzing biological systems, his work sparked efforts

by Friedman in his doctoral dissertation in 1969. Friedman specifically showed how deconstructing a

system into its functional constraints provides a basis for ascribing properties of computability to it [10].

To do so, Friedman used four different representations: set-based mappings, algebraic constraints, a

constraintmatrix showing connections between variables, and a bipartite graph (where one set of nodes

represented variables and the other one represents the relations mapping between them, as shown in

Figure 1.1).

Figure 1.1: Bipartite “model graph” proposed by Friedman where circles represent variables and rect-

angles represent relations. Extracted with permission fromGeorge J. Friedman and Cornelius T. Leondes.

“Constraint Theory, Part I: Fundamentals”. IEEE Transactions on Systems Science and Cybernetics 5.1

(Jan. 1969), pp. 48–56. issn: 2168-2887. DOI: 10.1109/TSSC.1969.300244. Copyright © 1969, IEEE

Friedman’s framework provided ways to analyze a complex, heterogeneous system, [11], however,

one activity that he did not investigate was how these frameworks could be used to describe systems–

the task that we attempted to do with the sets of animals above. We can call this task interrogation,

and informally define it as the action of discovering a value for a state in our system. In other words,

interrogation is the work of describing (or knowing) some bit of information.

7
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1. INTRODUCTION: CONSTRAINT HYPERGRAPH PROPERTIES

This dissertation takes Friedman’s model graphs and expands them into a tool for interrogation.

It will be shown in Chapter 2 that interrogation requires mechanisms for dealing with cycles, multi-

ple edges, and pathfinding. Providing all of these is what transforms the model graph into a CHG–a

framework for system modeling and simulation.

1.3. Constraint Hypergraph Properties

But first, we need a more rigorous definition of what a CHG is. Under the parlance of category the-

ory [12], a CHG is a partial subcategory on Set, whose objects are sets and whosemorphisms are partial

functions. For a general reader, we are fortunately not required to understand anything additional of

category theory to appreciate how CHGs work. Without considering categories, we can show CHGs as

a hypergraph. Each node in the graph represents a variable, and can be assigned a value taken from

the variable’s range (which is allowed to be infinite). The nodes are connected by directed hyperedges.

Each hyperedge leads from a set of nodes known as sources to a single node known as the target. For

example, the simple CHG shown in Figure 1.2 has three edges. Variables 𝐴 and 𝐵 are the sources for

edge 𝑓1, whose target is 𝐷.

𝐴

𝐵

𝐶

𝐷

𝐸
𝐹

𝑓1

𝑓2
𝑓3

Figure 1.2: A basic CHG with six nodes and three hyperedges.

Each hyperedge provides a relation, mapping each value in its source set to a value in its target set.

The source set for a hyperedge is formed by taking the Cartesian product of each of the edge’s sources.

For the CHG in Figure 1.2, themappings given by the three edges are {𝐴×𝐵
𝑓1−→ 𝐷; 𝐵×𝐶

𝑓2−→ 𝐸;𝐷×𝐸
𝑓3−→

𝐹}.

1.3.1. Universality

On the surface, all we’ve done is provided a way to show functionmappings graphically. Onemight

reasonably wonder about the framework’s significance. Though the underlying notions of variables

and functions might seem unsophisticated, their simplicity belies the power of a CHG to represent

8



1. INTRODUCTION: CONSTRAINT HYPERGRAPH PROPERTIES

complicated systems. There are only two elements in a CHG: the sets of values represented as nodes,

and the constraints represented as edges. We have already discussed how every system behavior can

be represented as a functional constraint. And it was established by Shannon back in the early years of

the twentieth century that set theory served as a foundation for information–as Ashby summarized, “a

system…means, not a thing, but a list of variables” [8]. We can take from these two notions all sets can

be represented as by sets while functions can represent every system behavior.

We can take this declaration quite literally. By breaking down a system into its primitive elements,

a CHG can be used to represent any system. This makes CHGs a sort of universal language, that is,

they are able to capture the meaning given by any modeling framework. Whether the system is given

as a circuit diagram, a Petri net, a Markov chain, a set of algebraic equations, a flowchart, or an entity-

relationship diagram, all models can be transformed into a CHG (as shown in Chapter 2).

Furthermore, CHGs can be used to capture behavior across system domains. Most frameworks,

such as bond graphs or Gantt charts, express information for a specific domain (energy flows and

task scheduling, respectively, in this case). Yet a stakeholder often needs information across these

domains–for instance, how would increasing the power output of a hydraulic pump impact manufac-

turing throughput? A traditional systems engineering approach requires information to be manually

passed from the bond graph to the Gantt chart. But using a CHG we can represent the entire manufac-

turing system in a single framework, allowing the system to be interrogated across the two domains.

1.3.2. Declarativity

In addition to edges, we can describe the paths through the hypergraph. A path is a series of func-

tions whose composition connects a set of nodes to a single output. For instance, the edges 𝑓1, 𝑓2, and

𝑓3 in Figure 1.2 compose together to map the set 𝐴 × 𝐵 × 𝐶 to 𝐹. In a normal graph, a path is a chain,

where a series of edges connect the source node to the terminal. In a hypergraph, a path is a tree, where

each edge leads to a node that is either the terminal node or a node that is in the domain of another

edge–the difference being that there is no condition on the edges forming a series. Although there are

only three edges in the CHG in Figure 1.2, there are actually six paths, as shown in Figure 1.3.

As shown in Figure 1.3, each path represents a function composed from the edges in the graph that

transforms a set of input nodes to an output node. This means that each path represents a potential

9
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𝐴

𝐵
𝐷𝑓1

𝐴 × 𝐵 → 𝐷

𝐵

𝐶
𝐸𝑓2

𝐵 × 𝐶 → 𝐸

𝐷

𝐸
𝐹𝑓3

𝐷 × 𝐸 → 𝐹

𝐴

𝐵
𝐷𝑓1

𝐸
𝐹𝑓3

𝐴 × 𝐵 × 𝐸 → 𝐹

𝐵

𝐶
𝐸𝑓1

𝐷
𝐹𝑓3

𝐵 × 𝐶 × 𝐷 → 𝐹

𝐴

𝐵

𝐶

𝐷

𝐸
𝐹

𝑓1

𝑓2
𝑓3

𝐴 × 𝐵 × 𝐶 → 𝐹

Figure 1.3: A breakout of all six paths of the CHG shown in Figure 1.2, with the composed mappings

from the input (source) nodes to the output (target) node.

simulation that can be run on the system. This bears repeating: each path in the CHG represents a way

that some node can be simulated based on known values of another set of nodes. The combined set of

all paths represents every simulation that can be run on a system.

This is a significant result: in essence we have found a way to encode simulations into the structure

of a model. Most, if not all, other model frameworks are not capable of this. Block diagrams, for

instance, encode a single simulation, but cannot describe alternate ways of understanding a system.

For all intents and purposes, a block diagram provides a single path from Figure 1.3, while the CHG

provides all of them.

Embedding these simulations into the model structure is essential to creating a declarative frame-

work. A declarative framework is one where an agent can autonomously simulate the system without

having to be explicitly told how to do so. Most frameworks are imperative, which means the modeler

provides exact instructions on how a simulation should be executed. These instructions form a proce-

dure, and generally start with a set of inputs at the start that get transformed to a set of outputs at the

end.

An analogy of an imperative framework is giving a friend a set of driving instructions: start here,

then turn North onto Main Street, turn right after the gas station, then left at the second stop sign, etc.

If followed correctly, such instructions will get your friend to their destination. But your friend has no

ability to redirect, because they don’t have any understanding of the geography–only the ordered steps

10
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you prescribed. Contrast this with a declarative framework, which would be analogous to giving your

friend a map. Then, instead of blindly following driving instructions, your friend can use the map to

take whatever route they prefer. Similarly, with a declarative framework, an executing agent has the

ability to simulate the system without requiring an explicitly prescribed procedure. This is because the

agent has some mechanism for understanding the system’s behavior.

If a modeler wants to simulate a different set of outputs using an imperative framework, then they

have to create a new model. For the very simple system shown in Figure 1.2 that would mean six

different models to give all the ways of simulating the system! As you might guess, the amount of

models required to imperatively define all simulations grows considerably as the complexity increases.

In fact, it grows exponentially, on the order of 𝒪(2𝑛) for 𝑛 variables in a system, quickly becoming

prohibitively expensive. On the other hand, using a CHG means that every simulation is discoverable

from the model itself. As long as an agent can “read the map,” we can provide the model and have the

correct simulation autonomously discovered.

1.3.3. Interoperability

Declarativity is key for doing multiscale simulations. In a multiscale model, effects are prescribed

at both the micro and macro levels (and often more gradients between). For example, we might want

to simulate the turbulent airflow around an airplane’s wing (micro), as well as all the flight paths in a

nation’s airspace during the day (macro). The different scales lead to competing definitions: to capture

the fluid behavior of the first model requires time steps in the thousandths of seconds, while flight

positions can be calculated every minute. Going back and forth between these time steps leads to long,

convoluted processes in an imperative framework.

In a declarative CHG, on the other hand, any coupling between the time steps is described by paths

that go between the two levels. More specifically, the relationship between the micro seconds and the

macro minutes only has to be encoded in one place in the hypergraph, and then any simulation that

requires that relationship will automatically make use of it. Furthermore, the mathematics of func-

tion composition enforce order, so that the effects will only be calculated at the proper moment in the

simulation–ensuring that inter-system coupling will not invalidate the simulation. More information

on declarative versus imperative modeling is given in Chapter 3.
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These integrations are enabled by the graphical nature of a CHG. In a hypergraph, every node be-

comes a port by which information can be communicated. The corollary of this is that any signal can be

exchanged between systems along the ports in the hypergraph. This is not true for typed frameworks,

such as in object-oriented modeling, where ports must be selectively prescribed [13]. Integrating two

systems represented byCHGs occurs bymerging shared properties. This is accomplished by performing

a union operation on two graphs, such that all nodes in one CHG are combined with the overlapping

nodes in the other.

The new paths formed by merging the CHGs represent the emergent behavior arising from the

system integration.This emergence is shown in Figure 1.4, where two CHGs exist: one with four nodes

𝒞1 ≔ {𝐴, 𝐵, 𝐶, 𝐷} and the other with three 𝒞2 ≔ {𝐶,𝐷, 𝐸}. Both CHGs have two relations. 𝒞1 describes

the effect of 𝐴 on 𝐷, and 𝒞2 describes how 𝐷 affects 𝐸, but only when the two are merged together

(across the shared nodes 𝐶 and 𝐷) can the effect of 𝐴 on 𝐸 be discovered. By combining the two CHGs,

we have created four more relations through function composition, which have emerged out of the

system aggregation.

A B

D C

𝒞1

A B

E D C

𝒞1 ∪ 𝒞2

E D C

𝒞3

Figure 1.4: Example of merging two CHGs (left and right) into a single CHG (center) via a union

operation.

1.4. Structure of a CHG

1.4.1. Pathfinding

Declarative simulation requires an agent who can interpret the model structure and synthesize the

executable processes. To perform declarative simulation, we should be able to describe the information

we know (our inputs) and have the agent automatically interrogate the system to provide the informa-

tion we want to know (our outputs). We have already seen how a CHG captures an executable process

as a path through the hypergraph. This redefines the work of a declarative agent as finding paths in the

12



1. INTRODUCTION: STRUCTURE OF A CHG

CHG.While pathfinding in a hypergraph is a little more difficult than a normal graph, the real wrinkles

in pathfinding come from additional structures that have to be considered in a CHG. Let’s build these

wrinkles out one by one, starting with the easiest case.

In a simple, directed hypergraph, pathfinding is a linear extension of traditional searching on a

graph. One can use methods like A* or DFS to find an optimal route from the source set 𝑆 to a target

node 𝑇. Ausiello, who did significant work on the theory of directed hypergraphs, showed how you

could modify Djikstra’s algorithm to optimally solve a hypergraph [14]. By moving from node to node,

and keeping track of which branches you’ve explored, you can establish the shortest path between any

𝑆 and 𝑇.

Djikstra’s algorithmassumes that every edge originating from somenode is always viable to traverse.

The modified algorithm extends this condition to say that a hyperedge is viable to traverse if the agent

has explored every source node for the hyperedge. However, this requirement is too strong for a CHG,

which, if you recall from Section 1.3, is only required to have partial functions. A partial function is a

function that does not provide amapping for every element in its domain, meaning that an edge leading

from a source node may not be viable for every value that node can take on.

Partiality is essential to representing reality, were we often do not have mappings for every variable

value. Take for instance, an example from fluid dynamics. You can use the Darcy-Weisbach equation

to calculate the pressure loss Δ𝑝 across a pipe as Δ𝑝 = 128
𝜋

𝑄𝜇𝑙
𝑑
, where 𝑄 is the volumetric flow rate, 𝜇 is

the dynamic viscosity, and 𝑑 and 𝑙 are the pipe’s diameter and length, respectively. The hypergraph of

this particular relation might look something like this:

𝑄𝑑

𝜇 𝑙

Δ𝑝𝑓DW

However, this particular form of the relationship is only valid if the flow is laminar, namely if the

Reynold’s number 𝑅 is less than 2300 [15]. You can calculate 𝑅 as 4 𝜌𝑄
𝜋𝑑𝜇

, where 𝜌 is the fluid’s den-

sity. If our CHG didn’t permit partiality, then the hypergraph above would imply that 𝑓DW maps every

combination of 𝑄, 𝑑, 𝑙, and 𝜇. How do we describe the limited validity of our relation?

13



1. INTRODUCTION: STRUCTURE OF A CHG

The trick is to map out the explicit range of values for which 𝑓DW is valid as a subset of the full

domain. This turns 𝑓DW into a partial function. To do this, we add 𝑅 to 𝑓DW’s source set. Recall that the

domain of a function is the Cartesian product of its arguments. By adding 𝑅 as input to we are implying

that the mapping for 𝑓DW actually goes from 𝑄 × 𝜇 × 𝑑 × 𝑙 × 𝑅, allowing us to specify which values of

𝑅 are unknown for 𝑓DW. We show this in the following CHG:

𝑅

𝑄𝑑

𝜇 𝑙

Δ𝑝𝜌 𝑓DW𝑓R
>2300

The important part of this addition is the dashed line connecting 𝑅 to 𝑓DW, which we’ll use to indi-

cate that only a subset of the values of 𝑅 are mapped by the connected function. Now any pathfinding

agent attempting to traverse 𝑓DW will need to check whether 𝑅 > 2300, if not, then the edge should not

be considered valid. Note that this check happens at run time, because the agent has to check the spe-

cific value given during the simulation. The agent cannot know this until 𝑅 is known–either provided

as an input or calculated using 𝑓𝑅. Although partial functions are essential for modeling reality, they

greatly increase the difficulty of simulating the CHG–not in the least because we’re prohibited from

presolving the graph using the modified Djikstra’s algorithm. With a partial hypergraph, the optimal

route from𝐴 to 𝐵 is not universally given because it depends on the specific value of 𝐴 being simulated;

not all edges are available for all values.

On the other hand, weakening the CHG definition to include partial functions greatly expands our

functionality. We can now turn on and off edges based on the values the agent encounters. We can also

do path switching, where the value of the source nodes influences which target a path leads to. This is

helpful for marking certain states as reachable only under certain conditions. For instance, we might

only calculate a diffusion coefficient if the flow is turbulent (𝑅 > 2300). The concept of labeling subsets

of viable values is most akin to establishing a validity frame. In practice, we can express a validity frame

as a function 𝑓via that has the same domain as a hyperedge (made of the product of each source node),

and maps to the set of Booleans (“true”, “false”) values. Passing an input value 𝑠 to 𝑓via gives us the
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information about whether 𝑠 is a viable value for the partial edge. If 𝑓via(𝑠) = “true”, then we can use

the edge to map 𝑠 to the target.

1.4.2. Cycles

In addition to path selection, partiality is essential to one more structural component of a CHG:

cycles. A cycle is a path that ends on one of the nodes in its source set. There’s a case to be made that

constraint networks should not permit cycles, as a cycle indicates that a variable’s value is dependent

upon itself. This is an illogical proposition for a causal system–how could a function calculating 𝑅

logically use 𝑅 as an argument?

However, there are many cases where we use variables to represent a series of data, such as a state

that varies in time. Often, in time-varying models, the behavior of a system does not change between

time steps. The representative model establishes a pattern that is repeatedly solved for each time step.

In this case each calculated output is dependent upon its own values from a previous time step.

However, we don’t need a cycle tomodel this kind of relationship, we can just make a different node

for every instance of a variable. Let’s say, for example, that we wanted to solve for the position 𝑥 of a

car moving at constant velocity 𝑣. The first step would be to set the starting position 𝑥0 and add it to

a hypergraph. We can then add another node for the position after Δ𝑡 seconds had gone by and call it

𝑥1. The relationship between 𝑥1 and 𝑥0 is 𝑥1 = 𝑥0 + 𝑣Δ𝑡, which we can easily make into a hyperedge.

We could repeat this process for the position after 2Δ𝑡 seconds had gone by, noting that 𝑥2 = 𝑥1 + 𝑣Δ𝑡.

This results in the drawn out hypergraph shown in Figure 1.5, where the dots indicate that the pattern

repeats for every node 𝑥𝑖 up to 𝑥𝑛.

𝑣 Δ𝑡

𝑣Δ𝑡

𝑥1𝑥0 … 𝑥𝑛

∗

+ + +

Figure 1.5: A simple hypergraph explicitly mapping out the relationships between variables across

time steps.

Such a modeling process is not only tedious, it lacks expressability. What we really want to model

is the relationship 𝑥𝑖+1 = 𝑥𝑖 + 𝑣Δ𝑡, rather than every incremental relation. The trick for adding the
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variables 𝑥𝑖 and 𝑥𝑖+1 to the hypergraph is to use cycles. Cycles enable arbitrary indexing of a variable,

allowing us to express these recursive type expressions without have to explicitly map out every single

instance of a variable, as shown in Figure 1.6.

𝑥𝑖

𝑣 Δ𝑡

𝑣Δ𝑡 𝑥𝑛

𝑖∗

+

idx

𝑖 ≥ 𝑛

Figure 1.6: A non-simple hypergraph with a cycle.

By creating a cycle, we’ve indicated that 𝑥𝑖 can take on multiple values, as many as the solver can

find. This gives us flexibility in expressing our system; rather than make a new hypergraph for every

max value 𝑛 (with a longer and longer chain), we can now just trace a path around our cycle as many

times as we need to calculate 𝑥𝑛.

Note though that the path from 𝑥𝑖 to 𝑥𝑛 is not a full path–it has partiality. This is critical for a cycle.

Cycles, by themselves, do not tell the solver when they should be solved. Instead, the solver needs some

kind of exit path to take–an edge that only becomes viable after some condition has been met. In this

case, the condition is that the index 𝑖 of 𝑥 is greater than or equal to 𝑛. Until that condition is reached, a

solver is forced to continually trace around the cycle, increasing the index count each time. Only after

cycling 𝑛 times will the exit edge become viable, allowing the solver to calculate 𝑥𝑛. Without this exit

condition, our pathfinding agent is liable to become stuck traversing the cycle infinitely.

1.4.3. Model Selection

The final wrinkle for a pathfinder to address is dealing with competing models, a process known

as model selection. In model selection, a modeler considers two or more models that can be used to

simulate the same variable. While both are considered valid, the modeler must have some criteria for

determining which is preferred for interrogation. This criteria might be how quickly the models can be

executed, the accuracy of the models, the level of trust the modeler has, or even tool availability. We

can look at how this takes place in a CHG by considering the most elemental case: picking between

two edges.

Ourmotivation for doing so comes from understanding the wordmodel as a set of relations describ-
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ing a system’s information–a hypergraph, in other words. That means that every CHG is a model, and

every subgraph is a model. The smallest hypergraph you could conceivably identify as a model would

consequently be a single edge mapping between two nodes. Model selection requires picking between

at least two models, so the minimal representative case is two edges mapping between the same two

nodes, such as:

𝑆 𝑇

𝑒1

𝑒2

We cannot have both edges in a simulation. At best, they return the same value, making their

calculation redundant. But usually two different models will return different values–otherwise there

wouldn’t be competingmodels in the first place. In this case the solver has to establishwhich calculation

is better, since a causal system can’t exist in two different states at once.

To determine which model is better requires additional information about the models’ suitabil-

ity. Mathematically, grading various entities results in an order, where each entity can be described

as greater than or less than another. We can represent this order using positive, real numbers–another

series with a defined order. To do so we have to create yet another function 𝑓cost whose domain is the

competing edges {𝑒1, 𝑒2} and codomain as the positive, real numbersℝ+. Once we can find 𝑓cost we can

use it to assign weights to each edge, so that the edge with the lowest weight will be preferred in the

simulation path. This might look like:

𝑆 𝑇

𝑓cost(𝑒1) = 2

𝑓cost(𝑒2) = 5

Note that a higher score doesn’t prohibit an edge from being used in a simulation path–it may be

the case that 𝑒1 is not valid for the found value of 𝑆. But having 𝑓cost provides a mechanism for the

pathfinding agent to prefer 𝑒1 to 𝑒2, assuming both are viable options. With this, we’ve provided the

primary structures of a universal systems representation framework: variables, relations, partiality,

cycles, and edge weights. Now we can put all these together to represent a more realistic system.
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1.5. Demonstration of Simulation

A good system to demonstrate building a CHG is a planar pendulum. The primary states for this

system are the angular position 𝜃, velocity 𝜔, and acceleration 𝛼, with units of rad, rad/s, and rad/s2 re-

spectively. We’ll also assign variables for the gravitational acceleration 𝑔 (m/s2), length of the pendulum

tether 𝑟 (m), and the time 𝑡 (s). The main equation of motion for the system is

𝛼 = −
𝑔
𝑟 sin 𝜃 (1.1)

The other relations are the integration relationships between 𝛼, 𝜔, and 𝜃. To keep things simple, we

can write these using a simple, first-order Eulerian integration:

𝜔𝑖 = 𝜔𝑖−1 + 𝛼𝑖Δ𝑡 (1.2)

𝜃𝑖 = 𝜃𝑖−1 + 𝜔𝑖Δ𝑡 (1.3)

where Δ𝑡 is the time step 𝑡𝑖 − 𝑡𝑖−1. This system is shown in Figure 1.7, while the CHG is shown in

Figure 1.8.

Figure 1.7: Schematic for a simple planar pendulum.

The cycle from 𝜃 to 𝛼 to 𝜔 and back to 𝜃 is clear from Figure 1.8. The model right has no partial

edges described, and there are no competing edges (a simple hypergraph), so we don’t need to add edge

weights. We’ll add both of these later in this example. For now, let’s just show how a basic simulation

works.
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Δ𝑡

𝛼

𝜃 + 𝜔Δ𝑡

−𝑔
𝑟
sin 𝜃 𝜔 + 𝛼Δ𝑡

𝜔𝜃

𝑟

𝑔

Figure 1.8: CHG of a simple planar pendulum.

1.5.1. ConstraintHg

As described in Section 1.4.1, to simulate a system declaratively we need an agent that can perform

pathfinding. We’ll use ConstraintHg,2 an open-source algorithm I wrote that’s implemented in Python,

and whose source code is in Appendix F. ConstraintHg uses a breadth-first search, exhaustively explor-

ing every edge leading from every source node it encounters. That means that while it’s not particularly

fast, it is able to parse cycles in a CHG.

Before we can simulate our pendulum, we have to pass the CHG to ConstraintHg. The file will look

like the one in Block 1.1. First we’ll import the library as from constrainthg import Hypergraph

. Then we define the methods (functions) used by the edges as def Rtheta_to_alpha() and def

Rintegrate(). Finally, we’ll create each edge in the hypergraph using the add_edge() method. This

method takes in a list of source nodes, the target node for the edge, and the function (rel, for relation)

used to calculate the edge. An additional parameter, index_offset, tells the solver to increment the

index of the target node by one when solving the edge. This is crucial to iterating through the cycle.

Block 1.1: CHG of simple pendulum expressed in Python using the ConstraintHg library.

from constrainthg import Hypergraph

from numpy import sin

def Rtheta_to_alpha(theta, g, r):

return -g / r * sin(theta)

def Rintegrate(initial, slope, step):

return initial + slope * step

hg = Hypergraph()

2ConstraintHg is available on the Python Package Index (PyPI). The repository is hosted on GitHub at github.com/jmor-

ris335/constrainthg, and the documentation is linked here.
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hg.add_edge(

sources={'theta': 'theta', 'g': 'g', 'r': 'r'},

target='alpha',

rel=Rtheta_to_alpha,

index_offset=1,

)

hg.add_edge(

sources={'initial': 'omega', 'slope': 'alpha', 'step': 'del_t'},

target='omega',

rel=Rintegrate,

)

hg.add_edge(

sources={'initial': 'theta', 'slope': 'omega', 'step': 'del_t'},

target='theta',

rel=Rintegrate,

)

A simulation requires a set of input nodes and a desired output. Here our inputs are an initial

angular position of
𝜋
4
radians, gravitational acceleration of 9.81 m/s2, a length of 0.25 m, and an initial

velocity of 0 m/s (starting from rest). Let’s simulate the angular position through two time steps. The

simulation call looks like this:

hg.solve(

target='theta',

inputs={'theta': 0.785, 'omega': 0.0, 'g': 9.81, 'r': 0.25, 'del_t': 0.1},

min_index=3,

)

Notice that nothing about the simulation path is being defined, only the inputs and outputs. This

is all that’s needed for our declarative solver to autonomously find the path. If we print the path taken

by the solver, we get the following output:

Block 1.2: Simulation path found and printed by ConstraintHg of simple pendulum simulation.

└──theta=0.03953, index=3

├──omega=-4.681, index=3

│ ├──alpha=-19.08, index=3

│ │ ├──theta=0.5076, index=2

│ │ │ ├──omega=-2.774, index=2

│ │ │ │ ├──alpha=-27.74, index=2

│ │ │ │ │ ├──g=9.81

│ │ │ │ │ ├──r=0.25

│ │ │ │ │ └──theta=0.785, index=1

│ │ │ │ ├──del_t=0.1

│ │ │ │ └──omega=0, index=1

│ │ │ ├──del_t=0.1

│ │ │ └──theta=0.785, index=1

│ │ ├──g=9.81, index=1
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│ │ └──r=0.25, index=1

│ ├──del_t=0.1

│ └──omega=-2.774, index=2

├──del_t=0.1

└──theta=0.5076, index=2

The output is a little verbose, but not unreadable. The set of paths is a tree, whose leaf nodes (the

inputs) are located mostly in the center of the output. The first step of the path is in the center, where

the inputs of 𝑔, 𝑟, 𝜃 are used to calculate 𝛼. Because the agent is solving a cycle, the index of 𝛼 is

incremented, resulting in alpha=-27.74, index=2. The output 𝛼2 along with Δ𝑡 and 𝜔1, become the

inputs for the next step calculating𝜔2. This repeats until we reach 𝜃3 at the top of the printout. Without

being explicitly told how to simulate the system, it was able to figure out how to chain together a full

scale simulation of the pendulum.

1.5.2. Increasingly Complicated Examples

We can continue to build our model to demonstrate more features of ConstraintHg. Let’s increase

our model’s fidelity by considering damping on the pendulum. We model damping as a force propor-

tional to the system’s velocity. This updates our equation of motion to be:

𝛼 = −
𝑔
𝑟 sin 𝜃 − 𝑐𝜔 (1.4)

Where 𝑐 is a coefficient for damping with units of 1/s. There are a fewways to add this function into

the hypergraph, but the most basic is to make an entirely new edge for Equation 1.4. This is shown in

Figure 1.9, where we should note the competing edges that both point to 𝛼. These edges represent the

damping equation (Eq. 1.4) and the initial equation of motion Eq. 1.1.

To tell the ConstraintHg which edge to select we need to assign edge weights. We’ll choose to make

the damping one more preferable due to its better accuracy. In the software, we do this by writing

weight=10 in the add_edgemethod.

Even with these weights, running the simulation again still returns the same result. That’s because

we haven’t supplied an input value for 𝑐, making the edge for Equation 1.4 incalculable. However, this

illustrates a notion of intelligence: with the edge weights provided, the solver adapts to what informa-

tion is known, in this case reverting to the less accurate (but viable) model. But if we supply a value for
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𝛼

Δ𝑡

𝜃 + 𝜔Δ𝑡

𝜔 + 𝛼Δ𝑡−𝑔
𝑟
sin 𝜃 − 𝑐𝜔

𝜔𝜃

𝑟

𝑐

𝑔

−𝑔
𝑟
sin 𝜃

Figure 1.9: CHG of a simple planar pendulum with damping.

𝑐, the smart solver chooses themore accuratemodel, providing the following output shown in Block 1.3.

Block 1.3: Simulation path found by and printed by ConstraintHg of damped pendulum simulation.

└──theta=0.06727, index=3

├──omega=-4.404, index=3

│ ├──alpha=-16.3, index=3

│ │ ├──theta=0.5076, index=2

│ │ │ ├──omega=-2.774, index=2

│ │ │ │ ├──alpha=-27.74, index=2

│ │ │ │ │ ├──theta=0.785, index=1

│ │ │ │ │ ├──omega=0, index=1

│ │ │ │ │ ├──c=1

│ │ │ │ │ ├──r=0.25

│ │ │ │ │ └──g=9.81

│ │ │ │ ├──omega=0, index=1

│ │ │ │ └──del_t=0.1

│ │ │ ├──theta=0.785, index=1

│ │ │ └──del_t=0.1

│ │ ├──omega=-2.774, index=2

│ │ ├──c=1

│ │ ├──r=0.25

│ │ └──g=9.81

│ ├──omega=-2.774, index=2

│ └──del_t=0.1

├──theta=0.5076, index=2

└──del_t=0.1

We can use conditional viability to do make modeling more convenient. Let’s say we wanted to

know how long it takes for the pendulum to settle after being disturbed. First, we define a variable

is_settled whose values “True” and “False” represent whether the pendulum is settling. We can also

define the criteria for settling as themagnitudes of velocity and position being less than some threshold.
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These criteria can be expressed as a function and wrapped into a new edge, as shown in the first part of

Block 1.4.

We can also define a settling_time as a variable. One way to calculate settling_time is by multi-

plying the time step with the index of 𝜃. However, this only gives us the current time in the simulation,

not the final settling time. To get the latter, we’ll need a partial mapping that is only valid if the system

is settled. We show this by passing another function 𝑓via to the edge that checks if the inputs to the

edge are viable. In this case, the method will check whether is_settled is “True”. You can see this

edge in the bottom part of Block 1.4, passed to the via key of add_edge.

Block 1.4: Additional edges for calculating settling time for the damped pendulum.

hg.add_edge(

sources=dict(vel='omega', pos='theta'),

target='is_settled',

rel=lambda vel, pos : abs(vel) < 0.01 and abs(pos) < 0.01,

)

hg.add_edge(

sources=dict(del_t='del_t', is_settled='is_settled', idx=('is_settled', 'index')),

target='settling_time',

rel=lambda del_t, idx : idx * del_t,

via=lambda is_settled : is_settled == True,

)

Now we only need to ask for solver to find the settling time, and the simulation will tell us that the

time the pendulum comes to rest is 3.06 seconds. We can then plot the states found by the solver against

these time stamps to get the visualization in Figure 1.10.

Figure 1.10: Plot of the states simulated in the hypergraph over 150 values.
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1.6. Applications of Constraint Hypergraphs

The pendulum example is very simple–pendulum dynamics have been worked out for hundreds

of years. Other concepts such as declarative modeling, functional programming, and general systems

modeling have also been established for decades. The novelty of this work is not in executing the simu-

lation ormodeling the system, rather it is the combination of all these concepts into a single framework.

The CHG represents, for the first time, a mathematical solution for performing declarative simulation

on a multi-domain systems model. While it may not be interesting to simulate a pendulum, the above

example demonstrates how CHGs can be used to form intelligent information retrievers: agents that

can synthesize the behavior of a system without having to be directed by a human expert. The applica-

tions of this are wide-ranging, especially in multi-domain, multiscale systems found in large engineer-

ing projects. For instance, consider the breadth of product requirements a system such as an airplane.

Such requirements might include:

• Maximummanufacturer’s cost.

• Material selection restricted to materials passing certain performance tests.

• Maximum turnaround time to refit plane after flight.

• Maximum rates for energy consumption and fuel use.

• Minimum passenger and cargo capacities.

• Maximum rate of released pollutants.

• Minimum wing loading before buckling.

• Maximum vibrations for passengers.

• Minimum interior pressure and temperature constraints.

• Minimum visibility requirements for pilots.

This is only a mild list, full requirement documents might list constraints in the thousands. Yet,

despite its brevity, this list still illustrates the diverse considerations that go into designing a com-

plex system. Calculating metrics for these ten requirements might require models in domains such

as economics, fluid dynamics, combustion engines, geometry, power and energy systems, chemistry,

ergonomics, structural mechanics, thermodynamics, telecommunications, acoustics, environmental

sciences, compound materials, and jet propulsion, as illustrated in Figure 1.11. Each model in each
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domain will likely be expressed in a different framework such as a circuit diagram, an energy bond

graph, a stress-strain plot, a database of material properties. This greatly complicates the work of de-

sign. While each model is capable of expressing intra-system behavior, few if any can capture the inter-

system relations. How, for instance, could an engineer calculate what effect lowering the temperature

of the cargo hold might have on the time required to service the airplane?

Figure 1.11: Illustration of information and relevant subsystem domain for a complex system. Image

by 1st Lt. Jen Richard [16].

To capture these interactions requires updatable digital threads, referring to the concept of informa-

tion being ported throughout an informatics system. Say an engineer establishes the ideal cargo hold

temperature to be 45º F. A digital thread traces out each place where cargo_temp = 45 is referenced.

An updatable digital thread adds to this notion by requiring each port making use of cargo_temp to

update in response to changes elsewhere on the thread. Updatable digital threads allow models to be

connected to each other along prescribed ports. A model that calculates cargo_temp can update the

thread, and all other models using cargo_temp will automatically update.

1.6.1. Cross Platform Digital Threads

One of the most significant use cases of a CHG is the tracing of digital threads, perhaps the core

action required for robust model-based engineering. All relations can be represented and connected

through the universal language of a CHG. This is juxtaposed against many traditional frameworks,

where specialized analysis formats leads to sequestered information that cannot be ported between
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subsystem models. Perhaps nowhere is this more stark than with geometric models composed in

Computer-AidedDesign (CAD) software. Integrations with CAD systems are notoriously difficult, with

complex APIs, competing, non-universal standards, and hidden dependencies that make robust solu-

tions difficult to find.

But, by focusing on system behavior, we can turn this paradigm on its head. We won’t muck about

with trying to transform one software into another–creating a universal interface is an intractable prob-

lem. The key rather is to discover the constraints calculated by each software and represent them as

edges in a CHG. If we can do this, then each path in a CHG will tell us a valid way to pass information

between software tools. Let’s do a quick example to see what this looks like in practice.

Say we wanted to use our pendulum in a grandfather clock. We’ll describe the period of the pendu-

lum 𝑇 as:

𝑇 = 2𝜋
√

𝑟
𝑔 (1.5)

Usually, when designing, we want to configure the pendulum to achieve a desired period 𝑇∗. To do

this we can rearrange Eq. 1.5 to solve for the pendulum’s length. For instance, if we want 𝑇∗ to be 2

seconds, the ideal pendulum length 𝑟∗ would be calculated as:

𝑟∗ =
𝑔𝑇∗2

4𝜋2 = (9.81)(22)
4𝜋2 = 0.993m (1.6)

Our assumption in calculating 𝑟∗ is that the pendulum’s center of mass is in the center of its bob.

However, that is not true of a manufactured pendulum, whose center of mass is affected by the mass

of the tether. We’ll need to design the pendulum so that the distance from the point of rotation to its

center of mass 𝑟 is equal to 𝑟∗, balancing themass of the tether and themass of the bob. We’ll design our

pendulum to have a cylindrical tether and bobmade out of aluminum and brass respectively. The mass

𝑚 of a cylinder is 𝜌𝜋𝑅2ℎ, where 𝑅 and ℎ are the radius and height of the cylinder and 𝜌 is its density.

The center of mass for a cylinder lies at half of its height, giving the following equation for the center

of mass of the full pendulum:

𝑟 =
ℎ𝑡
2
𝑚𝑡 +

ℎ𝑏
2
𝑚𝑏

𝑚𝑡 +𝑚𝑏
(1.7)

26



1. INTRODUCTION: APPLICATIONS OF CONSTRAINT HYPERGRAPHS

where the indices 𝑡 and 𝑏 stand for parameters for the 𝑡ether and 𝑏ob respectively. This results in the

CHG in Figure 1.12.

Figure 1.12: A CHG for a pendulum with a cylindrical tether and bob, where all the relationships are

algebraic.

Notice there is no need to tie this into a distinct software package, as all the relationships are alge-

braic. To do a simulation on this model only requires a platform that can do arithmetic, like Python

or C. However, sometimes we get relational rules that require more advanced tools to calculate. For

instance, if our bob or tether have additional features such as tapped connections, decorative trim, or

fastening hardware, we might prefer to use a CAD system to calculate center of mass rather than an

idealized algebraic model.

CHGs are function-based, so to wrap the CAD system we have to express its functionalities in

terms of functions. We can write a script that generates a solid body from our geometric parameters,

and then save this solid body as a node B. Then we can use the SOLIDWORKS API to calculate the

body’s mass properties. The specific function for calculating the center of mass in SOLIDWORKS is

IMassProperty.CenterOfMass3. If we create an IMassProperty IMP from B, then we can calculate the

center of mass using this function.

Our CHG now looks like Figure 1.13, where the red “SW” cube indicates a relation that requires

3An IMassProperty is a construct from the SOLIDWORKS API that allows users to query the mass properties of solid

bodies. More information available at help.solidworks.com/2025/english/api/sldworksapiprogguide/Overview/Mass_Prop-

erties.htm
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SOLIDWORKS to compute. The “Create Body” is our script for constructing a cylinder, while the other

SOLIDWORKS calls access specific functions of the SOLIDWORKS API. With the CHG as configured,

we can create the solid geometry of our clock pendulum, and use it to calculate our actual period com-

pared to our desired one.

Figure 1.13: A CHG for a pendulum with a cylindrical tether and bob, where some relationships are

calculated in SOLIDWORKS.

Figure 1.13 represents the integration of SOLIDWORKS with our dynamic models using updatable

digital threads. You’ll notice the graph in Figure 1.13 has gotten far messier. That’s because working

with CADAPIs is intrinsically complicated–there’s a lot of work that goes under the hood tomake CAD

usable. A CHG, it’s worth noting, does not reduce a system’s complexity–all the same effort that would

go into using SOLIDWORKS’s API must still be conducted to create the CHG. However, we will see

now how using the CHG introduces two new possibilities in doing model-based engineering.

The first paradigm shift is going from workflows to functions. A workflow is a series of steps for

completing some task, such as the steps necessary to calculate the pendulum’s period. The traditional

way of integrating software involves constructing the workflow and establishing at every point what

messages should be exchanged between involved software platforms. This workflow is executed by a
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calling agent (such as Teamcenter, shown in Figure 1.14) and details how model relations should be

executed. One possible workflow for calculating the pendulum’s desired length could be:

Figure 1.14: An example design workflow in Teamcenter, a product data management application

owned by Siemens [17].

1. Pass the geometric parameters 𝜌, ℎ, and 𝑅 into SOLIDWORKS.

2. Use the geometric parameters for the bob and the tether to create a solid body B in SOLIDWORKS.

3. Use B to create an IMassProperty IMP in SOLIDWORKS.

4. Use IMP to calculate the mass𝑚 and length 𝑟 for both the bob and tether in SOLIDWORKS.

5. Pass𝑚 and 𝑟 for the bob and tether back to an algebraic calculator.

6. Calculate the pendulum radius 𝑟 as 𝑚𝑏𝑟𝑏+𝑚𝑡𝑟𝑡
𝑚𝑏+𝑚𝑡

.

Though this workflow is technically valid, it is highly inflexible. If we wanted to change our model

to calculate the mass of a sphere versus a cylinder, we’d have to create an entirely new model. This is

because the workflow specifies a single starting point and ending point–it cannot be adapted to new

information.

Contrast this with the CHG,which describes the steps of a workflow rather than theworkflow itself.

Mathematically this is no different from finding simulations in the CHG. The steps are the function re-

lations, and the order is given by paths. Because these paths can be composedwith each other, a process

that started from a spherical bob could just as readily make use of the IMassProperty.CenterOfMass

function.

The second paradigm shift is from software as processor to software as calculator. Notice how in-

stead of passing a suite of information to SOLIDWORKS, the CHG picks out the various functionali-

ties that SOLIDWORKS can perform. A pathfinding agent can pick and choose which functionalities

should be employed at which stage in the simulation, with the order and validity enforced by the graph

structure. A path might bounce back and forth between several applications repeatedly; e.g. simu-

lating information in one package and then passing the outputs to another. The result is that all the
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types of inter-software communication possible for an organization can be captured in a single model.

This model can express the behavior of the system’s geometry, kinematics, dynamics, and every other

domain, with the CHG showing how information flows through the system and across analytical plat-

forms.

The result of embedding application functionalities as edges in a hypergraph is a much more ro-

bust platform for model-based engineering. All models, regardless of domain, can be expressed and

integrated into a single CHG. Each node represents an artifact that can be used by an agent such as

a document, variable, requirement, or specification. The CHG forms an authoritative source of truth,

which users can interrogate to learn information about the products they are designing. More informa-

tion on cross-platform simulation is given in Chapter 4.

1.6.2. Digital Twins

In addition to model-based engineering, CHGs provide a powerful framework for understanding

digital twins. A digital twin (DT) is way of virtually representing some real entity. It is often described

as an “atoms-to-bits” representation, because it replicates something physical as a digital construct.

The point of using a DT is to interrogate the real system, giving us all the information we would want to

know about how the system is defined andwhat state it is in. This idea of a DT is not far from the notion

of a system that we’ve been working with, with the exception that a DT must be linked to something

real. While we can make models of any concept we like–say pendulums of grandfather clocks–our

models won’t be DTs unless we can point to the actual grandfather clock pendulum they represent.

The distinction we’re making is can be seen between definite versus indefinite articles; you can make a

model of a pendulum, but a DT can only represent the pendulum.

How do we represent something real? The key is to include observations of the real system in the

virtual domain. While it is usually impossible to observe every state in a system, the more observations

we canmake the closer our representation is to the real entity we’re representing. If all we do is observe

our system, then our DT becomes nothing more than list of measured values that could be represented

with a database. But any state that can’t be observed explicitly must be simulated using a model. To

make the full system interrogatable, the DT must provide all the observations and simulations made of

the system. Consequently, DTs are often portrayed as the integration of data with models [18].
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This description of a DT (described more fully in Chapter 5) is specifically worded to show how it

is fully a system representation, just with the added specification that the system it represents be real

and specifiable. Because we have already shown how CHGs can be used to represent all systems, this

means that CHGs can represent all DTs as well. Though several frameworks have been proposed for

framing DTs, such as knowledge graphs or Bayesian networks, CHGs are the first framework that fully

encode the behavior of a system into the representation framework, makingDTsmore independent and

reconfigurable. This addresses a major issue for science andmanufacturing. For instance, the National

Academies of Sciences, Engineering, and Medicine [19] recently conducted a large-scale consensus

study report investigating the needs for future research on DTs, writing:

Model management is key for supporting the digital twin evolution. For a digital twin to

faithfully reflect temporal and spatial changeswhere applicable in the physical counterpart,

the resulting predictions must be reproducible, incorporate improvements in the virtual

representation, and be reusable in scenarios not originally envisioned. This, in turn, re-

quires a design approach to digital twin development and evolution that is holistic, robust,

and enduring, yet flexible, composable, and adaptable. Digital twins require a founda-

tional backbone that, in whole or in part, is reusable across multiple domains, supports

multiple diverse activities, and serves the needs of multiple users. … Sustaining a robust,

flexible, dynamic, accessible, and secure digital twin is a key consideration for creators,

funders, and the diverse community of stakeholders. [emphasis added]

Themotivation behind this grand challenge, which has been echoed by numerous other researchers

[18, 20–25], is that DTs providemethods for understanding the physical world. Whether the thing being

represented is the world’s climate [26], a river [27], a person [28, 29], or a machine [30, 31], the way

that we perceive and make decisions about reality is captured by a DT–or at least should be, if we are

to understand the decisions that are made. By providing CHGs as a usable tool for creating DTs, we

can address many of the problems that have come from representing these multi-domain, multiscale,

complex systems. This is more fully explored in Chapter 6.

31



1. INTRODUCTION: CONCLUSION

1.7. Conclusion

In this chapter we’ve fully introduced CHGs, what they are, and what they’re used for. We started

by defining a system as a set of data, and how our goal when working with systems is to understand

something about them. There are two ways we are able to do this: observation, when we make a mea-

surement of a physical phenomenon; and simulation, when we predict data through execution of a

model. Together, we called these methods interrogation.

Of the two mechanisms, simulation is the more difficult one to accomplish virtually as it requires

describing a system’s behavior. We reported an important definition of behavior as being a set of con-

straints on the states a system can exhibit. These constraints can be represented as functions that deter-

mine the information expressible by a system given certain conditions. We took a system’s information

and represented it as nodes in a graph, and then represented the functions as edges mapping between

them. Because these functions are multiple-arity this forms a hypergraph. The specific construct of

functions mapping between state variables was termed a CHG.

One of the major benefits of using a CHG is that simulation is reduced to tracing paths through the

hypergraph, where every path represents a potential simulation that can be performed on the system.

This forms a functional, declarative framework for representing systems. We discussed some of the

more complicated structures within a CHG–cycles andmulti-edges–and then gave an example of using

a CHG to simulate a system based on the ConstraintHg software. The final part of this chapter focused

on the applications of CHGs to creating foundations for model-based engineering and digital twins.

The rest of this dissertation reviews these major points in far more detail, providing the mathemati-

cal and logical premises thatmake these claims plausible. The reader is encouraged to use the remaining

chapters to investigate any points of interest at a deeper level. There are also several in-depth examples

of CHGs given in these chapters, including an elevator lift system with a PID controller in Chapter 2.6,

a chaotic pendulum in Chapter 3.5, a crankshaft (including FEA and CAD calculated models) in Chap-

ter 4.4, and a DT of a microgrid at the Naval Postgraduate School in Monterey, CA in Chapter 6.6.
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CHAPTER 2

Definition of Constraint Hypergraphs

This chapter is based on the paper “Unified System Modeling and Simulation via Constraint Hyper-

graphs,” which was originally published in a special issue of ASME’s Journal of Computing and Informa-

tion Science in Engineering on networks and graphs for engineering systems and design [1].

Abstract: This paper describes the theory behind constraint hypergraphs: a novel modeling frame-

work that can be used to universally represent and simulate complex systems. Multi-domain system

models are traditionally compiled from many diverse frameworks, each based in a single domain. In-

compatibilities between these frameworks prevent information from being shared resulting in data si-

los, duplicate work, and knowledge gaps. A constraint hypergraph addresses these problems by pro-

viding a universal modeling framework within which all model prescriptions can be expressed. This

methodology expands mathematical structures previously explored in abstract mathematics and sys-

tems theory into a new executable framework. Each hypergraph expresses the holistic behavior of a

system in a declarative paradigm that describes the relationships between system properties. In ad-

dition to modeling, it is shown how constraint hypergraphs can be used for universal, cross-cutting

simulation through principles of function composition. The theoretical framework of a constraint hy-

pergraph is demonstratedwith a practical representation of a hybrid system, combining a discrete-event

simulation and continuous PID controller into a single model of an elevator lift system.
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2.1. Introduction

Everything in the universe is a system; in their efforts to understand those systems, scientists and en-

gineers fabricate models that describe their behavior. These models are defined according to prescribed

frameworks: the language of algebra, pseudocode, even visual diagrams such as circuit networks or

architectural blueprints. Most frameworks are developed for a targeted domain such as geometry, arti-

ficial intelligence, or economics. Where these niche representations fall short is in the representation

and simulation of systems spanning multiple domains [2], preventing modelers from understanding

how a part of one domain, such as bird migrations, affects an object in another subsystem, such as the

energy-production of a windmill.

To grapplewith these cross-cutting interactions, systems theorists have devised general systemmod-

eling frameworks. Most of these, such as SysML or Modelica, employ an object-oriented paradigm [3,

4]. They classify objects in the system, as well as interfaces for sharing information between them [5].

Object-oriented modeling is often preferred because it is easier for humans to read and understand; the

cost is that models get broken into isolated subsystems where interactions between domains may not

be fully captured. Because of this, object-oriented models can be difficult to integrate, with simulation

limited to restricted domains [6].

Another class of model frameworks is declarative. Amodel following a declarative paradigm estab-

lishes the relationships comprising a system without enforcing a preferred order, connecting all system

components at the same level of representation [7]. Domain-specific modeling frameworks include

bond graphs for dynamic systems, the constraint networks of computer science [8] and the factor graphs

applied primarily to coding theory [9, 10]. Because they use functions as their underlying semantic unit,

declarative models are far more interoperable than object-oriented frameworks, and consequently bet-

ter suited for expressing system behavior [11]. This paper describes a new declarative framework for the

universal modeling of heterogeneous systems, addressing the yet-unsolved problem of providing both

generalized representation and execution of a system model. This framework is termed a constraint

hypergraph (CH), borrowing phraseology from the field of constraint theory [8].

A CH is composed of nodes and edges. The nodes represent system properties such as position,

speed, color, weight, etc. and are connected to each other via edges. Each edge represents an explicit
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constraint that maps a set of nodes to a single value of another node. This can be read as: ”given

values for 𝐴 and 𝐵, the edge constrains the value of 𝐶 to be 𝑥.” Because such constraints are often

multidimensional (such as 𝐶 = 𝐴 + 𝐵), an edge constraint may be derived from the values of multiple

nodes resulting in hyperedges in a hypergraph. A basic example of aCHconsisting of five nodes and two

constraints describing a mass-spring system is shown in Figure 2.1. The constraints for this dynamic

system could also be represented algebraically as ̈𝑥 = 𝑘
𝑚
𝑥, where 𝑥, 𝑘 and 𝑚 denote displacement,

stiffness, and mass respectively. The CH in the figure shows that ̈𝑥 can be calculated given known

values for the nodes
𝑘
𝑚
and 𝑥 and that 𝑘

𝑚
can be in turn calculated if 𝑘 and𝑚 are known.

𝑘

𝑚

𝑘
𝑚

𝑥

̈𝑥÷ ×

Figure 2.1: An example of a CH for mass-spring system.

CHs reveal how each property in the system affects another. This is not limited to a single system;

CHs also describe how systems interact with other systems, and how models of two different systems

can be combined into a single whole. The composition of two CHs is the union of the set of nodes

in each, joining the hypergraphs along their shared nodes. This is illustrated in Figure 2.2, where the

mass-spring system has been extended to include a damper.

𝑘

𝑚

𝑏

𝑘
𝑚

𝑏
𝑚

𝑥

̇𝑥

𝑥 𝑘
𝑚

̇𝑥 𝑏
𝑚

̈𝑥

÷

÷

×

×
+

Figure 2.2: An example of a CH for mass-spring-damper system, extending the system in Figure 2.1.

In both of these figures, only one direction of the mapping has been made (showing relationships

leading to the constraints on ̈𝑥). Relationships in CHs are implicitly causal; acausal constraints can only

be included by adding additional inverted edges. This leads to more edges and can crowd the diagrams.

This makes for an important point: in contrast to a language like SysML, CHs are not diagrammatic nor

intended for visual modeling. They are formulated as a robust, mathematical structure for capturing
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the fundamental relationships between system entities, allowing agents (both human and autonomous)

to fully understand the behavior of the system and simulate its potential states.

CHs represent a new framework, but one whose structure is not entirely novel. The mathematics

and methods of the framework amalgamate results from the fields of category theory, computer sci-

ence, constraint theory, and logic programming. The contribution of this paper is to both describe how

these findings can be combined to create a useful framework, and also demonstrate how the result-

ing strongly-coupled, multi-domain modeling scheme can be applied to the general representation and

simulation of real-world systems. This is accomplished starting by providing a background of previous

work on multi-domain system modeling (Section 2.2), followed by a robust definition of a CH. This

definition is used to explore how CHs represent (Section 2.3) and simulate (Section 2.4) systems, as

well as their limitations (Section 2.5). Finally, a case study using CHs to represent an elevator system is

provided in Section 2.6.

2.2. Background

As long as engineers have considered systems, they have struggled to understand how objects of

disjoint domains affect each other. From how forging affects the surface of a steel tool, to learning the

ways in which music affects emotions, systems are by their nature heterogeneous, and consequently

require methods of representing their heterogeneity. The section recounts only a fraction of the work

in this field, with a focus on motivating CHs and their use by systems engineers.

2.2.1. SystemModeling Frameworks

A system is an arrangement of things that together exhibit behavior that the individual components

do not [12]. If systems are constructs of the real world, then their corollary in the virtual domain is a

system model, which relates the information known about a reified system. A system model is com-

posed of properties approximating attributes of the real system, which are commonly represented with

variables [13]. Each property is allowed to vary over a set of values. The set of possible combinations

of each property is known as the state space.

What establishes a system model as representing a system is the provision of a set of relationships

between the system properties, such that the possible states for a system are restricted. The restriction
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of system states is the definition of behavior given by Willems [6, 14], and is suitable for the purposes

of this article. A system model is considered in this paper as a description of a system that provides

rules governing the possible values for a set of properties. This general definition describes nearly every

modeling framework as a systemmodel. Geometric systems have properties of distance and orientation

constrained by dimensions and geometric relationships, while finite element models have properties

of nodal locations or thermal flow constrained by partial differential equations. Model frameworks

applied to social [15], ecological [16], economic [17], and other domains also fit under this description.

Themathematics for describing systemmodels are provided by category theory (see the introduction

by Spivak and Fong [18]), which provides tools for defining the relationships inherent across systems.

Efforts in this regard began with Fong in 2016 [19], who specifically introduced decorated cospans for

deconstructing circuit networks into hypergraphs. This was built upon by Baez and Pollard, who ap-

plied decorated cospans to Petri nets [20], and by Patterson et al. in deconstructing dynamic systems

[21, 22]. The categories used in these works are extensions of graphs, and generalize the connections

between a set of things [23]. This similarity to systems–also composed of entities connected to each

other by constraints–leads to many system modeling frameworks being graph-based in nature. A se-

lection of graph-based frameworks along with their primary domain of use is shown in Table 2.1. The

diversity of modeling schemes stems from the varied interpretations of nodes and edges, where each

might be assigned domain-specific system elements, relationship types, or composition rules.

2.2.2. Model Interoperability

With such a diversity of modeling types, establishing interoperability becomes a critical challenge

in multi-domain systems. When sub-systems are modeled within a domain-specific framework, inter-

framework incompatibilities can result in modeling silos: where a holistic system is composed of indi-

vidual subsystemmodelswhich cannot effectively share information. The primary result of sequestered

models is the inability to capture relationships between elements in different silos. This is a critical chal-

lenge for decisions makers; for instance, a systems engineer may not be able to see how changing a sen-

sor will influence the weight distribution in an aircraft because the sensor interfaces, electric circuits,

and payloadmodels are all siloed in incompatible frameworks. Secondary effects of model silos include

information loss during data exchanges, duplication (where singular entities are represented multiple
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Table 2.1: A non-exhaustive list of graph-based system modeling frameworks

Framework System Domain Source

Block diagrams Dynamic [24]

Bond graphs Dynamic [25, 26]

Linear graphs Dynamic [27, 28]

Stock and Flow Diagrams Dynamic [29, 30]

Organization charts Knowledge

Entity-Relationship Model Knowledge [31]

Circuit diagrams Electronics [19]

Flow charts Processes [32]

Petri nets Discrete-event [20]

Markov chains Discrete-event [33]

Bayesian networks Stochastic [34]

Causal models Multi-Domain [35]

Component objects (Paredis) Multi-Domain [36]

Composable Objects (COBS) Multi-Domain [37]

SysML Multi-Domain [38]

Constraint graphs Multi-Domain [39–41]

Factor graphs Multi-Domain [9, 10]

times throughout a system), and challenges modifying or scaling due to the inter-system complexities

not being captured in the global model.

There are two general approaches to providing model interoperability: transformation or unifica-

tion [42], which relate respectively to the competing concepts of object-oriented and declarative mod-

eling [43]. In the former, subsystems are treated as independent black boxes. Each subsystem has the

ability to transform certain signals delivered via a defined interface (a port) [44, 45]. This allows each

subsystem to be uniquely defined according to its own domain-specific framework provided there is a

standard interface for inter-component communication. The second approach is of system unification,

where the components of each individual system are deconstructed and reconciled into a single holistic

model. Of the two, transformer frameworks are more common, since it is simpler to define interfaces

than fully deconstruct every member of a system.

Transformative frameworks, such as block diagrams, stock and flow diagrams, or Entity-Relation

models, focus on the objects in a system. Because each class of object is unique, transformative frame-

works must define unique methods for sharing information among the system [5]. These systems are

often easier for designers to work with, since objects correspond to how a designer deconstructs a sys-
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tem [42]. Object-oriented solutions include SyDer [46], component objects [36], the FunctionalMockup

Interface (FMI) standard [47]–strictly for dynamic system simulations, though standards for hybrid

systems are being developed [48]–and SysML, a multi-domain modeling framework developed in 2007

[38] with the objective of supporting systems engineering tasks [49]. These weakly-coupled frame-

works may struggle to simulate reactive systems featuring complex relationships betweenmany system

components [50].

Strong coupling is provided by unifying models, which do not prescribe objects, but instead deal

primarily with the system constraints and the properties they relate. The relationships of a unifying

framework are functions, which are common across all modeling domains. Where object-oriented

frameworks are nested, the use of functions results in unifyingmodels being flat, with every relationship

elevated to the status of ”first-class citizen” [7]. This makes combining models simpler since informa-

tion does not need to be transformed between system components. Friedmanwas the first to show how

functional frameworks could be used to describe universal system behavior, writing about systems of

mathematical expressions constraining a set of variables [39, 51]. These constraint models, as labeled

by Friedman, were used to expose system complexity by representing the system behaviors, though

they were not formulated to provide execution. CHs, the framework introduced in this paper, are an

expansion of Friedman’s work adapted to universally represent and simulate system behavior.

2.2.3. Motivation

Tomotivate how system unification is accomplished by CHs, consider the example given by Gomes

of a continuous and discrete system [52], where the discrete model is a state machine of a simple ther-

mostat regulating the temperature in a room according to the following state machine:

On Off

tooCold

tooHot

Here the states ”On” and ”Off” refer to the status of a heater controlled by the thermostat, and the

transitions tooHot and tooCold are triggered when the temperature in the room exceeds some thresh-

old. The change in the room temperature is modeled by the following continuous equation, where 𝑇 is

the temperature, 𝑟 > 0 is a constant rate of change, 𝑞 ∈ {0, 1} indicates whether the heater is on or off,

41



2. DEFINITION OF CONSTRAINT HYPERGRAPHS: BACKGROUND

and 𝑘 is the rate of heating:

̇𝑇 = −𝑟(𝑇 − 𝑘𝑞)

In their survey on cosimulation [52], Gomes found that the only established methods for coupling

the discrete and continuous models into a hybrid system was to interpret subsystems from one domain

in terms of the other, amessy translation process prone to information loss. Alternatively, by identifying

the system properties and functional constraints, the system can be fully reconciled into the CH shown

in Fig. 2.3.

Constraint hypergraphs are not a visual framework, but to illustrate their composition, the follow-

ing diagrammatic schema is followed in Figure 2.3 and the rest of this paper. In the figure, each circular

node represents a variable, and each black box describes the function for an edge. Arrows wire nodes to

edges (showing the function domain) and edges to a node (the codomain). Multiple domain arrows in-

dicate a hyperedge, where the domain is the Cartesian product of all linked nodes. When order matters

in the arguments, labels may be written on the domain arrows in the form 𝑎, 𝑏,… , 𝑧. Finally, nodes that

have only a single domain arrow are removed, replaced with wires connecting edges to edges, similar

to a short circuit in an electrical diagram.

Building a CH reveals the two variables shared by the systems: 𝑞 and 𝑇, allowing the systems to be

connected along the respective nodes. The result is a fully coupled system, such that the relationships

between the continuous and discretemodels are completely expressed by the CH, exposing the behavior

of the holistic system. In considering the hypergraph in Figure 2.3, one notices that the discrete and

continuous models are not easily distinguished. This is typical of a declarative modeling paradigm,

where each model is fully deconstructed to the functional level. The categorization–and consequent

isolation–of subsystems is largely a feature of object-oriented modeling, which treats each subsystem

independently. Contrast this with a CH, where each function is considered and connected equally

regardless of its subsystem of origin.
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Figure 2.3: CHG for a hybrid system modeling a thermostat controlling the room temperature 𝑥.

2.3. Structure of a Constraint Hypergraph

2.3.1. Formulation

The general definition of a CH is given as

Definition 1 Constraint hypergraph: a graphℋ composed of a set 𝑉 as vertices and a set of functions 𝐸

as edges, where each vertex 𝑣 ∈ 𝑉 is a set, and each function 𝑒 ∈ 𝐸maps between the Cartesian product of

a subset of 𝑉: 𝑉 ′ ⊆ 𝑉 and another element of 𝑉: 𝑇 ∈ 𝑉 such that∏𝑉 ′
𝑒
−→ 𝑇.

Let∏𝑋 as used above be given as the Cartesian product of all sets in the superset 𝑋 such that

∏
𝑋

≔ 𝑥1 × 𝑥2 ×…× 𝑥𝑛 for 𝑥 ∈ 𝑋, 𝑛 = ||𝑋|| (2.1)

The structure of a CH is more explicitly described using the syntax of category theory, although

having an understanding of this abstract mathematical field is not necessary to understand their struc-

ture. Consequently, the limited discussions involving category theory are supplementary in nature. In

that guise, a CHℋ is a subcategory of Set with objects derived from a set 𝑉 where each element 𝑣 ∈ 𝑉

is also a set. The objects Ob(ℋ) are given by the Cartesian product of each element of the power set
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of 𝑉, or Ob(ℋ) ∶= {𝑣1 × 𝑣2 × … × 𝑣𝑛 ∀ 𝑣𝑖 ∈ 𝑃 ∀ 𝑃 ∈ 𝒫(𝑉)}. Since Ob(ℋ) is a subcategory of Set,

the morphisms of ℋ are functions mapping Ob(ℋ) → Ob(ℋ). Composition is then given by typical

function composition, ∘, and the identity by the identity function on a set.

Definition 2 Edge: Given two functions cod and dom and two objects 𝑎, 𝑏 (not necessarily unique) taken

from the same set, let an edge 𝑒 be defined such that 𝑎 ∈ dom(𝑒) and 𝑏 ∈ cod(𝑒) for at least one such pair

(𝑎, 𝑏).

The functions cod and dom follow the definitions given by Mac Lane [23], with both mapping from

𝐸 → Ob(ℋ), where 𝐸 is a set of edges. In the sequel dom(𝑒) is sometimes referred to as the domain of

𝑒, and similarly to cod(𝑒) as the codomain of 𝑒. Similarly, the Cartesian product of each element in an

edge’s domain is referred to as 𝑆 (the source set), and the codomain as 𝑇 (the target set).

A hypergraph can be simply described as a collection of vertices connected by edgeswhere the edges

can connect any number of vertices. A CH adds to this general definition two important constraints:

1. Each vertex in 𝑉 is a set; and

2. Each edge in 𝐸 has only a single vertex in its codomain.

Note that here the definition of an edge is really that of a directed edge. This is more general than

an undirected edge [53], and is important to the formulation of a CH. As non-directed graphs are not

treated in this article, any such reference to a graph or hypergraph should be construed as referring to

a directed graph and directed hypergraph.

The utility of a CH lies primarily in finding sequences between sets of vertices. Traversing a CH is

similar to pathfinding in a graph, with the added complexity of multiple dependencies present at each

edge whose domain has a cardinality greater than 1. Traversal methods are discussed in greater detail

in Section 2.4.

In order for a CH to be traversable, it must be paired with a computational engine capable of identi-

fying the mapping given by each 𝑆
𝑒
−→ 𝑇. Though such an engine is not required for the CH to be valid,

the utility of a CH stems largely from its traversals. As such, the computational engine is a significant

part of the CH. This engine may perform lookups similar to a querying agent in a relational database,

or it may be a calculator capable of computing some rule that encodes the function mapping.
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2.3.2. Characteristics

In addition to the description given in Definition 1, a CH is endued with several characteristics that

increase its functionality. These characteristics do not alter the mathematical structure given by the

more general definitions. Their inclusion is motivated by the application of CHs.

Definition 3 Ordered: There should be an injective function idx𝑒 ∶ dom(𝑒) → ℕ||dom(𝑒)|| given for all edges

𝑒 ∈ 𝐸 in a CH, where ℕ𝑖 is the set of natural numbers up to 𝑖.

The purpose of ordering is so each vertex connected to an edge can be uniquely identified along

a hyperedge during traversal of the hypergraph. The ordering of elements of 𝑆 by 𝑓 enables non-

commutative relationships to be codified in an edge. For example, a function rule that does not com-

mute such as ÷(𝐴, 𝐵) → 𝐶 (mapping each element of 𝐴 × 𝐵 with the quotient of its ordered pair in 𝐶)

requires its operands to be assigned in a specific order, i.e. ÷(𝐴, 𝐵) ≠ ÷(𝐵, 𝐴).

Borrowing again from the language of Category Theory, an ordered CH is one in which each set

dom(𝑒) is totally ordered, such that for any objects 𝑎, 𝑏 ∈ dom(𝑒), 𝑎 ≤ 𝑏 is given by idx𝑒(𝑎) ≤ idx𝑒(𝑏),

with ≤ defined as the typical magnitudinal ordering operation for the set of natural numbers. Note

that equivalence between 𝑎 and 𝑏 indicates a commutative relationship espoused by 𝑒 between the two

objects. Consequently, an edge whose mapping was determined by addition might have idx𝑒(𝑎) =

1 ∀𝑎 ∈ dom(𝑒). Hence, idx𝑒 is injective, not bijective.

Definition 4 Conditional Viability: For each edge 𝑒 ∈ 𝐸 in a CH, there should be a function via𝑒 ∶

∏𝑆 → 𝔹, where 𝔹 ∶= {0, 1} is the set of Booleans, and 𝑆 ∶= dom(𝑒).

The valuemapped by the function via𝑒 determineswhether 𝑒 is viable. A non-viable edge is one that

is known to exist, but for which the relationship is not currently sequenceable. This prevents traversals

along a non-viable edge during simulation. A viable edge is equivalent with Definition 2.

As there are many relationships in the real world that exist for only a portion of their expressible

dependent factors, such as a door permitting entrance only if it is unlocked, conditional viability has

significant impact on the CH’s ability to represent realistic relationships. In more practical terms, a

conditionally viable edge is one whose traversability can change during sequencing. A secondary, but

no less important effect of this is the ability to form sequencable cycles in the CH. In order for a cycle
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to form a part of a path, there must be some mechanism by which the processing agent can exit a cycle

based on values encountered at run-time. Such a requirement is fulfilled by conditional viability, with

the values provided by the elements mapped from dom(𝑒). A better understanding of the mathematical

basis for conditional viability is covered in Section 2.4.

2.3.3. Universality

In addition to their formal definition, the authors aim to show that CHs can be used to represent

any real system, either singular or covering multiple domains. Such a general objective can be reduced

to showing the following conditions: (a) that the framework can represent any system property; and (b)

that the framework can represent any interaction between the system properties.

A system property represents an identifiable phenomenon of an entity. Consider two assumptions:

that every phenomenon can be represented by a set of values, and only a single one of these values may

be manifest for any distinct frame of consideration. The second assumption stems from considering

the system to be deterministic: where only one possible outcome may result for any set of initial inputs

[13]. A system’s evolution is characterized as themanifestation of different values across unique frames

of consideration. The behavior of a system is the set of restrictions on the possible values a system

property can manifest for a given configuration of other system properties, following the definition

given previously byWillems [6]. The goal of system representation is to express these system properties

and inter-property restrictions.

A CH is composed solely of these elements. By refraining from prescribing the types of properties

that can be represented, a CH is able to represent any property that can be described by a set of values.

Due to the finitude of information, this should include all phenomena that can be considered, satisfying

the first condition of system representation.

The second condition, considering system interactions, is motivated by the notion that a system

property may manifest only a single value when considered. Consequently, any interaction between

system properties must be given as the prescription of a unique value. A function is the correct mathe-

matical construct for representing these interactions. By mapping the values of a system property to a

single, distinct value of another, a function enforces the causality assumption implicit in system mod-

eling. A CH encodes all possible system interactions by using functions to represent not just relations
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between a pair of properties, but also combinations of multiple properties. Consequently, any function

that can bemapped between the properties of a system can be expressed by a CH, confirming the second

condition.

This can be demonstrated by the example of the hybrid radiator system in Figure 2.3. In that figure,

there are seven properties of the system relating to temperature, settings, power flow, etc., each one

represented by a node in the hypergraph. The set of every possible state for the system is given by all

combinations of these properties, or ∏𝑉 where 𝑉 is the set of properties (following the definition of

∏𝑋 in Equation 2.1). The behavior of the system is the restriction of these combinations; for example,

𝑞 can not be 1 if 𝑇 is greater than 𝑇𝑚𝑎𝑥. These restrictions come as a direct result of the interaction of

system components. As the components in a system evolve, they affect other parts, constraining the

associated properties.

To represent a system, a modeling framework must capture every constraint imposed by the asso-

ciation of the system’s parts. It can be difficult to do this in a procedural (object-oriented) framework:

trying to describe how a controller changes the continuous temperature of a roomwith a block diagram

is possible, but not without converting the discrete controller output into a continuous signal. Contrast

this to a CH, where the constraints between system properties are the natural language of the frame-

work. The result is that a CH can not only represent any kind of real, deterministic system, but also any

behavior espoused by the system.

2.4. System Simulation

An important purpose of representing a system is the ability to perform simulations, with simulation

defined here as themeasurement of a system propertymadewithout having first observed that property

in reality. Under this definition, nearly every decision made by a modeler requires simulation. Before

a decision is made, the state of a system is unset and cannot be observed since it does not yet exist. An

architect deciding on the location of a building cannot observe that location in reality as the building has

not been built. Rather, the architect simulates the system to identify the optimal setting. Consequently,

any system representation that does not afford simulation is nearly useless to a decision maker. One of

the principle benefits of using a CH is the ability to simulate a system generally, exposing the possible

ways to simulate a property anywhere in the system as long as it has been constrained by a constraint.
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Simulation of a CH is focused not on translating visual diagrams into executable scripts, but on cre-

ating amathematical structure that aligns execution with the underlying system behavior. The purpose

of simulating a constraint hypergraph is to constrain a system such that system data becomes evident.

If data is generated from constraints in a model, then it is artificial, and it is called simulated data. The

data that are known prior to the simulation are referred to as inputs, and the data that need to be gener-

ated are referred to as outputs. This terminology should not be confused with expressing a CH in terms

of inputs and outputs. A CH model is a set of constraints and relationships. The concepts of inputs

and outputs apply only during a simulation when it becomes necessary to process relationships in a

certain order. The directed edges in a CH describe which direction such sequencing may occur. Fig-

ure 2.4 shows an example of this: the model contains multiple different dependencies from different

nodes, such that it’s impossible to say which node depends on which. The exception to this is during a

simulation, when a single node is set to be the input, and the graph describes which nodes can become

possible outputs. The act of processing a CH from one node to another is referred to here as sequencing,

and is synonymous with simulation.

A B

C

Figure 2.4: A cyclic graph describing how causality can only be assigned within the context of a sim-

ulation.

The expressiveness of a CH is founded in two principles: composition and determinism. Compo-

sition is enforced in a CH by representing relationships as function. In order to be a valid mapping, a

functionmust show how each element in one set (the domain) is associated with an element in another

set (the codomain) [54]. This guarantees that if a value of each source node is known, then the target

node for the edge can always be calculated by the encoded function. The solved target node can then

be utilized for simulation of additional nodes. Each step in the simulation composes with the previous,

allowing an agent to readily form sequences of simulation steps throughout the graph.

CHs are also weakly deterministic, in that given a single input, each linked node is constrained to

manifest only a single value. The two properties of composition and determinism are the foundation to

forming simulatable sequences in a CH. As shown in Figure 2.5, any sequence starting in the leftmost
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set is guaranteed to be able to arrive at the rightmost (composition), and given an element in either

of the two leftmost sets, there is only one element in a set to the right corresponding to that value

(determinism).

•
★
◾

𝑓 ▴
⧫
†
⊡

𝑔 ♣
♡
♠

Figure 2.5: Two functions mapping between sets demonstrating composition and determinism.

The authors label CHs as only being weakly deterministic because the same set of inputs is not

required constantly map to the same set of outputs [13]. Whether the simulation of a CH will be de-

terministic or not depends on how the functional relationships are defined. A deterministic function

is one where every value in its domain is always mapped to the same value in its codomain. Though

this is typically the case, the only mathematical requirement of the function is that it maps the values

in its domain to a unique value in the codomain. If the mappings between inputs and outputs specified

by a function change for repeated calls, then any simulation along the corresponding edge will be non-

deterministic. This allows for stochastic modeling, including Monte Carlo simulations. In practice,

deterministic models are simple to obtain by requiring all functions to provide a constant mapping.

2.4.1. Sequences

In a CH, the fundamental construct of a simulation is a path. A path (or a chain) in a graph is some

sequence of distinct vertices connected in a sequence of non-repeating edges [53]. The corollary for a

hypergraph is a hyperpath, which connects a given set of vertices (the source) to another single vertex

(the target) by a chain of hyperedges. In order for a hyperpath to be traversable, a value must be known

or generated for every node in the path. Each edge describes a rule whose execution generates a new

value, thereby advancing the simulating agent along the path.

The actual execution of this rule–e.g. performing a table lookup, or executing a sequence of mathe-

matical operations–is performed by a simulation engine paired with each function. Part of the process

of preparing a constraint hypergraph is connecting each function rule to a simulation engine that can

process it. During simulation, the engine is passed the value of the source set along with the rule to be

calculated. It then returns the output value, which is assigned to the target node.
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Structurally, hyperpaths are constructed as trees. In a hyperpath tree, branching occurs along every

edgewhose domain has a cardinality greater than one. Bymaking the output node the root, and placing

the source nodes as the leaves, the tree shows all the functions and nodes which must be traversed to

complete the simulation. A hyperpath (as a tree) is shown in Figure 2.6 for a hypergraph with two

source nodes 𝑆1, and 𝑆2 and a target node 𝑇.

S1

S2

A

B

T T

A

S1 S2

B

Figure 2.6: A hypergraph with a hyperpath from {𝑆1, 𝑆2} to 𝑇 represented as a tree.

2.4.2. Pathfinding

In addition to sequencing a hyperpath, a means for determining which hyperpath to sequencemust

be provided. The philosophy of a CH is that the model contains all relevant relationships between el-

ements of the system, which can create multiple ways to travel in between the same nodes. It is a

nontrivial task to discover a valid path between nodes in a hypergraph, and even more complex to find

an optimal one. To do this, the modeler needs to quantify the optimality of each edge, generally by as-

signing weights. Ausiello et al. described ways of traversing directed hypergraphs using a modification

of Djikstra’s algorithm [55, 56] to identify the minimum-cost path between all nodes in the hypergraph.

Though this works well for simple hypergraphs, CHs are not simple due to their inclusion of two fea-

tures: cycles and conditional edges. Ausiello’s work must be adapted to handle these conditions. Since

this adaptation is not straight forward, it is worthwhile tomotivate the provision of these graph features

in a CH.

Conditional Viability of Edges

Consider the following example for a system of three switches with states on and off represented

respectively as ∘ and •. There are eight possible states of the system as construed.

(∘ ∘ ∘)

(∘ ∘ •)

(∘ • ∘)

(∘ • •)

(• ∘ ∘)

(• ∘ •)

(• • ∘)

(• • •)
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The most intuitive way to represent these state values is by associating a variable with each switch,

labeled 𝐴, 𝐵, 𝐶. Each variable will be represented by a node in a CH, with 𝐴, 𝐵, 𝐶 ≔ {∘, •}.

Providing a constraint decreases the degrees of freedom for the system. For example, a function 𝑓

constraining𝐴 and𝐵 to be equivalent reduces the degrees of freedom from three to two, and the number

of possible system states from eight to four, as shown below.

∘
•

B 𝑓 ∘
•

A

∘
•

C
(∘ ∘ ∘)

(∘ ∘ •)

(• • ∘)

(• • •)

Because the way system states are categorized is arbitrary, oftentimes a systemmay exhibit behavior

that does not perfectly correlate to the prescribed variables. For example, if switch 𝐶 is always off if

switch 𝐴 is off, then the system behavior cannot be correctly expressed by a function mapping 𝐴 → 𝐶,

as 𝐶 is not constrained by the ∘ state of 𝐴. Instead, this behavior should be represented by a function

𝑔 ∶ 𝐴• → 𝐶, where 𝐴• only represents the • state of 𝐴. Accordingly, 𝐴• is a subset of 𝐴, as shown below.

∘
•

B 𝑓 ∘
•

A

A•
𝑔

∘
•

C
(∘ ∘ ∘)

(∘ ∘ •)
(• • •)

Including 𝐴• changes the paradigm of the CH by introducing nested nodes. The main value of

nesting is that the intuitive sets of 𝐴, 𝐵 and 𝐶 can be maintained while also describing relationships

between individual members of 𝐴. Duplication of entities is also avoided since every function that

maps from 𝐴 implicitly maps from 𝐴• also, without requiring 𝑓 to be redefined. Nested relationships

represent constraints that only hold for a limited subset of the domain’s values. This is such a common

occurrence in system modeling that conditional edges were identified by Peak et al. as a fundamental

requisite for system simulation [37]. An example is Hooke’s law relating the force of a spring to its

deflection, which is valid only if the deflection is in the spring’s linear regime.

The complexity of conditional edges comes as a result of violating composition. Let𝑋 ′ be a subset of

a set𝑋. Any function𝑓 that points from𝑋 also points fromevery value in𝑋 ′. However, the inverse of this

is not true: if 𝑋 ′ is the domain of a function 𝑔, then a simulation sequence arriving at𝑋 is not guaranteed

to be ably to traverse 𝑔 unless the assigned value for 𝑋 happens to also be in 𝑋 ′. The result of this is
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that the simulation path becomes conditional on the specific value solved for 𝑋 at runtime. This greatly

increases the computational expense of simulation, as a path through the CH must be rediscovered

for each unique set of inputs, in contrast with the general paths found by Djikstra’s algorithm that are

optimal for any node values.

In order to enable sequencing, the use of a conditional viability function via𝑒 for any edge 𝑒 was

provided in Definition 4. This function is used to determine whether a value 𝑥 is part of the domain of

𝑒, such that:

via𝑒(𝑥) = 1 ⟺ 𝑥 ∈ 𝑋 ∧ 𝑋 ∈ dom(𝑒) (2.2)

An edge is described as being conditionally viable if via𝑒 is not 1 for all values of dom(𝑒). The set

of values for which via𝑒 is 1 is referred to as the viable set of 𝑒. Conditional viability can be used for

path switching, where the node a simulation sequence next reaches changes based on the values of the

latest inputs. In this case, there are two or more edges with disjoint viable sets, so that only one edge is

valid for any given value. In this paper, conditionally viable edges are typically shown as dashed, as in

the figure below (which expresses the switching example described previously).

∘
•

B

𝑓 ∘
•

A

𝑔 ∘
•

C

Cycles

One of the most vexing issues of a graph is dealing with cycles: a path that begins and ends on the

same node [57]. In a CH, a cycle in a simulation sequence would seemingly indicate that the value of a

node is in someway constrained by itself, a violation of causality not found in the real world.

Despite this, cycles are still introduced as a matter of convenience to the modeler in performing

simulations. This is due to many system variables being iterations of previous system states, especially

as a system evolves through time. In a procedural model, such as those espoused byWymore, a system

has several independent states which repeat at each instance of time [58]. A CH, in contrast, has no

sense of state. Each instance of a system variable is considered unique and independent, and must

have some sequence of hyperedges connecting it to the input values to be successfully solved for. For
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instance, a hypergraph representing a body moving at a constant velocity along a single dimension is

shown at the top of Fig. 2.7, where the position at each time step 𝑖 is given by 𝑥𝑖.

𝑣 Δ𝑡

𝑣Δ𝑡

𝑥1𝑥0 … 𝑥𝑛

∗

+ + +

𝑥𝑖

𝑣 Δ𝑡

𝑣Δ𝑡 𝑥𝑛

𝑖∗

+

idx

𝑖 ≥ 𝑛

Figure 2.7: A hypergraph representing the position (𝑥𝑖) of a moving body at multiple points in time as

an extended path (top) and as a cycle (bottom).

Since a modeler may wish to simulate 𝑥 at an arbitrary time step, this hypergraph should arguably

be extended to infinity. This impossible expression can be enabled through the use of cycles, as shown

at the bottomof Figure 2.7. In the cyclical hypergraph, the addition of the index 𝑖 aswell as a conditional

edge 𝑖 ≥ 𝑛 provides a mechanism for exiting the cycle after 𝑛 iterations. Note the essential functionality

of the conditional edge, without which a pathfinder would not be able to identify a valid path that exits

𝑥𝑖 for only a subset of the node’s values.

Pathfinding Process

Having motivated the inclusion of conditional edges and cycles, the methods of pathfinding can

now be properly described. Pathfinding is the act of tracing a hyperpath from a set of source nodes 𝑆

to a target node 𝑇 in the CH. Assuming that conditionally viable edges are present in the hypergraph,

pathfinding must be performed for each unique set of input values. Consequently, the first step in the

pathfinding sequence is to pare down the hypergraph to a subhypergraph consisting only of the nodes

and edges that are possible candidates for a path. Given 𝑆 and 𝑇, a solver can perform a basic search for

a subhypergraphℋ′, where each node inℋ′ is reachable from at least one 𝑠 ∈ 𝑆 and from which 𝑇 is

likewise reachable. A node 𝑏 is reachable from (or connected to) another node 𝑎 if there is a hyperpath

from 𝑎 to 𝑏 [57].

Onceℋ′ has been prepared, a solver should be run using standard algorithms for pathfinding (such
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as A*). At each node, the solver calculates a step along a hyperpath throughℋ′. In doing so, the solver

creates a hyper-dimensional search tree. Each node in the search tree corresponds to a viable edge,

as depicted in Fig. 2.6. Additional hyper dimensions indicate parallel paths established whenever a

conditional edge is encountered. This suggests that the optimal path may run through the conditional

edge, but because that path cannot be guaranteed to exist during runtime, other paths must also be

explored. As the solver searchesℋ′, these parallel path are pruned from the search tree if either of the

following conditions are met:

1. There are no unprocessed edges remaining from the root node (and the root node is not 𝑇).

2. The total cost of the branch is less optimal than another branch comprised of simple edges.

Pruning in such a way is a description of backtracking, the most common method of solving a

constraint problem [40]. The result of such exploration is a tree of all possible candidates for an optimal

path from 𝑆 to 𝑇. If the lowest cost path is made up of simple edges then the tree will be a normal search

tree optimal for any input values. Otherwise, during simulation, the solver will proceed through the

tree. At any branches onto parallel paths, the solver should step down the lowest-cost branch until the

solver either reaches 𝑇 or the path becomes non-viable. In the later case, the solver resets to the latest

solved node and traverses the next-most optimal path.

Although repeated pathfinding can become computationally expensive, it provides the unexpected

benefit of gracefully handling discontinuities. Rather than aborting the simulation, solvers encounter-

ing a discontinuity (such as an ill-formedmapping ormissing value) are able to switch to the next viable

path as long as one is available.

2.4.3. Weighting Schemes andModel Selection

A heretofore undiscussed aspect of CHs is the application of weights to their edges. While weights

are a common practice in graph theory, it will be useful to consider their interpretation with respect

to modeling systems. Weights are primarily used to depict a cost of traversing an edge; in the classic

traveling salesman problem, weights depict distances between cities on an imaginary map. Search al-

gorithms require weights to discriminate between parallel paths, preferring the path with the lowest

summed weight. In the case of a CH, the cost of traversing an edge is the cost of executing a constraint

on the system model. This cost could be interpreted a number of ways, such as the computational cost

54



2. DEFINITION OF CONSTRAINT HYPERGRAPHS: LIMITATIONS

of calculation, the distance to the desired target node, the cost of excluding some alternate constraint,

or even the uncertainty associated with the modeling constraint.

The inclusion of weights in a CH specifies that some edges in the model should be considered of

greater precedence than another. Precedence only matters in instances where there are a plurality of

edges offering competing routes for reaching a node. The act of identifying an optimal model among

many options is typically described as model selection. Edge weights enable automatic model selection

by providing a quantitative parameter for comparing edges.

A practical example is selecting a path that minimizes a simulation’s uncertainty. The utility of

interpreting edge weights as modeling uncertainty is not in the quantification; assigning uncertainty

is still as arduous in a CH as any other framework. Instead, CHs provide an advantage in composing

uncertainty for different simulations. A CH breaks down every relationship in a system model into a

single, traceable function. For a systems engineer, each of these functions can be thought of as assump-

tion. By listing each edge in a path, a modeler can systematically consider each assumption made in

a simulation. Because each function is independent of all others, uncertainty can be assigned without

having to consider side effects or duplicated calculations. And because the total uncertainty of any ar-

bitrary path can be trivially calculated, a pathfinding algorithm can search for a simulation path that

minimizes uncertainty.

When the edge weights are interpreted as computational costs, then the weighting scheme can be

used to determine the least expensive simulation to compute. Weighting schemes are not exclusive

either, they can be combined to compare simulation paths by different metrics. The resulting paths can

then be optimized via a multi-optimization method to minimize multiple objectives.

2.5. Limitations

Though constraint hypergraphs have been used to great effect, they by no means represent a silver

bullet to modeling challenges. It has already been mentioned that flat, complex system models can

be visually overwhelming. Object-oriented frameworks, which provide methods for abstraction and

encapsulation, are often better for decomposing a system for a humanmodeler. It is for this reason that

this article has not focused on establishing hypergraph diagrams. This section aims to set forth some of

their other known limitations.
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Related to the challenges of visualization, CHs are not optimal for model development. Because of

their generality, any relationship can be formulated in a CH, including impossible relationships. The

specificity of domain-specific frameworks discourage modelers from creating invalid systems, such as

connecting gravity to a battery terminal. There is no such restriction imposed by CHs. From this the

conclusion is drawn that CHs are used most effectively to unify system models that have already been

developed in more specialized frameworks.

Perhaps the greatest limitation of CHs is that of syntactic interoperability. Although the semantics

of a system are perfectly captured by a CH, this is dependent upon syntactic agreement betweenmodels.

For instance, it may be impossible to say whether the label of ”Speed” for a node in one model refers to

the same data as the ”Velocity” label of another. Though the use of ontologies can help prevent naming

conflicts, the lack of tools for reconciling nodal identities greatly inconveniences the adoption of CHs.

The authors are intrigued by the possibility of providing syntactic interoperability through reasoners

based on graph similarity metrics.

Another major barrier to convenient adoption is the heavy processing time of constraint hyper-

graphs. Because optimal simulation paths cannot be autonomously determined a priori, path search-

ing oftenmust occur during each simulation run. Though constraint programming has developed great

tools andmethods for searching, this processing overhead can limit CHs use in real-time environments.

This is especially true considering that solving a constraint problem is NP-hard [59], and CH networks

can become incredibly complex. There are some instances that paths can be pre-determined, though

in such cases simulation success often cannot be guaranteed unless the hypergraph contains no condi-

tionally viable edges.

Finally, constraint hypergraphs are very good at exposing system behavior; they are less good at

hiding it. There are many instances in which a modeler may which to obscure the sensitive behavior

of a subsystem in a shared model, such as with proprietary technology. While it is certainly possible

to form black boxes in a CH (simply by aggregating nodes into a single node and reconnecting graph

edges), such actions prevent subsystem properties from being connected with other system elements.

This greatly reduces the efficacy of a CH. Encapsulation and abstraction are both primary features of

object-oriented systems, but they reduce the expressiveness of themore functional CHs. If such features

are needed, interface-based frameworks may need to be used; privacy-motivated black boxing is one of
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the many use cases of FMIs [60, 61].

2.6. Case Study

ACH for an elevator lift system is provided to partially validate the constraint hypergraph structure.

The unifiedmodel is an aggregation of a discrete-event simulation (DES), a dynamic Newtonianmodel,

and continuous state space model (built around a PID controller). Descriptions for each node are pro-

vided inAppendix B.2. At the risk of repetition, the reader is reminded that CHs are not generally a good

choice for visualizing systemmodels due to their high complexity and abundance of lines. However, for

the purpose of communicating their use, a diagram for the CHhas been provided in Figure 2.8, with the

model scoped to be as simple as possible without sacrificing functionality. The diagrammatic scheme

follows that of Figure 2.3, with the added stylizations of zigzag hashing for nodes that are shownmulti-

ple times in the figure (for clarity) and double arrows (↠) for edges that increase the iteration of a node

in a cycle. There should be one such edge for every cycle in the graph; Figure 2.8 has three cycles with

corresponding iterative edges. The weight of every edge is set to one, resulting in the solver preferring

the path with the minimum number of steps during simulation.

There are three primary subsystems represented in the CH: the dynamic system, the PID controller,

and the DES of the passenger actions. The properties and edges for these subsystems are roughly gath-

ered in the right, top left, and bottom left of the figure respectively. These classifiers for the various

subsystems are only useful for a human modeler as the CH focuses solely on the holistic system. Con-

sequently, it is not clear in Figure 2.8 where one subsystem ends and another begins–at least not as

clear as it would be in an object-oriented framework. The mock elevator consists of a carriage moving

between three floors referenced by integers 0, 1, and 2. The forces acting on the carriage include the

empty weight as well as the summed weight of each passenger (with the assumption that each passen-

ger weighs the same). The driving force of the elevator is given by a PID controller using a first-order

Euler integrator with a fixed step-size.

The DES subsystem is formalized for four passengers referred to as A through D. There are three

properties associated with a passenger: the floor they start on (startX), their desired destination floor

(goalX), and whether they are on or off the elevator carriage (onX). Recall that the CH does not include

a ”passenger” object, only these properties. Also note that it is required to explicitly model the prop-
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Figure 2.8: Constraint hypergraph model for a hybrid elevator lift system, integrating models marked

by shaded regions.

erties for each passenger, as each new passenger extends the possible states (or degrees of freedom) of

a system. When executed, each node should be duplicated as a new passenger is simulated. To avoid

complicated, redundant figures (beyond the graph already depicted), the nodes for only a single pas-

senger are expressed, contained by the dotted box in the lower left corner of Figure 2.8. As shown by

that sequence, an ordered tuple (onX, startX, goalX) is made for each passenger. The Set Boarding

function counts the tuples for which onX is False and Start is Current Floor. In this case there are

no passengers meeting the criteria, so Num Boarding is zero. Set Exiting does the same except the

conditions are onX being True and Goal equaling Current Floor. Occupancy is then derived as the pre-

vious value of Occupancyminus Num Exiting and added to Num Boarding. The Set Pass Status edge
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Table 2.2: Initial values for properties associated with elevator passengers.

Person ID Start Floor Goal Floor On Elevator?

A 1 2 False

B 1 2 False

C 0 2 True

D 2 0 False

shown in Figure 2.8 is given by the following conditional function:

False if Current Floor = StartX

True if Current Floor = GoalX

onX else

(2.3)

The number of properties comprising the system state is given by the number of nodes in the CH,

which in this case is 45. There are several nodes for which constraints are not provided, these must be

treated as inputs for a valid simulation, such as physical constants like gravitational acceleration. Initial

properties for each passenger have also been given in Table 2.2. In the example the elevator initially

starts on floor 0 and moves incrementally to floor 2 (only ascending for simplicity).

Having visualized the CH, the next goal of this case study is to demonstrate a full system simulation.

Any node in the hypergraph can be chosen to be simulated, but selecting Occupancy allows a more

interesting example. The goal of a simulation is to predict the value of Occupancy at every landing to

which the elevator arrives. In practice, this simulation would be conducted using a computational tool,

however, this study is a demonstration of theory. The enactment of this simulation is consequently

performed by a theoretical agent capable of processing a CH, which will be referred to as ch agent.

The inputs to ch agent are the graph in Figure 2.8, as well as a list of input values to several nodes, as

tabulated in Appendix B.2.

Assuming the inputs have been seeded correctly, a pathfinding algorithm would attempt to find a

valid path from a subset of the input nodes to Occupancy. Pathfinding is conductedwith some searching

strategy such as a depth-first or breadth-first search, with the search starting from nodes with known

values (the input set). If all nodes in the source set of an edge are known, then the edge can be traversed.

Traversing an edge results in ch agent solving for the value of the target node by performing the
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function calculation represented by the edge. This new node is then added to the list of known values.

The process repeats until ch agent is able to solve for the goal node, at which point the simulation

terminates.

Because Occupancy is given as a known node, the initial simulation is trivial. However, Occupancy

is included inside a cycle, meaning that additional iterations of the node can be solved for if all other

values in the cycle are found. The cycle for Occupancy involves a hyperedge requiring the number of

passengers boarding and exiting the carriage to be calculated, consequently, ch agent must solve for

these nodes before it can find the next value of Occupancy, written here as Occupancy2. The process for

doing so is given by tracing the starting position of each passenger to determine whether they are on

the carriage, boarding, or exiting while the carriage is at its initial floor, according to Equation 2.3. The

result is a chain of equations that ultimately transforms X Start and X Goal into Occupancy2, which

when solved returns a value of two.

Solving for Occupancy3 requires amuch longer process. The conditional edge relatingΔPassengers

to Occupancy requires that the iteration of the source of Occupancy be only one iteration greater than

the iteration levels of Num Boarding and Num Exiting, but the path found by ch agent includes only

Num Boarding1 and Num Exiting1. Because no iterative edge (indicated by ↠) was encountered in

the simulation path found previously by ch agent, the path cannot be reused to solve for the node’s

next value. Tracing the cycle back in Figure 2.8, the iterative edge is a hyperedge relating Floor Gap1,

Ht Tolerance1, and Height1 to Elev Current Floor2. In order to increment the state of each node in

the DES simulation just traversed, ch agent must find a path that connects through this edge, so that

each source node will also be in their second iteration upon solving for Occupancy3.

To necessary path takes chagent through the entirety of the hypergraph, starting from Occupancy2

and ending on Height2. After the iterative edge is traversed, the original path is retraced but at a higher

iteration level, resulting in solving Occupancy3. In this case, ch agent traverses 42 edges to reveal that

the value of Occupancy3 is unchanged from the previous iteration. Along the way, values are found for

Height2, PID Output1, and other nodes that are necessary for the general simulation.

By structuring the hybrid elevator system as a constraint hypergraph, ch agent demonstrates the

universality of simulation, moving easily between the various subsystems without concern for ports

and type specifications. It should be emphasized that this is a theoretical demonstration; computational
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complexity, run time, and other computing metrics are dependent upon the practical instantiation of

ch agent and the specific search strategies employed by the encoded algorithms. For validation, a

Python-based implementation of ch agent employing a breadth-first search strategy [62] was run to

calculate the Height of the elevator over 100 iterations, returning the results shown in Figure 2.9. As

a true instantiation of ch agent, no additional programming is employed apart from generic plotting

software, conducting the simulation without any for or while loops, go-to statements, or conditional

logic–all behavior of the system is encapsulated in the CH and executed by ch agent. While these

results do not validate the models, which are overly simplified for demonstration purposes, they do

indicate the ability of ch agent to integrate complex systems without relying onmanually ported con-

nections.

Figure 2.9: Results of a simulation for three variables covering 100 cycles.

2.7. FutureWork

A robust, unified system model has many possible applications, some of which the authors hope

to explore in future work; these include decision modeling and digital twins. Decision modeling appli-

cations stem from the fact that the decisions made by engineers and other agents often must be made

before relevant information about a system is known; this is especially true early in the design stage.

Constraint hypergraphs make it easier for the information that is known about a system to be under-

stood and analyzed, but the process of quantifying uncertainty and validating simulation predictions

remains a topic for further investigation.
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Digital twins, defined as the virtual representation of some real system, are a confluence of data

streams and models. Their popularity has driven use cases in a variety of systems, such as global en-

vironments [63] and national infrastructure [64, 65]. This rich variety of system domains requires the

combination of disparate models as well as the processing of heterogeneous data streams. As digital

twins grow in fidelity these multifarious facets only increase. Constraint hypergraphs may promote the

interoperability of digital twins [66] on both of these fronts: by unifying siloed system models and also

by enabling sequencing of data across the holistic system. The author’s envision a constraint hyper-

graph expanding the role currently played by knowledge graphs from information banks [67] to system

orchestrators: capturing and distributing information connected to system behavior with a multiplicity

of connected agents.

2.8. Conclusion

The principle factors that contribute to a simulatable systemmodel are composability and determin-

ism. These two principles are embedded uniquely in various system models, but are robustly defined

in constraint hypergraphs. Constraint hypergraphs, in their declarative description of property rela-

tionships, embody the structure of a system. The claim that CHs are suitable for general inter-system

reconciliation was supported by showing that CHs support composability and determinism through

functional composition, and further describing how every system behavior can be both represented

and sequenced within the CH structure.

In the attempt to make this framework more practical, the mathematical structures have been re-

lated in the language of systems theory, showing how CHs communicate information and how the

relevant notions of objects, states, and behavior are described. CHs are not only useful for semantic

representation, they are also simulatable, and can be used to derive unknown system properties or

solution spaces. It was shown that this depended on both the provision of functions and the repre-

sentation of nodes as subsets of other nodes. A mechanism was then built out for building executable

sequences and even cycles using edges with conditional viability.

In addition to establishing what CHs are, it was established how they can be used, including how

weightings can represent uncertainty or computational costs, as well as applications to autonomous

decision-making. These use cases were contrasted with some known limitations of CHs. Finally, these
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principles were demonstrated with an example of an elevator lifting system, with multiple system do-

mains unified by a single CH. The authors hope to build upon this work through additional refinement

of the CH framework, as well as the provision of integrable tools that can assist with CH modeling in

established engineering applications.
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CHAPTER 3

Methods for Enabling Declarative Simulation

This chapter is based on the paper “Effects of Functional andDeclarativeModelingFrameworks onSys-

tem Simulation,” which is under review in ASME’s Journal of Dynamic Systems, Measurement, and Con-

trol [1]. It was presented in October 2025 at the Modeling, Estimation, and Controls Conference (MECC)

in Pittsburgh, PA [2].

Abstract: Systemmodeling frameworks canbe categorized into imperative anddeclarative paradigms.

A model’s paradigm effects its efficacy: imperative models allow simple execution, while declarative

models capture the behavior of the underlying system. This paper compares these paradigms, as well

as functional and object-oriented frameworks, in light of physics-based systems. This is done by explor-

ing the principles of systems modeling and simulation. Simulation is shown to be the composition of

functions representing system behavior. Simulatable frameworks can be differentiated by their ability

to identify and compose these functions for a specific input and output pairing. The various frame-

works are explored, applying concepts more typically studied in computer science to general systems

engineering. The frameworks are investigated by comparing simulations of a driven double pendu-

lum in various modeling languages. Observations include that functional, declarative models allow for

greater reusability and holistic system simulation.
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3.1. Introduction

Modelers, trying to represent the behavior of a complex system, are limited by the expressiveness

of the available frameworks [3]. The ultimate goal of modeling a system is to understand its interac-

tions, generally for the purpose of simulating its state. This is generally performed in niche frameworks

tailored to a specific domain, such as a circuit diagram or ball-and-stickmodels. Frameworks for multi-

domain systems–for instance, one considering the effects of material on power consumption–are often

more limited, leading to calls for more advanced, rigorous, multi-domain formalisms [4]. Due to the

prevalence of computer simulation, digital systems and counting methods have received the bulk of

consideration over the past decades, focusing discussion of different modeling paradigms on the de-

sign of software systems. The purpose of this paper is to review how four of these paradigms effect the

simulation of physics-based systems, namely imperative, declarative, functional, and object-oriented

paradigms. This paper is not intended to specify categories for all system modeling frameworks; the

ambiguity with such classifications would make any such activity futile. Rather, by exploring the struc-

tures associatedwith various frameworks, the authors hope to showhowdifferent aspects of amodeling

paradigm contribute to its simulatability.

To support comparisons between frameworks, the authors have elected to consider a pendulum

as a common system, preparing models in different languages based on the established dynamics [5].

These different representations are contrasted to show how each framework exposes the structure of

the underlying system. This culminates in an example simulating a double pendulum in five differ-

ent languages. The simulations show both where principles of computer programming can be applied

to systems engineering and where there may be disagreement. Two specific observations are made in

the course of the study: first, that declarative models are better suited for simulating heterogeneous

systems due to their ability to adapt to changes in the system’s scope; and second, that the efficacy

of object-oriented paradigms for system simulation increases when the model is both purely functional

and enforces sharing of a common global state. These observations derive from the notion that a system

is determined by a collection of state variableswith behavior given by a set of functions constraining sys-

tem’s state. The act of simulation is consequently the act of composing these functions into a chain that

transforms a set of inputs to a desired, unknown output. Each framework can then be differentiated–
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in terms of its simulatability–based on its method of identifying and composing the functions of the

underlying system.

Note that functional modeling as used here does not refer to the deconstruction of a system into

its functionalities [6, 7], a focus of systems engineering and design. Rather the functional modeling

paradigm discussed in this paper is aligned with practices of computer science, such as described by [8]

and [9], where the base unit of representation is an algebraic function. Programming languages that

fall under this paradigm include Haskell, LISP, and Miranda, though other languages can approximate

function-based modeling (as shown in Section 3.5).

3.2. Review of System Simulation

In designing a system, an engineer must describe how the system’s elements should be arranged so

that their interactions result in some desired behavior. Whether the elements are people in an airport,

parts of an aircraft, or the metal grains of a wing-strut, an engineer must understand how bringing

them together will cause people to board a plane that will fly without its wings failing mid-flight. To

understand the systems that comprise the universe, engineers must create models that describe both

the system elements and relationships between them [10].

Two independent objectives for modeling a system are described here: to describe the elements

comprising a system and to simulate facts about the system a model represents. It is the view of the

authors that these two aims include most, if not all, objectives of system modeling. Models of the first

type are often visual diagrams, such as the free body diagram shown in Figure 3.1(a) or the SysML

block definition diagram in Figure 3.1(b). These may be employed as an initial step in understanding a

complex system or as a tool for communicating a system’s constitution.

The second objective of modeling a system is its simulation, which derives from the interpretation

of a system as a source of data [11]. Ashby conceived of a system as a list of variables, whose values

are generally considered the state of a system [12]. Simulation is the prediction of a system’s state–or

at least a part of it–through reasoning on the behavior of the system [13]. The predicted value(s) are

artificial, in that they are data corresponding to states of the system that were not observed, often for

reasons such as lack of availability, sufficient measurement power, or even temporal existence [14].

Decisions about a system require simulation, especially during the design phase when the systems of
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(a) (b)

Figure 3.1: Two descriptive models of an elastic pendulum: 3.1(a) a free body diagram showing the

forces of the system; and 3.1(b) a SysML block definition diagram showing the system elements.

interest are not yet physically realized [15].

A simulatable model is one that represents system behavior such that artificial observations on the

system can be made. In this perspective, the model is the encoding of system behavior, and the simu-

lation is the provision of data to a model such that other data (corresponding with unobserved system

states) are revealed. Such amodel can be treated as amorphism between a set of inputs and outputs [16,

17]. The morphism for mapping between sets of values is an algebraic function [18], meaning that a

simulation model can be described more explicitly as providing a function F that maps between the set

of state variableswhose values are known (inputs) and the set representing another state variablewhose

value is unknown [19]. The calculation of F for some value in its domain constitutes a simulation. Ev-

ery so-calledmodel solver or simulation enginemust provide a way of discovering and calculating such

a function from the underlying model [20]. Some models express F explicitly, while others provide F

by the composition of sub-functions F = 𝑓𝑛 ∘ 𝑓𝑛−1 ∘ … ∘ 𝑓2 ∘ 𝑓1, where the domain of each sub-function

is either a known input or the codomain of a preceding sub-function, and the codomain of 𝑓𝑛 is the

desired output. This is shown in Figure 3.2, where a simulation of a pendulum’s velocity is given by the

composition of two functions.

These functions represent the behavior of the modeled system. This was shown by Willems when

he described behavior as restrictions on the possible values a system state can exhibit [21]. Models

are developed to capture the combinatorial interactions between variables [22]. A model is considered

under constrained if the number of values a system variable can exhibit for a single frame of consid-

eration is greater than one. Alternatively, because reality is consistent, models of real systems must be
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Figure 3.2: Example of a simulation F for calculating angular velocity 𝜔 from initial position 𝜃 for a
pendulum. F is composed of two functions 𝑓1 and 𝑓2 each taking 3 inputs. By composition, F can be

treated as a function with 5 inputs.

fully-constrained, so the system state exhibits a unique value for any frame of consideration. Because

functions map to unique values in their codomain, any constraint of a real-world system can be repre-

sented by a function, and a fully-constrained system model can be considered as the set of functions

constraining how a system evolves in response to stimulus [23].

3.3. Modeling Paradigms

The variety of ways to represent and compose functions results in a plurality of modeling languages

[24], such as the examples given in Table 3.1. Note that the subjective nature of the designation of ob-

jective given informally by the authors only as a rough characterization of the language. Whatever a

language’s objective, it will consist of a set of rules for manipulating symbols that, when followed, en-

able a user to interpret the system represented by themodel [25]. The rules, which describe how system

components may be combined [26], are collectively referred to as a framework [8] or a formalism [11].

As a basic example, the components of a circuit diagram are visual symbols representing electrical ele-

ments such as wires, resistors, or capacitors. These symbols can only be connected together in specific

ways: a resistor symbol, for instance, can only be placed on top of a wire, and not on top of a capacitor.

By following the rules of the framework, a modeler can convey the behavior of an electronic circuit.

Note that meaningful distinctions between languages result from differences in their frameworks, as

symbols can be arbitrarily replaced without affecting the underlying interpretation. Indeed, it can be

said that the framework rules provide the interpretation of a model [27]. This motivates the exclusive

focus in this paper on modeling frameworks.

The manner in which a model expresses the system’s behavior has a significant impact on its simu-
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Table 3.1: Examples of system modeling frameworks, adapted from [1]

Framework Domain Objective Source

Bond graphs Dynamic Description [28, 29]

Block diagrams Dynamic Simulation [30, 31]

Stock and Flow Dynamic Simulation [32, 33]

Entity-Relationship Knowledge Simulation [34]

Circuit diagrams Electronics Description [17]

Flow charts Processes Description [35]

Petri nets Processes Description [16]

State machines Processes Simulation [36]

Markov chains Processes Simulation [37]

Gantt charts Scheduling Description [38]

PERT diagrams Scheduling Simulation [39]

Bayesian networks Stochastic Simulation [40, 41]

Causal models Multi-domainDescription [42]

SysML diagrams Multi-domainDescription [43]

EXPRESS Multi-domainDescription [44]

Algebraic ExpressionsMulti-domainDescription

Constraint graphs Multi-domain Simulation [1, 45–47]

latability. Two primary paradigms of providing a simulation function F are considered: imperative and

declarative frameworks in Sections 3.3.1 and 3.3.2 respectively. Also considered here are secondary

paradigms concerning how basic system structures are represented; frameworks that deconstruct a sys-

tem into modular subsystems are considered object-oriented (Section 3.3.4), while models that express

each relationship as a function are functional (Section 3.3.3). The use of these paradigms has consider-

able effect on how simulations may be conducted.

This section reviews how these paradigms are defined in connection with their relationship with

system simulation. Much of the discussion on modeling paradigms is driven by computer scientists,

likely due to the prevalence of the computer in defining and simulating systems. Applications of these

principles to general systems engineering frameworks are given throughout the section, with a list of

frameworks and the paradigms they primarily operate under tabulated inTable 3.2. The categorizations

are illustrative of general focus of the framework. They are provided for demonstrative purposes only, as

such designations are fairly subjective. MATLAB, for instance, as a programming language can be used

to createmodels in all categories. It’s specification as general-imperative indicates its lack of restrictions

on models, which by default tend toward the imperative.
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Table 3.2: Informal categorization of modeling frameworks as imperative or declarative, further dis-

tinguished by emphasized data representation.

Im
pe
ra
ti
ve General

Flowcharts

MATLAB

Functional

Block Diagrams

State Machines

Object-Oriented

C++

SysML
D
ec
la
ra
ti
ve

Gantt charts

PERT diagrams

Markov Chains

Bond Graphs

Constraint Graphs

Bayesian Networks

Petri Nets

Stock and Flow

Functional + OO

Modelica

Circuit Diagrams

ER Diagrams

An analogy of a model is presented here to motivate the discussion of imperative and declarative

paradigms. Consider a map of railway connections between cities, such as the one in Figure 3.3a. In

this analogy, cities represent state variables and rail lines represent the known functions relating them.

This constitutes a model and describes the behavior of the underlying system. Simulation is akin to

imagining a traveler moving from city to city. Every city that the traveler has visited becomes a known

value for a state variable in the system (within the current frame of consideration). The simulation

function F ≔ {LA} → {Seattle} is explicitly given in the model as 𝑓LA→SEA, however 𝐹 ≔ {LA} → {NYC}

must be composed from other functions in the model: 𝑓CHI→NYC ∘ 𝑓DEN→CHI ∘ 𝑓LA→DEN.

Figure 3.3: Two analogies of modeling: (a) a declarativemodel expressing every possible route (simula-

tion) that can be connected between the cities (system variables); and (b) an imperative model showing

the steps necessary to travel from Los Angeles (the input) to New York City (the output).
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Here themap is a declarativemodel that declares the facts of the system. Themap does not prescribe

how to travel anywhere, rather it enables an external agent to use the stated facts to create ”routes” of

simulation. This is contrasted with an imperativemodel, such as the one in Figure 3.3b. Models created

in this paradigm look more like recipes, providing a list of steps that must be followed to simulate

the desired output. A different imperative model must be provided for every simulation function, in

contrast with the map which expresses every route in a single structure. Though both models can be

used for simulation, the declarative model better captures the behavior of the underlying system.

3.3.1. Imperative Modeling

Any simulation can be described as a sequencemapping inputs to outputs. In amodel used for com-

putational simulation, this sequence is a set of tasks performed by the computer and typically termed a

program [26]. Flowcharts are an example of an imperative model where the executor is not a computer,

such as the flowchart in Figure 3.4 describing the process for calculating the angular acceleration 𝛼 of

a simple pendulum. Note the direct correspondence between the model and the action of simulation,

with the model describing the steps needed to artificially calculate the unobserved value 𝛼 in terms of

known values 𝑙 and 𝜃 (the tether length and angular position, respectively). Imperative models, also

known as procedural models, are denoted by a change in state, where each line in the program updates

the state of the system the model represents until the state arrives at the desired output [48].

𝑙

𝜃 Take the sine

Divide 𝑙 by 𝑔 and negate

Multiply 𝛼

Figure 3.4: A flowchart showing how to calculate the angular acceleration 𝛼 of a pendulum based on

inputs of tether length 𝑙 and angular position 𝜃.

In prescribing the steps of a simulation, these models are immediately executable. An imperative

model defines how a simulation should be calculated [49], a necessary provision before executing a

process whether by a computer [50] or biological engine [51]. Consequently, all executable models are

either imperative or must be paired with a mechanism for providing an imperative process.

Imperative models are generally the most simple to develop, as they only need to express system be-
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havior for the specific fact they are purposed to simulate. Their simplicity, however, belies the difficulty

in understanding the systems they communicate [52]. A process has no intrinsic points where it can be

broken or reconfigured. Imperative models are consequently more difficult to connect and adapt [31].

This is evident in models of workflow processes, which function well for their prescribed sequences,

but incapable of being adapted to new situations or unforeseen problems [53].

3.3.2. Declarative Modeling

While an imperative model describes the steps needed to calculate a single output, declarative mod-

els describe many possible values that could be obtained from a simulation. Declarativity exists on a

spectrum. Any process that abstracts lower-level instructions may be thought of as declarative [50],

making it necessary to establish a frame of reference. In this paper, the word declarative is used to refer

to the degree of a framework’s capacity to simulate a system’s state given a model of its behavior. The

more declarative a model is, the greater the portion of the system’s state that can be simulated. That is,

a declarativemodel possesses all the information necessary for the state of a system to be ascertained by

a declarative solver. The test for a purely declarative language is whether expressions in the model can

be evaluated without a specific order [49], a property often described as referential transparency. This

is because declarative solvers must be able to rearrange expressions to form simulations–an expression

that changes its output based on what was called previously cannot be arbitrarily arranged. Referen-

tially transparent models consequently codify all possible ways to modify a system’s state, rather than

describing a specific mutation sequence.

The map analogy again proves useful; consider how each step of a route is provided with respect

to an updated location of the traveler. However, the connections shown in Figure 3.3a never change

regardless of the actual route taken by the passenger. It is assumed that an able traveler can form a

sequence for traveling to their destination from the information declared by the map. Similarly, declar-

ative models provide information without providing the procedures for simulating that information

[54], leaving the work of routing the lower-level process to an execution agent [48]. This is evident in

the parametric diagrams of SysML, where constraints must be solved by an external solver [55, 56].

Because of their generality, declarative models are better able to capture the holistic nature of a sys-

tem. An imperative framework provides a single avenue for simulating a system, while every possible
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way of simulating a system can be extracted from a declarative model. Circuit diagrams are declarative,

in that an engineer can solve for the power at any node in the circuit. Likewise, algebraic expressions

declare equivalencies as in, for instance, a linear system of equations 𝐴x = 𝐵, which can be subse-

quently solved imperatively for x by an agent (either a computer or tired student) using matrix row

operations. In many languages it is possible to describe both imperative and declarative models, often

by focusing on features dedicated to one paradigm or another. Pure LISP, for example, is a declarative

language until functions for updating list values are introduced [49].

Whatever the implementing language, simulation of a declarativemodel is contingent upon amech-

anism for extracting information out of the model, turning inputs to outputs. These mechanisms may

be constraint solvers (especially with logic programming [26]) or proprietary compilers (such as with

Modelica [57]). Functional languages expose information by expressing each declared facts as a func-

tion, so that a compiler can chain functions together using function composition [58, 59]. The rigor and

power of thismethod hasmade functional programming nearly synonymouswith declarativemodeling

[48], though the two are decidedly distinct [49].

3.3.3. Functional Modeling

Because functions are the primitive element of a simulation, all models must identify and compose

functions for simulation. However, this does not mean that all frameworks express these functions

explicitly, as do those described as functional paradigms. Functional models represent a system as a set

of basic functions with behavior defined by composition [60].

It is the fact that functions compose that give functionalmodels their primary characteristics. While

typical structures do not necessarily provide points of connection, any two functions that share a do-

main and codomain can be immediately joined together. The functions presented by a functionalmodel

form a set of reconfigurable building blocks that can be used by a modeler to simulate various aspects

of the represented system [58]. Such functionality is sometimes referred to as composability [15, 61,

62], modularity [58, 63], extensibility [54, 64], or interoperability [65]. The rigor of function composi-

tion, supported by Church’s lambda calculi [66], drove the development of functional languages such

as LISP, Haskell, and Miranda [67].

Using function composition as the ”glue” for bringing elements together brings significant benefits
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for modeling systems [58]. It was shown in Section 3.2 that the fundamental representation of system

behavior is a function mapping between sets. Because each element in a function’s domain must be

mapped to a unique value in its codomain, a functionmapping represents an independently composable

method for constraining a state variable [68]. In other words, a function describes the affect of the

system on a single variable, such as an output desired in a simulation [9].

3.3.4. Object-Oriented Modeling

Creating objects while modeling is directly reflective of a system of systems worldview, where every

system can be broken down into a collection of interacting subsystems [26]. Every object represents

an independent system composed of elements that exhibit collective behavior. Objects in a model con-

sequently contain elements (usually variables) and manifest behaviors encoded in a set of processes

(often–but not always–functions) that relate the elements. These might be defined in a class template,

of which each object adheres to as an instance of the class [49].

The tools for defining a system are provided by functional programming, consequently most object

definitions adhere to the functional modeling paradigm [69]. Differences arise in consideration of how

subsystems interact. Object-oriented paradigms encapsulate portions of a system, so that each encap-

sulated object (subsystem) has its own state distinct from the state of the global system [69]. The global

system behavior is then described by coupling subsystems along predefined ports [15]. The resulting

inter-subsystem coupling is often (though not always [19]) conducted imperatively [70], resulting in

sequences of tasks sent between objects [71]. The SysML model shown in Figure 3.1(b) is an example

of encapsulated objects, where the tether and bob must be connected to the pendulum values to form a

holistic system [56]. In order to be both functional and object-oriented, a paradigmmust provide some

mechanisms for ensuring inter-object relationships are purely functional. Examples include requiring

objects to sharing a collective state and preventing non-functional couplings.

3.4. Effects of Frameworks on System Simulation

The purpose of an ideal modeling framework is to express all the information associated with a

system: what states it manifests both currently and in the future. Simulatability is the ability for ex-

pressions of these states to be calculated from some base model. Forming a simulation, as defined in
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Section 3.2, requires the ability to rearrange functions into a process that can transform inputs into out-

puts. The arbitrary ordering of methods is akin to referential transparency, a property of declarative

models. Consequently, simulatability is indicated by the declarativity of a model.

Defining system behavior by functions has implications for how these functions can be rearranged.

The inputs of a function describe its dependencies. This concept is distinct from causality; as evidence,

consider a function for calculating gravitational acceleration based on recording how long it takes an

item to fall in a vacuum. This function indicates that calculating gravity is dependent upon fall time,

not that falling causes gravity to behave as it does. Rearranging functions requires knowledge of their

dependencies, a potential source of error for a modeling framework. If the dependencies of the sys-

tem are not well identified, the model’s simulatability will decrease. Diverging from the structure of

flat, functional models can have unintended consequences of a model’s expression of functional de-

pendencies. These consequences and their sources are explored in the remainder of this section with

imperative (Section 3.4.1) and object-oriented approaches (Section 3.4.2). The takeaways of this section

are summarized in Table 3.3.

3.4.1. Limitations of Imperative Models

The least interoperable models are those constructed in an imperative framework, such as the

flowchart shown in Figure 3.4. Though the same variables (𝑔, 𝑙, 𝜃, 𝛼) and relationships are included in

the chart as in other models, the flowchart cannot be connected with any other diagram except on the

provision of its output, 𝛼. This is because the chart describes behavior with processes, which cannot

pass information except at their endpoints. There are three processes in the flowchart:

1. Divide 𝑙 by 𝑔 and negate;

2. Take the sine; and

3. Multiply.

It is not communicated to any interfacing agent what the results of the processes are. Consequently,

it cannot be inferred from the model alone what effect there might be in rearranging them. The result

is a brittle model that can be used to simulate the system only for the prescribed scope, rather than a

flexible model for describing the relationships between variables [16].

Functional imperative models, such as the block diagram shown in Figure 3.7, are less inflexible.
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A block diagram describes each relationship as a function, mapping a set of inputs to outputs. Because

functions always reduce to unique values, a simulation can exhibit system facts anywhere in the dia-

gram. Despite the benefits arising from representing behaviors as functions, they are still limited by

their imperative natures [31]. The block diagram describes a process for calculating some output vari-

able, with each step of that process given by some function transforming the outputs of the one before

it. While the outputs of each function are able to be clearly expressed, the behaviors themselves are not

interoperable, and the scope of the model remains fixed. One indication of this is that the inputs to the

model cannot be changed–one could not discover gravitational acceleration 𝑔 for instance by inputting

observed values of angular acceleration 𝛼, even though those relationships are at least hinted at by the

model. This is also true for state machines, which show how a state transforms according to a set of

composing functions, but which cannot replicate that process if the system state must be adapted.

3.4.2. Simulatability with Object-Oriented Modeling

Both the benefits, and the limitations, of object-oriented programming stem from the encapsulation

of subsystems into distinct objects. Although object-oriented systems are often considered universally

more interoperable, this claim merits closer inspection [72]. By ”hiding” information from the rest

of the model behind the object boundary, a modeler is able to describe which elements of the object

are influential in determining the inter-object behavior of the global system [73]. This allows (indeed,

requires) interfaces to be built by which objects can interact with each other [71]. Object interfaces

enable greater composability in the same way a handle simplifies interactions with a door.

The pitfall of encapsulated models is when the real system deviates from the imposed worldview.

While it is natural to decompose a system into distinct entities [74], such distinctions are inevitably arbi-

trary. It is often impossible to abstract systems that interact with other systems across many dimensions

(often termed reactive systems [75]). Such a strongly encapsulated object might fail to express which

variables are dependencies for other behaviors, losing the capacity to express interactions of the aggre-

gate system. The key here is that reality generally does not decompose into independent subsystems.

Even if the interaction between Brazilian butterflies and Texan tornados is slight, a model that isolates

their behaviors will fail to capture the full system effects [76], what Nielsen et al. call the ”synergistic

collaboration of constituents” [65]. A strongly encapsulated object-oriented framework with hidden
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states and methods is more modular, but at the cost of limited ability to capture complex interactions.

Not all object-oriented paradigms require strong encapsulation. Some paradigms, such as circuit

diagrams, enforce a global state that encompasses all objects in the system. This allows for modular-

ization of a system without losing the ability to capture holistic behavior. There seems to be some

confusion about this topic: nearly all sources agree that the key features of object-oriented modeling

are the encapsulation of objects that maintain a private state, leading to interaction via sequences of

messages communicated between objects [26, 49, 69–71]. However, the label ”object-oriented” is often

applied whenever properties are merely grouped together, rather than fully encapsulated. For instance,

a system of two simple, uncoupled pendulums is shown in Figure 3.5. Each pendulum is represented

by the same four variables (𝜃, 𝜔, 𝛼, and 𝑙) and share the gravitational acceleration 𝑔. Though each set

of pendulum variables can be distinguished from the rest of the system, such grouping has no effect

on the actual behavior of the system. This is because the states of the two pendulum are adopted by

the global system, so that relationships could in theory be expressed between any subsystem variable.

There is a case to be made that these subsystems should not be strictly considered objects, since there is

no encapsulation nor serialized communication, although some works on systems modeling describe

them as such [11, 19].

Figure 3.5: A system representation of two pendulums hung side by side (but not coupled). The vari-

ables associated with each pendulum are shown in the dashed boxes, while inter-variable algebraic

relationships are shown with solid arrows.

The classic interpretation of object-oriented modeling requires subsystems to expose only a part of

their local state through an interface. If every system fact is available to other agents, then identifying

subsystems is merely a convenient organizational tool rather than a true-indicator of a class structure

(though perhaps enabling such useful properties as inheritance and polymorphism). A model that ex-

poses all state variables to functional relationships avoids the limits of imperative connections between

encapsulated objects; these types of models can be written even in object-oriented paradigms such as
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C++ or Modelica, though doing so limits whether certain features of these languages, such as inheri-

tance schemes, can be expressed.

Encapsulated objects are not without their benefits in modeling. The rigid, hierarchical structures

[77] of object-oriented paradigms enable a system to be statically defined so that its state is prescribed

to evolve only in specified ways regardless of its environment. This allows objects (or the templates

that define them) to be reused outside their intended use case. This is especially useful for software

development, where modules and libraries are integrated into foreign scripts without need for adapta-

tion. Other benefits include obscuring sensitive data (such as proprietary models) [78], and established

interfaces. Object-oriented paradigms have resulted in significant advances in co-simulation, such as

the Functional Mockup Interface used for system of systems simulation in Modelica [79, 80].

The authors argue though that the dynamic nature of systems engineering, where the behavior of

the systems might change rapidly, negates many of these benefits. Rigid, inflexible interfaces do not

providemodelers with the ability to adapt models to new environments requiring new behavioral inter-

actions. For instance, the equation of motion for a simple pendulum can be expressed as 𝛼 = −𝑔
𝑙
sin 𝜃.

However, if the pendulum is coupled with another pendulum (such as when forming a double pendu-

lum), this equation no longer holds. Instead, the pendulums motion is influenced by the momentum

of the other bob, and the equations of motion become more complex [5]. Expanding the scope of the

system invalidates the model. If the pendulum is encapsulated, the model provides no indication that

this should be the case, as encapsulated objects are expected to evolve independent of which systems

they are coupled with. This is famously studied under the ”Expression Problem” [81], which showed

the limits of procedurally connected objects to reflect changes in behavior [82]. Though solutions to

this problem have been proposed [83], the underlying philosophy of independent subsystems clearly is

at odds with the idea of emergent, holistic behaviors prevalent in systems theory.

3.5. Study of Simulation Methods by Paradigm

To demonstrate the claims made in Table 3.3, two simulations of a double pendulum system are

conducted in five modeling frameworks. The object of the study is to show how the arrangement the

modeling framework influences how a simulation is conducted. The methodology is to build a model

in each paradigm that can be simulated in twoways. Eachmodel is based on a set of common functions
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Table 3.3: Overview of simulation in various modeling paradigms.

Paradigm Definition Strengths Weaknesses

Imperative Defines the specific process trans-

forming inputs to outputs

Simple to develop Manual simulation pro-

cesses for each input/out-

put

Declarative Defines the relationships which are

processed by a solver to compose

the simulation

General simulation of a

system

Requires solver to pro-

vide simulation processes

Functional Reduces each relationship to an

explicit algebraic function

Reconfigurable, exposes

system behavior

Additional modeling

steps

Object-

Oriented

Structures subsystems into inde-

pendent modules

Modular and exportable,

especially for static sys-

tems

Encourages data hiding

and imperative behav-

ioral specification

describing the pendulum’s behavior. With the systemand simulation controlled across experiments, the

differences inmodel structure can be attributed to themodeling framework. The variations in arranging

the common functions are subsequently evaluated by their simulatability, measured by less subjective

metrics of reuse and declarativity, as defined in Section 3.6.

3.5.1. System Description

The double pendulum system considered in the study consists of two linked pendulums, where the

top pendulum 𝐴 is driven at some predefined angular velocity and the bottom pendulum 𝐵 is free to

rotate around the first, as shown in Figure 3.6. Both pendulums are of unit length. The scope of this

system is given by the following variables, while its behavior is described by the subsequent functions:

Variables, with values given for constants:

• 𝑔 = 9.81m/s2, the gravitational acceleration;

• 𝜃𝐴, 𝜃𝐵 (rad), the angular position of the bobs with respect to the vertical axis;

• 𝜔𝐴, 𝜔𝐵 (rad/s), the angular velocity of the bobs;

• 𝛼𝐴, 𝛼𝐵 (rad/s2), the angular acceleration of the bobs;

• Δ𝑡 = 0.1 s, the time step of the simulation; and

• 𝑡 = 0.1 s, the current time for the frame of consideration.
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Relationships:

𝑓𝛼𝐴 ∶ {𝜔𝐴, 𝜔𝐴0, Δ𝑡} → 𝛼𝐴 =
𝜔𝐴 − 𝜔𝐴0

Δ𝑡 (3.1)

𝑓𝛼𝐵 ∶ {𝜃𝐴, 𝜃𝐵, 𝜔𝐴, 𝛼𝐴, 𝑔} → 𝛼𝐵

= − ̈𝑥 cos 𝜃𝐵 − sin 𝜃𝐵 ( ̈𝑦 + 𝑔)

where:

̈𝑥 = 𝛼𝐴 cos 𝜃𝐴 − 𝜔2𝐴 sin 𝜃𝐴and

̈𝑦 = 𝛼𝐴 sin 𝜃𝐴 + 𝜔2𝐴 cos 𝜃𝐴

(3.2)

𝑓𝜔𝐴 ∶ {𝑡} → 𝜔𝐴 =
⎧⎪
⎨⎪
⎩

−𝜋
4

if 𝑡 % 4 < 2

𝜋
4

otherwise

(3.3)

𝑓𝜔𝐵 ∶ {𝛼𝐵, 𝜔𝐵0, Δ𝑡} → 𝜔𝐵 = 𝛼𝐵 (Δ𝑡 + 𝜔𝐵0) (3.4)

𝑓𝜃𝐴 ∶ {𝜔𝐴, 𝜃𝐴0, Δ𝑡} → 𝜃𝐴 = 𝜔𝐴 (Δ𝑡 + 𝜃𝐴0) (3.5)

𝑓𝜃𝐵 ∶ {𝜔𝐵, 𝜃𝐵0, Δ𝑡} → 𝜃𝐵 = 𝜔𝐵 (Δ𝑡 + 𝜃𝐵0) (3.6)

Equations 3.4, 3.5, and 3.6 are a first-order Eulerian integration of 𝛼 and 𝜔 to yield 𝜔 and 𝜃, while

Eq. 3.1 is a first-order differentiation of 𝛼 in terms of 𝜔. While none of these are very robust, the simple

relationships help show the functional nature of simulation without relying on proprietary numerical

recipes. In addition to these differential terms, Eq. 3.2 and 3.3 result from the interaction of the driving

pendulum with the freely swinging one.

Two simulations of the pendulum are considered: the first to simulate 𝜃𝐵 (Case 1), and the second

to simulate the sum of 𝜃𝐴 and 𝜃𝐵. These outputs are calculated when 𝑡 = Δ𝑡, after the first time step.

For comparison purposes, both cases are simulated with the same initial inputs of 𝜃𝐴0, 𝜃𝐵0 =
𝜋
4
, and

𝛼𝐴0, 𝜔𝐵0 = 0, in addition to the constants defined above. Each case is given by a simulation function,

F1 and F2 respectively, which can be composed algebraically from the functions given by Eq. 3.1–3.6 in

the following ways:
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(a) (b)

Figure 3.6: Free body diagram of a driven double pendulum, where the upper bob rotates around the

fixed point at a fixed angular velocity shown as 3.6(a) a free body diagram; and 3.6(b) a SysML block

definition diagram showing the class deconstruction.

F1 ∶𝑓𝜃𝐵 ∘ 𝑓𝜔𝐵 ∘ 𝑓𝛼𝐵 (3.7)

F2 ∶𝑓𝜃𝐴 ∘ 𝑓𝜔𝐴 + 𝑓𝜃𝐵 ∘ 𝑓𝜔𝐵 ∘ 𝑓𝛼𝐵 (3.8)

Each simulation is prepared1 in five unique frameworks representative of differentmodeling paradigms:

Imperative, Non-functional: MATLAB

Imperative, Functional: Block diagrams (prepared in Simulink)

Imperative, Object-Oriented: C++

Declarative, Object-Oriented: Modelica

Declarative, Functional: Constraint hypergraphs

The authors reemphasize that there is no specification of a language as imperative versus declarative

or functional versus object-oriented, it is the framework that should be considered in these categories.

For instance, models in the MATLAB programming language could be imperative, functional, or even

arranged in classes; it’s use in representing purely procedural modeling is solely demonstrative.

The differences between the paradigms considered in the study are in the way they form the func-

tions of F1 and F2 given in Eq. 3.7 and 3.8. A diagrammatic overview of how the functions in Eq. 3.1–3.6

are arranged in each of the frameworks is given in Figure 3.8.

1Full scripts for all simulations are made available on GitHub.
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3.5.2. Imperative, Non-Functional

The most basic way to form the simulation is to construct it as an explicit process. As shown in the

top row of Figure 3.8, a non-functional implementation ignores the behavioral building blocks given

in Eq. 3.1–3.6. Instead, both F1 and F2 are given as black box functions, without any indication of the

processes employed to transform inputs to outputs. Such a process is given in Block 3.1.

Block 3.1: Imperative, non-functional model simulating case 1 in MATLAB.

function thetaB = F1(alphA, omegaA, thetaA, thetB, lA, lB, g, step)

xddot = lA * (alphA * cos(thetaA) - omegaA^2 * sin(thetaA));

yddot = lA * (alphA * sin(thetaA) + omegaA^2 * cos(thetaA));

alphaB = (xddot * cos(thetaB) + sin(thetaB) * (yddot + g)) / -lB;

omegaB(2) = alphaB * step + omegaB;

thetaB(2) = omegaB(2) * step + thetaB;

end

This script is not easy to rearrange due to the constant state mutations. Without expert knowledge

of themodel, it is difficult to knowwhether it is possible to put the third line before the first, or if thetaB

could be calculated before alphaB. The dependencies are not explicitly provided, making the process

all but impossible to modify unless a modeler is fully aware of the underlying model behavior.

3.5.3. Imperative, Functional

A functional paradigm, such as the block diagram shown in Figure 3.7, is comparatively more con-

figurable due to the expression of the functions generating the process. The block diagram shown in

the second row of Figure 3.8 is still imperative, but the inputs and outputs to the blocks show how they

can be arranged. The result is that the modeler immediately knows that thetaB cannot be simulated

before alphaB, because alphaB is an input to an upstream function.

Figure 3.7: Imperative, functional model simulating case 1 in a block diagram, implemented in

Simulink.
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3.5.4. Imperative, Object-Oriented

Regarding simulation, the primary difference between the functional and object-oriented paradigms

is the additional structure of the latter. An example of the class structure of the pendulum is described

by the SysML diagram in Figure 3.6(b). This structure can be exploited by inheriting the variables

and functions of the base Pendulum class into both the SwungPendulum and DrivingPendulum models.

This is visualized in the third row of Figure 3.8, where the Pendulum class structure is described on

the left, and its interface (composed of its member variables) shown inherited within each of the boxes

describing SwungPendulum and DrivenPendulum. The formal definition for each of these classes is given

in Block 3.2.

Block 3.2: Class structure for models in C++

class Pendulum {

float alpha, omega, omega0, theta, theta0, g, step;

float f_omega() {

omega = omega0 + alpha * step;

}

float f_theta() {

theta = theta0 + omega * step;

}

};

class SwungPendulum : public Pendulum {

float f_alpha(float alphaA, float omegaA, float thetaA) {

float xdd = alphaA * cos(thetaA) - pow(omegaA,2) * sin(thetaA);

float ydd = alphaA * sin(thetaA) + pow(omegaA,2) * cos(thetaA);

alpha = -xdd * cos(theta) - sin(theta) * (ydd + g);

}

};

class DrivingPendulum : public Pendulum {

float f_alpha(float omega0) {

alpha = (omega - omega0) / step;

}

float f_omega(float t) {

float speed = PI / 4;

omega = (fmod(t, 4) < 2) ? -speed : speed;

}

};

Organizing construction of the composite system in this way allows a modeler to reuse behavior

defined in a single place, under the assumption that the behavior within the class will not change, no

matter the context it is implemented in. This allows the Pendulum class to be inherited into two different
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contexts without loss of meaning. Behavior descriptions within a class are imperative processes that

manipulate the state of the class (comprised of its variables). It remains the prerogative of the modeler

to define how the system is to be simulated. For instance, although all the functions of Eq. 3.1–3.6 are

accessible in DrivenPendulum, the modeler still has to define how they can be arranged to produce the

simulation functions F_1 and F_2 shown in Block 3.3.

Block 3.3: Object-oriented simulations of case 1 and 2 in C++

class DrivenPendulum {

DrivingPendulum A;

SwungPendulum B;

float F_1() {

B.f_alpha(A.alpha, A.omega, A.theta);

B.f_omega();

B.f_theta();

return B.theta;

}

float F_2(float t) {

A.f_omega(t);

A.f_alpha();

A.f_theta();

B.f_alpha(A.alpha, A.omega, A.theta,);

B.f_omega();

B.f_theta();

return A.theta + B.theta;

}

};

These models as shown are still purely functional in that every method modifies only a single vari-

able in the object’s state. This allows the system behavior (which is always expressible in terms of strict

functions [21]) to be captured by the modeler, for instance in the arrangement of F_1 and F_2. This

is not the case if the methods begin modifying more than one state variable. As an example, consider

the redefinition of the Pendulum class which imperatively combines 𝑓𝜔𝐵 and 𝑓𝜃𝐵 into a single method,

written in Block 3.4 and described visually on the bottom left of the third row of Figure 3.8.

Block 3.4: Non-functional redefinition of Pendulum class in C++

class PendulumNonFunctional {

float alpha, omega, omega0, theta, theta0, g, step;

float f_omega_theta() {

omega = omega0 + alpha * step;

theta = theta0 + omega * step;

}

};

As defined, the PendulumNonFunctional class limits the simulatability of the model. The function

87



3. METHODS FOR DECLARATIVE SIMULATION: STUDY OF SIMULATIONMETHODS BY PARADIGM

f_omega_theta lumps together the behavior of 𝜔 and 𝛼. While this has negligible impact for simulating

𝜃𝐵, it precludes the ability for 𝜔 to have deviant behavior. The difference between the driven (A) and

swung (B) pendulums is that 𝜔𝐴 can be expressed as a function of 𝑡, as in Eq. 3.3. This is handled in

the functional,-object-oriented framework by overriding f_omega in DrivenPendulum. This becomes

impossible when incorporating non-functional methods–not that 𝑓𝜔𝐴 can no longer be defined, but

rather that 𝑓𝜃𝐴 can no longer be called from the parent class. The result is that F2 can no longer be

composed within the non-functional framework, which consequently fails to express the behavior of

the driven bob.

3.5.5. Declarative, Object-Oriented

There are relatively few frameworks that are both explicitly declarative and object-oriented. Mod-

elica, based originally on Dymola [84], allows for models to be declared as objects. The language’s

compiler employs a robust set of algorithms that can solve the differential equations in the model [85],

providing a convenient platform for dynamic modeling. While the C++ functions described in Sec-

tion 3.5.4 have to be manually connected, models written in the Modelica framework can be combined

automatically by the underlying solver, the basic premise of declarative modeling.

As an equation solver, Modelica models must be fully constrained before a solution can be found

(unlike the imperative process in Block 3.1, which only required the specific functions of Eq. 3.7). This

means that the entire system must be solved concurrently–there is no command to solve for only a

single variable inModelica. Instead, as is typical of a declarative paradigm, themodel is simulated with

a simple call to the underlying engine (simulate(DrivenPendulum);). There is also no way to mandate

the solution method used by the solver, which is why the Eulerian integrations are not specified in the

model.

Because Modelica is object-oriented, the various types of pendulums can immediately extend the

base class provided at the beginning of Block 3.5. Note however that the objects themselves are only

ever coupled within a class, never connected via imperative message senders. This is true of every

Modelica model, which has no ability to procedurally call system structures [19]. Because of this, the

super class DrivenPendulum shares the same state as the subclasses it inherits. This means that there is

no encapsulation of Modelica objects, although information can be hid by using access specifiers. The
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difference means that inter-object connections are not imperatively abstracted the way messaging in

other object-oriented paradigms.

Block 3.5: Declarative, object-oriented simulation in Modelica

class Pendulum "simple pendulum"

parameter Real l=1;

Real theta(start=0.7);

Real omega(start=0.0);

equation

der(theta) = omega;

end Pendulum;

class SwungPendulum "simple pendulum coupled to driving pendulum"

extends Pendulum;

Real xddot, yddot;

end SwungPendulum

class DrivingPendulum "driving pendulum"

extends Pendulum;

parameter Real speed=0.7;

equation

if time mod 4 < 2 then

omega = -speed;

else

omega = speed;

endif;

end DrivenPendulum

class DrivenPendulum "driven double pendulum"

parameter Real g=9.81;

SwungPendulum swung(theta(start=0.7));

DrivingPendulum driver(theta(start=0.7));

Real sum_theta;

equation

swung.xddot = driver.l * driver.alpha * cos(driver.theta) - driver.omega^2 * sin(driver.theta);

swung.yddot = driver.l * driver.alpha * sin(driver.theta) + driver.omega^2 * cos(driver.theta);

der(swung.omega) = (swung.xddot * cos(swung.theta) + sin(swung.theta) * (swung.yddot + g));

sum_theta = swung.theta + driver.theta;

end DrivenPendulum;

3.5.6. Declarative, Functional

Imperative approaches successfully simulate the first calculated value of 𝜃𝐵. However, any other

output such as 𝜔𝐴 or even a value of 𝜃𝐵 at 𝑡𝑛 for 𝑛 > 1, is calculated from a different function com-

position chain than Eq. 3.7. Each unique process requires a corresponding imperative model to be

configured. These procedural approaches are contrasted with the constraint hypergraph in the bottom

row of Figure 3.8.
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The hypergraph captures all possible function composition chains from the model of the pendu-

lum system. This modeling framework expresses systems graphically, with variables as nodes and the

functions relating them given as hyperedges. Each path in the hypergraph represents a valid way of

composing functions in the system, consequently the set of all paths describes all possible simulations

of a modeled system. A more detailed overview of this framework and its use in simulating systems is

given by the authors in [1].

Because every simulation of the system can be represented by a path through the hypergraph, simu-

lation construction can be autonomously performed by finding the lowest cost path between the nodes

representing the inputs and output. Performing this pathfinding constitutes a declarative solver. Given

a path exists in the model, a solver can discover a simulation between any set of variables.

3.6. Results

The measurement of a model’s simulatability is more qualitative than quantitative. Subjectivity

is addressed in the analysis of the case study by reducing simulatability into two metrics that can be

measured more precisely: reuse and declarativity. These metrics were specifically selected for being

pertinent to systems simulation. Definitions and the motivation for these metrics are given as:

1. Reuse: to what degree the structure of the first simulation is repeated in the second. Reusability

is a partial capture of the extent to which system behavior can be expressed within the model.

A reusable model captures the interactions in the system, so that the modeler can understand

how behavior in one simulation influences other components in the system. A non-reusable

framework enables no such knowledge capture, leaving the system’s behavior entirely unknown

to themodeler. Reusable frameworks enable simulations to be easily formed from the underlying

system models. A reusable model, for instance, would automatically capture the formulation of

F1 in the solution of F2.

2. Declarativity: the number of unique simulations that can be conducted on the model without

additional user arrangement. This is related to black box extensibility, described by Zenger [64]

as the ability for a model to be extended without explicit knowledge of the underlying system by

the modeler. Expressive frameworks anticipate additional simulations without requiring added

modeling effort.
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Figure 3.8: Overview of how the functions are arranged in each modeling approach to form simula-

tions for each of the two cases. From top to bottom: strictly imperative, imperative-functional, object-

oriented, and declarative-functional. In each, functions are shown as black boxes while variables are

given as plain text. Inputs and outputs are described by wires with arrows pointing in or out of the

black boxes respectively. The scope in all but the declarative-functional model is defined by alternating

gray and white boxes, with global inputs and outputs indicated by wires crossing these boundaries.
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The general conclusion of the analysis is that declarative models are much more extensible than

imperative ones. Framework structures (object-oriented versus functional) follow this correlation with

respect to their degree of declarativity: imperatively-coupled classes and procedures make it “very dif-

ficult to understand the relationship between a program and … the function which it computes” [52].

3.6.1. Reuse

As a measure of how much the structure of the model is reused between common simulations, the

diagrammatic description of the model’s structure given in Figure 3.8 is the primary source of evalu-

ating a framework’s reusability. A result common to both metrics is the lack of simulatability in the

imperative, non-functional framework (the control model). The first row of Figure 3.8 makes this ev-

ident, where the structures of the two simulations (indicated by F1 and F2) are entirely independent

of each other. The imperative approach provides no components for rearranging, consequently there

is nothing a modeler can imply from case 1 that assists in building the simulation for case 2. In other

words, there is no ability for a modeler to form F2 given F1 as expressed as an imperative procedure.

In contrast with the control framework, the degree of reusability is much greater for the subsequent

rows. The functions 𝑓𝛼𝐵, 𝑓𝜔𝐵, and 𝑓𝜃𝐵 are each reused in Case 2 for the diagrams of the imperative-

functional, object-oriented, and declarative-functional frameworks. Additionally, in every framework

the arrangement of these functions (in forming Eq. 3.7) is fully maintained between cases.

Further distinctions can be drawn between how the frameworks specify possible arrangement of

the base functions. In the imperative-functional framework, a modeler can immediately take the 𝑓𝛼𝐵

function black box and pass 𝜔𝐴 in as an input along the specified wire. Similarly, the output of the 𝑓𝜃𝐵

function black box can be wired to the+ operation furnishing the result of F2. Reconfiguring themodel

in this way does not depend on the modeler understanding the processes embedded in the functions,

only which inputs and outputs are required to form the second simulation. Black box use is not as

possible for non-functional methods, which require the modeler to know what portions of the systems

state are modified inside the method. The non-functional method f_omega_theta, for instance, cannot

be employed unless the modeler knows how both 𝜔 and 𝜃 will be modified.

The options for rewiring are increased in the functional-object-oriented paradigm, if only because

the model is more comprehensive. Each method defined for a class is an additional way of forming
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a simulation. For instance, the parent class Pendulum is inherited twice in the construction of the

DrivingPendulum and SwungPendulum classes, allowing the functions 𝑓𝜔 and 𝑓𝜃 to be readily reused

across instantiations. This, again is done without requiring knowledge of the pendulum’s functions by

the modeler. Finally, the declarative-functional model displays which simulations can be reused and

in what matter–every possible arrangement of the system functions.

3.6.2. Declarativity

The final metric of consideration is declarativity, considering the number of simulations that can

be automatically composed from a given framework. This measure is a proxy for estimating howmuch

information about a system is contained in the model framework, such that it can be made available

without additional understanding required from the modeler. The measurement for this number is

taken only on the model for case 2, which is the maximally defined model for all frameworks. A sim-

ulation is considered to be able to be autonomously formed if the inputs and outputs for a simulation

function are declared in the model, so that the only action needed to execute a simulation are to pass

these inputs and outputs without any rewiring. Simulations are considered identical if they contain the

same input and output variables–that is they can be expressed using the same simulation function.

The counts for all frameworks are:

• Strictly imperative: 1 (F2)

• Imperative-functional: 1 (F2)

• Object-oriented-functional: 6 (F2, 𝑓𝛼𝐴, 𝑓𝜔𝐴, 𝑓𝜔𝐵, 𝑓𝜃𝐴, and 𝑓𝜃𝐵)

• Object-oriented-non-functional: 4 (𝑓𝛼𝐴, 𝑓𝜔𝐴, 𝑓𝜔𝜃𝐴, and 𝑓𝜔𝜃𝐵)

• Declarative-object-oriented: 6 (simulations for dynamic variables 𝛼𝐴, 𝛼𝐵, 𝜔𝐴, 𝜔𝐴, 𝜃𝐴, and 𝜃𝐵)

• Declarative-functional: 25 (determined as the number of unique paths [86] in the constraint hy-

pergraph, each of which form a valid simulation and can be declaratively called.)

The equality between the worst cases, strictly imperative and imperative-functional, demonstrates

how neither function-based nor declarative models imply the other. The added structure of the object-

oriented paradigms means that variables can be immediately assigned to local methods. Five of the

behavioral equations (Eq. 3.1–3.4)were localmethods, with only𝑓𝛼𝐵 requiring an imperative, inter-class

connection. The non-functional paradigm as specified in Block 3.4 did not lead to a valid definition of
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F2, hence its lower scoring.

The evaluation for the declarative-object-oriented framework (Modelica) is only an estimate, since

the simulation solver is not expressed as part of the model. However, because Modelica’s solvers must

solve the entire system at once, the result of simulating a system model is information for all the dy-

namic variables. This was accounted as six distinct simulations for the six dynamic variables in the

model.

The most expressive framework is the declarative-functional constraint hypergraph. The graphical

arrangement gives themaximal expression of the double pendulum’s behavior possible givenEq. 3.1–3.4.

This is evidenced by the number of simulations that can be autonomously formed from themodel struc-

ture. Note that such declarativity requires a global system state comprised of a flat system representa-

tion. All variables and functions in the constraint hypergraph are treated as first-class citizens [48]. The

lack of encapsulation means that interactions between system phenomena (such as Δ𝑡 on 𝜃𝐴) can be

expressed by the model, as well as provisioned by the autonomous solver.

3.7. Discussion

The pendulum example above was specifically tailored to highlight the differences with simulation

between paradigms, as tabulated in Table 3.3. By showing the models, the strengths and weaknesses of

each paradigm become more evident. The primary weakness of imperative models is the need to man-

ually define a unique simulation process for every pairing of inputs and outputs. Although this enables

simulation without requiring a more general model, the resulting simulation is typically ignorant of

the system structure. The result is simulations that are difficult to adapt and reuse as the system scope

changes. This is exacerbated if the state transformations are not expressed as functions, as procedural

mutations cannot be easily rearranged. The fact that system behaviors are fundamentally expressed

as functions begets the importance of functional frameworks for system modeling. Significantly, this

does not preclude the use of object-oriented frameworks as long as the resultingmodels adhere to func-

tional practices, as described in Section 3.3.3. Modelica is an example of an object-oriented paradigm

enforcing functional rules.

Object-oriented frameworks have been lauded as the cure to system interoperability [72], and cer-

tainly the use of encapsulated objects increases the ease of development and programmodularity [70].

94



3. METHODS FOR DECLARATIVE SIMULATION: DISCUSSION

Though imperative couplings are the defaultmethod for structuring object-orientedmodels, objects can

be definedwith purely declarative connections. However, the added requirements of maintaining func-

tional inter-system relationships can make it more difficult to create these extensible object-oriented

models. The benefits of natural system decomposition are maximized when describing static systems,

where declarativity is less important. Software systems are an example, where the operating environ-

ment for a software application is unlikely to change significantly over the life of the program. Natural

systems, on the other hand, exhibit a wide variety of ever-evolving behaviors. Scientists attempting to

study these heterogeneous systems should be wary of imperatively defined models [69].

This becomes especially apparent with data-hiding, which is promoted in software development

to help distinguish model independence and prevent inadvertent tampering [87]. However, for more

reactive models, data hiding can cause inadvertent problems with understanding emergent behavior.

For instance, doubly inheriting the Pendulum class in Block 3.2 causes variables Δ𝑡 and 𝑔 to be instan-

tiated twice. While it might be apparent to a modeler that these should be equivalent between the

DrivenPendulum and SwungPendulum classes, this must be manually specified to avoid redefinition. In

other words, the private sense of state prevented the object-oriented framework from declaratively cap-

turing the behavior of the system.

Ultimately, languages may be able to express models described in multiple paradigms. MATLAB

for instance can handle functional models as well as class definitions, despite its use here as an imper-

ative, non-functional framework. However, the orientation of a language (C++ towards objects, block

diagrams toward imperative processes) greatly influences the ability of a modeler to create acceptable

simulation models. In this regard the authors are encouraged by the use of constraint hypergraphs,

which may prove instrumental in exposing system behavior and enabling general simulation due to

their functional and declarative nature.

3.7.1. FutureWork

The expression problem discussed in Section 3.3.4 is not one-sided, it is also true that functional

models have difficulty expressing new data types when the scope of the system they represent expands.

This is principally a problem of abstraction. For instance, any of the system representations in Sec-

tion 3.5 would be unable to interoperate with a model of bacterial growth on the bob due to a lack
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of shared parameters even if the two representations influenced each other behaviorally. This occurs

when the level of abstraction of a model omits the specific function outputs needed to couple with

another system. Though functional, declarative models gracefully enable simulation across a system,

there are as yet no methods for determining whether they can correctly express system behavior after

couplingwith only the information contained in themodel a priori. This remains the greatest challenge

with system interoperability. Its solution has been called for especially in conjunction with providing

platforms for digital twins [88, 89] and model-based systems engineering [4].

3.8. Conclusion

This paper is exploratory in nature, laying the groundwork for how the framework amodel is devel-

oped under influences its utilization and especially its simulation. The principle differences discussed

were between declarative and imperative modeling paradigms. These were compared by simulating

the same system in different frameworks and observing each model’s ability to express system behav-

ior and form comprehensive simulation processes. The primary insight from the example was that

imperative models do not account for the behavior of a system, and consequently require simulation

processes to be provided by an externalmodeler. Declarativemodels embed the system structure so that

simulation processes can be automatically discovered from their construction. Additional observations

were made between object-oriented frameworks, which break a system into more modular subsystems,

and functional frameworks where system behavior is represented solely by algebraic functions. Both

of these have strengths in representing systems, though the authors claim functional frameworks have

significant advantages in exposing the behavior between highly interactive systems, although this can

be largely reclaimed by coupling objects declaratively rather than procedurally.

All of these observations are based on the notion that system simulation is ultimately the process of

arranging functions so that their composition transforms a set of inputs to an output. Because of this,

each modeling framework is differentiated by its process of identifying and composing these functions.

Frameworks that expose system behavior ultimately are easier to adapt as the system scope changes, an

important consideration in the modeling of complex systems.
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CHAPTER 4

Integrating Software with Multiphysics

This chapter is based on the paper “Declarative Integration of CAD Software into Multi-Physics Sim-

ulation via Constraint Hypergraphs,” which was originally presented at the 2025 ASME International

Design Engineering Technical Conferences and Computers and Information in Engineering Conference

(IDETC-CIE) in Anaheim, CA [1] as is currently under review with the ASME Journal of Computing and

Information Science in Engineering.

Abstract: Declarative modeling frameworks, such as Modelica, are often used to represent systems

that require reusable and interoperable models. Simulation in such a framework requires a solver that

is capable of transforming the model into an executable process. However, most declarative solvers are

insular, in that they are unable to integrate with software applications needed for simulating complex

systems, limiting their usability for simulatingmulti-domainmodels. This paper describes a process for

creating declarative models that can integrate with an external tool by deconstructing its Application

Programmer Interface (API) into a set of functions arranged into a constraint hypergraph. The con-

straint hypergraph’s solver is shown to be capable of automatically parsing these functions to simulate

arbitrary pairs of inputs and outputs. The result is a holisticmodeling framework that allows for flexible

simulation of a complex system, integrates directly with otherwise sequestered platforms, and reveals

cross-cutting interactions between system elements. This is demonstrated by integrating the solidmod-

eling capabilities of Onshape with a dynamic model of a crankshaft from a piston engine, showing how

a geometric model can be integrated with independently-defined dynamic models. This validates the

framework on a limited scale, setting the foundation for work for fully integrating disparate tools into

multi-domain, multi-physics modeling and simulation.
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4.1. Introduction

Modeling a complex system is a difficult task–a trivial observation of a non-trivial problem. Engi-

neers must synthesize the coupled effects of hundreds or thousands of different parameters, reconcile

disharmonious experimental observations, and handle the uncertainty glowering over every assumed

fact. Adding to this is the work of integrating the isolated software tools that perform the required high-

fidelity, multi-physics calculations of modern simulation [2]. Traditional systemmodeling frameworks

create simulations by defining exact workflows that prescribe the order in which information should be

passed between applications. This results in simulations that only present one perspective of the base

system–a singular description of how a system can behave.

In contrast to the inflexibility of procedural simulation, this paper discusses a declarative framework

for systems modeling and simulation, previously introduced in [3]. Termed a constraint hypergraph

(CHG), this framework reduces a system to a set of state variables related by mathematical functions.

Each function shows how one variable evolves in response to changes in other variables, in effect map-

ping a set of inputs to an output. A modeler identifies which tools are to be used for calculating these

rules; for example, using a geometric modeling tool to calculate the mass of a solid body.

The collection of variables connected by functions forms a hypergraph, whose paths correspond

to valid mappings between inputs and outputs. While a traditional simulation framework defines a

single process for simulating an unknown value, the CHG defines all known processes as a cohesive

model. These processes can be extracted for any connected pairing of input and output nodes, with

the functions connecting them describing the series of calculations composing the simulation. CHGs

additionally provide mechanisms allowing for the autonomous construction of a simulation process,

providing far greater flexibility and interoperability when modeling and simulating complex systems.

The objective of this paper is to describe how declarative system models can be formed and simu-

lated across independent simulation software by integrating them via a CHGs. When using a CHG the

mechanisms of integration remain unchanged from standard methods, primarily involving calls of the

Application-Programmer Interface (API) [4]. Instead of proposing an updated interface between mod-

els and software, CHGs describe how software can be reconciled into a single, strongly-coupled model.

These declarative models allow modelers to focus on how a system behaves rather than how it will be
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simulated.

Figure 4.1: Overview of simulation declaratively integrated across four platforms (clockwise from top

left): MATLAB (kinematic analysis), AnsysMechanical (FEA), Python (general purpose), andOnshape

(solid modeling).

These claims are demonstrated by integrating a solid model of the crankshaft with a representation

of the dynamics of a piston engine. The systemmodel unifies aspects of the crankshafts dynamic behav-

ior with the mass properties defined by its geometry. As shown in Figure 4.1, a solid body model is gen-

erated by coupling the model with Onshape, a cloud-based Computer-Aided Design (CAD) platform.

The system model allows for full generation of the solid-body model for a variety of different inputs.

These outputs are then processed using MATLAB to reveal the cross-cutting behavioral interactions

between the crankshaft’s mass and kinematic motion. The system finally calculates load information

using Ansys Mechanical to perform Finite-Element Analysis (FEA). To the authors’ knowledge, this

is the first time a fully declarative modeling framework has been used to integrate engineering appli-

cations such as CAD and FEA together in system simulation. To better focus on this integration, the
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authors have employedmodels of a piston engine that vary in their validity and base assumptions. By so

doing the authors have attempted to demonstrate the methods of declarative system integration using

a CHG, rather than document the practical characterization of a slider-crank mechanism.

4.2. Review of SystemModeling and Simulation

A system is an arrangement of things, such that the things exhibit some specific behavior [5]. The

work of an engineer or decision-maker in any field is to provide a system whose behavior achieves a

specific value-adding objective [6]. Similarly, the goal of a scientist is to characterize the behavior of

the complex, interconnected system that is the universe [7]. From both cases it can be seen that nearly

all human operations require some method for understanding the behavior of a system [8], which is

referred to here as a model without digressing into the ontological definitions of modeling. Whether a

model is a simplified analog or informational structure, its purpose is to enable a user to understand a

more complex system [9].

4.2.1. SystemModeling

What makes a plurality of things a system is their interactions [10]. As a foil for considering the

nature of these relations, consider initially a group of things that do not interact. In such a collection,

the behavior of each individual thing is independent of the rest of the group. Consequently, the rest

of the group is not needed to understand the behavior of any individual thing, and can be ignored.

This motivates the definition of a system as things that interact: ignoring any individual thing in the

system prevents a modeler from understanding the behavior of the system as a whole. From this it can

be understood that the behavior of a system is a characterization of how all the individual things, or

elements, in the system effect each other.

To describe all the interactions of a system, a modeler must first have some sense for what it means

for an element to be affected. The evolutions of an element occur over some phenomenon that is exhib-

ited by the element and identified by an observer. By assigning unique values to the phenomenon, an

observer can distinguish between changes in the element [11]. Knowing, for example, the difference be-

tween something rotating or not-rotating allows an observer to distinguish how running a piston engine

influences the state of the crank shaft. The set of all values that an element might exhibit for a certain
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phenomenon is a variable. A system can be entirely characterized by identifying a specific datum for

every variable associated with the system [12]. All the values expressed concurrently comprise a sys-

tem’s state, with the system interactions describing the evolutions of a system’s state between distinct

frames of consideration.

The evolution of a system’s state constitutes the system’s behavior [13]. Thiswas defined byWillems,

who showed that system behavior can be represented as a set of constraints describing the affect the

state of a system has on a single variable [14]. Each constraint can be described by a function mapping

between two sets: one set corresponding to the variable being affected, and another of the values af-

fecting it [15] (the word function here is denotes a mathematical morphism [16] rather than a role of a

system as used in design theory [17]). Comparing this with the original definition of a system, it can be

said that to describe a system, a model must be able to express all the variables comprising the system’s

state, as well as the functions that describe how those variables are related.

4.2.2. System Simulation

The whole purpose of systemmodeling is to allow information contained in amodel to be extracted

and used by some agent [8]. This is generally referred to as simulation, with an objective of identifying

the value of at least one state variable without needing to observe the variable through experimentation

[18]. In practice, this can be achieved only because the functions defining the systembehavior constrain

the variables being simulated. Consequently, simulation is explicitly the process of using functions to

calculate the value of an unknown variable, creating a computable chain (or trace [19]) connecting

some known inputs to the unknown outputs [20, 21].

For instance, consider the following kinematic model of a slider-crank mechanism:

𝜃 = cos−1 (
𝑦2 + 𝑙2𝑐 − 𝑙2𝑠

2𝑦𝑙𝑐
) (4.1)

𝑦 = 𝑙𝑐 cos 𝜃 +√𝑙2𝑠 − 𝑙2𝑐 sin2 𝜃 (4.2)

𝜔 = 𝑑𝜃
𝑑𝑡 (4.3)

̇𝑦 =
𝑑𝑦
𝑑𝑡 (4.4)
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where 𝑦 is the distance of the tip of slider from the center of rotation, 𝜃 is the angle of rotation of the

crank, and 𝑙𝑠 and 𝑙𝑐 are the lengths of the slider and crank arms respectively, as shown in Figure 4.2.

The velocities of the system ̇𝑦 and 𝜔 are the derivatives of 𝑦 and 𝜃. This model is expressed as a set of

equations, not functions. For simulation to occur, an agent must manipulate the model to discover a

chain of functions mapping inputs to outputs. For instance, if 𝜔 was given as a constant value, then 𝑦

could be solved for by calculating the following functions:

𝑓(𝜔) → 𝜃 ≔ ∫𝜔𝑑𝑡 (4.5)

𝑔(𝜃, 𝑙𝑐, 𝑙𝑠) → 𝑦 ≔ 𝑙𝑐 cos 𝜃 +√𝑙2𝑠 − 𝑙2𝑐 sin2 𝜃 (4.6)

Because the domain of 𝑔 is given by the codomain of 𝑓 (and inputs 𝑙𝑐 and 𝑙𝑠), 𝑦 can be calculated as the

composition of functions 𝑔 ∘ 𝑓(𝜔). This demonstrates how simulation is accomplished by identifying a

chain of functions mapping a set of known inputs to the desired outputs. In this paper, these chains of

composed functions are referred to as simulation processes [22].

Figure 4.2: Kinematic diagram of a slider-crank mechanism.

Though there are many mechanisms for constructing simulation processes [23], several modeling

frameworks (or formalisms [24, 25]) employ similar strategies, affecting how they can be simulated.

One such strategy is often referred to as procedural modeling, where models describe only the steps

pertaining to a single simulation process rather than the full behavior of the underlying system. These

are also termed imperativemodels, since each expression in themodel is a command for how to advance

the simulation [26]. Imperative models provide a black-box representation of a system, one that hides
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the system behavior inside an opaque process that only connects at its beginning and end [27].

Other modeling frameworks do not prescribe a specific simulation process, but allow for different

processes to be constructed by interpreting themodel structure. These frameworks are known as declar-

ative, in that they declare the system’s structure, leaving the work of assembling simulation processes

to a separate mechanism [28, 29]. Equations (4.1–4.4) are declarative, with the simulation functions

specified in Eqs. (4.5) and (4.6) generated by an independent agent (in this case a human). Another ex-

ample of a declarativemodel is amap, which shows all possible routes between cities. This is contrasted

with an imperative model, which would only describe the steps for traveling between two cities.

Declarative models expand the degree of a system that can be simulated. This is not to say that

imperative models are limited from a system’s scope; both paradigms allow for every state variable to

simulated in a simulation. Rather, this statement describes the amount of orders permitted by the

modeling framework. An imperative model can only convey a single ordering of behavioral functions.

This is demonstrated by the imperative model of a slider-crank mechanism written in MATLAB and

shown in Block 4.1:

Block 4.1: Imperative model of a slider-crank, with 𝜔 as an input.

% Inputs

l_c = 30;

l_s = 100;

timestep = 0.01;

time = 0:timestep:4;

omega = 2*pi;

% Simulation process

theta = zeros(size(time));

for i = 2:length(time)

theta(i) = theta(i-1) + omega * timestep;

end

y = arrayfun(@(th) piston_height(th,l_c,l_s), theta);

function y = piston_height(th, l_c, l_s)

y = l_c * cos(th) + sqrt(l_s^2 - l_c^2 * sin(th)^2);

end

The model in Block 4.1 represents a single ordering of the model. The simulation depends on an

initial input of 𝜔. If a different input were given, say 𝑦 instead of 𝜔, then the model would need to be

completely rewritten. This is shown in Block 4.2, where the model connects an input of 𝑦 to solve for 𝜃:

Block 4.2: Imperative model of a slider-crank, with 𝑦 as an input.

% Inputs
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l_c = 30;

l_s = 100;

timestep = 0.01;

time = 0:timestep:4;

y = l_c*cos(time*10) + l_s;

% Simulation process

ydot = zeros(size(time));

for i = 2:length(time)

ydot(i) = (y(i) - y(i-1)) / timestep;

end

th = arrayfun(@(y, ydot) crank_pos(y,ydot,l_c,l_s), y, ydot);

animatePiston(time, y, th, l_c, timestep);

function th = crank_pos(y, ydot, l_c, l_s)

th = acos((y^2 + l_c^2 - l_s^2) / (2*y*l_c));

if ydot > 0 %Correct arccos domain

th = -th;

end

end

These two models in Blocks 4.1 and 4.2 represent the same system with the same behavior, and yet

are veritably incompatible. This is the quandary of imperative modeling: because imperative models

are not interoperable, a modeler must specify a unique process by which the system is to be simulated

for each pairing of input and output. For a system with 𝑛 state variables, the maximum number of

input/output pairings is given as the sum of all possible combinations of multi-variable input sets to a

single output variable, or, algebraically:

𝑛−1
∑
𝑖=1

(𝑛 − 𝑖)(
𝑛
𝑖
) (4.7)

The exponential growth rate of Eq. 4.7 relative to 𝑛, as shown in Figure 4.3, means that it is generally

impractical for a modeler to fully describe all the ways a system can be interrogated. For instance, the

slider-crank system at hand, which is defined for seven state variables, could potentially be simulated

441 different ways, while that number balloons to over 400 million simulations for a system of 25 vari-

ables. This limits imperative frameworks to either simple systems (with few state variables) or to be

used with the expectation that only a small subset of behavioral interactions will be represented by the

simulation [26].
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Figure 4.3: Exponential growth of maximum input/output pairings in a system as a function of the

number of system variables.

4.3. Declarative Simulation via Constraint Hypergraphs

Declarative frameworks are motivated by a need to fully simulate complex systems, so that all sys-

tem behaviors are accounted for. A review of how declarative frameworks contrast with imperative

paradigms was given previously in [30]. This paper builds upon this review by demonstrating CHGs, a

specific declarative formalism introduced in [3].

4.3.1. Overview of Constraint Hypergraphs

A CHG represents a system as a graph, with nodes corresponding to system variables and edges

representing the functions that relate them. A CHG is a hypergraph because system functions are often

multiple-arity. Variants of CHGs have been employed under various names such as model graphs [31,

32], or categorical sheaves [33, 34]. If the edges of a CHG are limited to unary functions then a CHG

becomes similar to a Bayesian network in the sense employed in [35]. A CHG for the kinematic model

of the slider-crank given in Blocks 4.1 and 4.2 is shown in Figure 4.4, with variables as circular nodes

and the functions of each hyperedge given in the black boxes.

CHGs are particularly adept at handling multi-domain, multi-physics simulations. By represent-
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Figure 4.4: CHGmodel of slider-crank kinematics, with 𝑓1 and 𝑓2 given by Eqs. (4.1) and (4.2).

ing a system as a set of variables connected by functions, the holistic CHG explicitly captures both the

system’s state and behavior. While CHGs are not well-attuned for describing systems (visually CHGs

tend to be busy and difficult to interpret), the decomposition of a system into independent functions

allows for automatic construction of simulation processes. This greatly reduces the number of pro-

cedural simulations that must be written for a given model, as individual simulation pairings can be

derived autonomously from the graph structure. Specific simulations of the systems are then construed

as paths through the graph, connecting the nodes representing known inputs to the nodes correspond-

ing to the desired outputs. This is shown in Figure 4.5, depicting two different paths drawn through the

CHG from Figure 4.4 representing the simulation process given in Blocks 4.1 and 4.2. Each simulation

process starts from a set of inputs (bolded in the figure) and ends on a set of outputs (blue outlines).

Because of themultidimensional aspect of the aspects, a path through a hypergraph can be represented

as a tree, with the inputs as leaves and a single output as the root, as shown in Figure 4.6.

The reason simulation processes can be formed automatically is due to the composition of functions.

A function maps every element of its domain to its codomain. Consequently, two functions whose

codomain and domain overlap are guaranteed to compose for all values of the first functions domain.

A simulation process is then formed by chaining together consecutive edges into a chain of composing

functions where the domain of the first function in the sequence is an input to the simulation, and

the codomain of the last function is the desired output. Because of the structure imposed by the CHG

formalism, these sequences can be automatically compiled by a pathfinding algorithm such as A* or

a Depth-First Search. This capability for autonomous simulation construction makes CHGs purely
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Figure 4.5: CHG from Figure 4.4 showing the two simulation processes imperatively given by

Blocks 4.1 (left) and 4.2 (right) as paths through the graph connecting inputs (black, bolded outline)

with outputs (colored, bolded outline).

Figure 4.6: Paths through the CHGs shown in Figure 4.5 shown as trees, with a unique tree for each

output.

declarative.

In addition to its declarative nature, a CHG also enables system simulation through its generality.

The difficulty in establishing an engine for autonomously forming simulation processes means that

most declarative languages are restricted to a singular domain. Bond graphs, for instance, can be used

for arbitrary simulation of the energy-like entities in dynamic systems [36], but cannot query a rela-

tional database management system (RDBMS). Modelica’s solver similarly solves differential equations

[37], but is not used to construct geometric models despite its goal of multi-domain system model-

ing [38]. SysML was intended as a general modeling language for all systems, but has struggled to be

adopted for hybrid simulation [39, 40]. This is not to limit the usefulness of these languages; it might

even be said that the usefulness of each comes from specialization for a specific domain [41]. This is

contrasted with CHGs, which are not specialized for any particular domain, but rather system simu-
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lation in general. Rather than representing specific subsystems, CHGs break down a system into its

primitive constituents: the state variables, and the relationships between those variables (represented

as functions). As a result, CHGs can (in theory) represent any possible system, such that a model of a

system expressed in any framework can be reconfigured as a CHG. In this a CHG maximizes the very

essence of a system: generality [42]. The drawback is that CHGs do not provide formal aids tomodelers,

in the same way that the rigidity of a circuit diagram, for instance, helps guide a modeler to a suitable

representation of an electronic circuit.

4.3.2. General, Declarative Simulation

Fully declarative system simulation can be provided when a system is represented using a CHG.

This is provided by encoding the information of how a simulation process should be formed into the

graph structure. Where imperative modeling requires a human modeler to arrange the models into a

simulation process, the arrangement of a CHG allows these processes to be discovered autonomously.

An agent creating a simulation process only needs to identify a path from the set of known inputs to

the node representing the desired, unknown information.

One measurement of the significance of this capability is the reduction in modeling complexity.

Eq. 4.7 gives the exponentially growing upper bound for the number of imperative programs that must

be written for a systemwith 𝑛 variables. However, because a CHG can create programs from composing

edges in the hypergraph, the number of relationships required to capture the system’s complexity is

drastically reduced. For instance, given a system with three variables 𝐴, 𝐵 and 𝐶, we can expect nine

different pairings of inputs to outputs: six edges going from one node to another, such as 𝐴∶ 𝐵 and

𝐵∶ 𝐴, and three hyperedges, e.g. {𝐴, 𝐵}∶ 𝐶. All nine of these pairings can be discovered on a CHG

with only three edges: 𝐴 → 𝐵, 𝐵 → 𝐶, and 𝐶 → 𝐴. This is because of composition; for example, the

simulation for 𝐴∶ 𝐶 can be computed as the path 𝐴 → 𝐵 composed with 𝐵 → 𝐶.

In general, the most efficient modeling structure is a minimally connected CHG–one where there is

a single edge connecting every node, and all nodes are reachable from any other node. Such a CHG has

only 𝑛 edges (one leading from every node), a major contrast with the exponentially bounded complex-

ity of imperative systems. Though minimally connected CHGs are not often encountered in practice,

representing a system as a CHG nearly always results in linear growth in the number of relations de-
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fined. The reduction in complexity is entirely due to the ability for a declarative solver to reuse functions,

rather than every combination of functions needing to be explicitly defined.

4.3.3. Integration with Other Applications

Most multi-domain simulations require integration with software tools optimized for the domains

expressed in the model. The insular nature of most software tools often limits their ability to connect

with other modeling agents. The most egregious forms of insulation result in model silos, where in-

formation is not exchanged [43]. Methods of breaking down silos and integrating models are often

imperative [4, 44, 45], often indicated when coupling is described by a flowchart or workflow. Im-

peratively coupled models establish processes by which different software subsystems may exchange

messages [46]. This is a hallmark of encapsulation, where a subsystem has a local state that is distinct

and unaffected by the global program [47]. Encapsulated, imperatively-coupled simulations can still be

highly useful–as evidenced by recent usage of the Functional-Mockup Interface [48, 49]–yet lack the

ability to fully simulate a system, as demonstrated in Section 4.2.2 and discussed further in [30].

Declarative model integration requires a reframing of how inter-tool simulation is understood. In-

stead of framing simulation in terms of passing information to software tools, multi-domain simulation

should instead been seen as using tools to process relationships. The former viewpoint is imperative,

with the tool forming a step in a simulation procedure. The latter is more aligned with a function-based

understanding of a system: rather than defining steps, tools are identified as being able to map certain

inputs to outputs. A declarative solver can then select the tools needed for a specific simulation pro-

cess. In other words, there should be some tool capable of calculating each functional relationship in

a system. In a CHG, each edge in a path represents a function that results in a valid transformation of

inputs to outputs. The solver must first identify such a path, and then calculate the mapping associated

with each function. The role of an external application is to perform this calculation. The functionality

to do so is encoded to the CHG by embedding API calls into the specific mappings of each edge. A

declarative solver calls these tools as it executes a simulation process, passing to the tool the function

inputs and receiving in return the calculated output.

CHGs can be compared with other declarative solvers such as Modelica, whose calculations must

remain native to the platform. This simulation in Modelica occurs external to the model structure, in
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that the numerical integration of a system is never defined by the modeler [50]. Instead, each model

is fitted to Modelica’s interface, so that system inputs can be automatically passed to the declarative

backend solver [8]. Because the numerical solver is not accounted for in the models, any emergent

behavior from extending the system to other platforms cannot be predicted by the modeler. In contrast,

a CHG requires no specific numerical integration method. A modeler encodes the specific strategy

to be used into the model. In so doing, the numerical integration can be integrated with the greater

system, and any emergent behaviors are captured in the composition of paths. Furthermore, this allows

the modeler to specify how each relation is to be calculated. If an external application can be called

by the declarative solver, then the consequent behavior will be fully captured in the simulation. To

reemphasize this point, the activity of the declarative solver in a CHG is not executing the model, but

rather arranging the simulation functions into an executable process, allowing system behavior to fully

captured in the model structure.

This is readily apparent with basic algebra. The system shown in Figure 4.4 needs a solver that

can perform arithmetic operations, trigonometry, and integration and differentiation. Execution of

a simulation process, such as either process shown in Figure 4.5, could be performed with any tool

providing these capabilities–such as a human agent equippedwith a scientific calculator. A CHG solver

might also choose to call a specific tool to provide additional capability, such as a modeler utilizing

MATLAB’s suite of Runge-Kutta algorithms for performing numerical integration. To do so themodeler

must indicate that the rule for calculating the integration functions in Figure 4.4 should be executed

usingMATLAB. If the solver encounters the integration function while constructing a simulation path,

it can then automatically pass the inputs of the current sequence to MATLAB (through its API). The

output of the calculated function are then returned to the solver, which matches them with the next

function in the sequence.

By treating software as a calculation tool, rather than an information handler, models can be solved

declaratively. The claim of this paper is that coupling systems along a system’s behavioral functions

allows for an automatic method of performing inter-tool simulation. This is especially true as systems

change. If the scope of the kinematic model simulated in Block 4.1 changed, for instance by including

masses for the two arms, then the model would need to be rewritten. Additionally, any imperative

coupling between software would need to be rewritten, since new information would now need to be
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passed between the applications. This demonstrates the incredible fragility of imperatively coupled

systems: they are entirely dependent upon the scope of the system they represent. This is contrasted

with a CHG, for which the system representation is entirely independent of the calculation performed

by the tool. In other words, which nodes are present in a CHGmodel and how they are connected does

not influence the ability for the solver to call an external software tool because each the calculation of

each function is independent of the system’s scope.

Providing robust models for systems in flux (which, to a certain extent, includes all systems [51]) is

one of the most challenging aspects of model-based engineering [52–54]. While CHGs do not answer

every issue for interoperability, for instance, they do not provide mechanisms for syntactic interoper-

ability [55], the authors find they address many of the thorny issues of software integration. These

include simulating all parts of a system, redefining a system without having to rewrite all inter-tool

connections, and the ability to connect with other systems without loss of meaning.

4.4. Multi-Domain Modeling of Crankshaft

These claims are demonstrated through simulating amulti-physicsmodel of a crankshaft with form

as given in Figures 4.7 and 4.8, with parameters explained in Table C.3. This model extends the simple

kinematic system shown in Figure 4.4, with the crankshaft corresponding to the crank arm of the slider-

crank mechanism. The kinematic model contained only eight state variables, the expanded model rep-

resents a system with a complexity several orders of magnitude greater. Representing this system as a

CHG illustrates how the issues of inter-tool interoperability are addressed by the declarative framework.

The example involves a case where an engine designer needs to know the mass moment of inertia 𝐽𝑐 of

the crankshaft, for instance to calculate the input power necessary for the crankshaft to accelerate to a

specified rotational velocity in a given time. While the kinematic relationships given in Eqs. (4.1)–(4.4)

still hold true, the addition of mass requires a more detailed model of the crankshaft.

4.4.1. Model Integration

𝐽𝑐 becomes increasingly difficult to compute algebraically as the geometry becomes more special-

ized. The common alternative is to use solid modeling software, which can readily compute moments

of inertia by taking advantage of a point-based representation of a solid body. A major advantage of
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Figure 4.7: Image of the modeled crankshaft.

Figure 4.8: Geometric parameters for the crankshaft, as described in Table C.3, with the initial main

bearing surface built in Figure 4.10 shaded in gray.

employing a CAD platform to calculate 𝐽𝑐 is that any change to the physics of the crankshaft (such as

adding machining features, new materials, keys, lubrication passages, etc.) will correspondingly up-

date 𝐽𝑐. Providing a function in a CHG for calculating 𝐽𝑐 using a CAD platform enables a true-model

centric form of model-based engineering, where every value used by a decision-maker is represented by

a single-node, and all the models for calculating or updating that node are given as paths in the CHG.

This includes values that might be used in technical drawings, engineering analyses, or manufacturing

data; all information and generating models corresponding to the piston engine could theoretically be

captured in the CHG, providing the full integration of the disparate software into a model-based plat-
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form. However, this more limited case study explores only how CAD software can be integrated with

a dynamic model solver. The CHG for this integration is shown in Figure 4.10, though only covering

a portion of the graph due to the scale of the system. The development process follows that given in

Figure 4.4: represent each system variable as a node, then relate nodes to each other through multidi-

mensional edges representing functions.

In addition to the diagrams shown in the section, the actualmodel is written in the Python program-

ming language.1 The declarative engine that solves themodel is the open-source package ConstraintHg

[56], which employs a breadth-first search algorithm to find relevant simulation paths connecting a pair

of inputs to an output. ConstraintHg, written by the authors, is still in development. Although its per-

formance is sufficient for its use in this study, its interface and execution speed are still being improved.

As such, this paper focuses on demonstrating that pathfinding in a CHG can provide declarative model

integration, rather than characterizing the precise algorithms used for that pathfinding, which will be

focused on in later works.

4.4.2. Process

The process of forming a CHG, as described in Figure 4.9, begins with a modeler first identifies the

values of the system that can be represented. Each of these is represented by a node in the CHG. The

most readily identifiable nodes are the geometric parameters given in Table C.3. Other values include

the variables needed to construct the body in a CAD application, such as planes of reference, boundary

types, and geometric constraints. Finally, the hypergraph must include the actual values required by

the API, including feature identifiers, access tokens, URIs (Uniform Resource Indicators), and HTTP

(HyperText Transfer Protocol) calls. The inclusion of these later nodes allow the declarative solver

to autonomously handle client-server interactions–often a messy part of functional languages [57]. A

partial CHG with these nodes included is shown in Figure 4.10.

Each of these values are connected in the hypergraph by functions that determine their value. Many

of these functions will be algebraic, such as determining the total length of the crankshaft by summing

the length of its individual sections. Others will need to be calculated by the various applications. In

this study the solid body model of the crankshaft is assembled in Onshape, a cloud-based CAD ap-

1Full scripts are provided under the MIT license at https://github.com/jmorris335/tool-interoperability-scripts/.

117

https://github.com/jmorris335/tool-interoperability-scripts/


4. INTEGRATING SOFTWARE: RESULTS

Figure 4.9: Process of forming and simulating a CHG, incorporating the demonstration CHG solver

ConstraintHg [56].

plication offering an established API [58]. Onshape was chosen for its general availability as well as

to demonstrate how CHGs can facilitate HTTP (HyperText Transfer Protocol) connections. It’s worth

restating an important point here: the innovation of using a CHG is not due to changing the mech-

anism by which software integration occurs–the method of interfacing with Onshape remains along

predefined API calls. Instead, the innovation is on how that mechanism is structured into the system

representation. CHGs enable a system model to fully capture system behavior, as opposed to just sys-

tem operations. Wrapping the API calls into model functions shows how the behavior of the system is

simulated by the interfacing software. This is the same pattern followed for integrating MATLAB and

Ansys Mechanical into the simulation process.

4.5. Results

Once prepared, the CHG contains a full model of the system that can be immediately simulated.

The user prepares a caller file such as the one shown in Block 4.3. This file does three primary things:
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Figure 4.10: A subset of the full CHG (reduced for brevity) showing FEA simulation in Ansys, kine-

matic animation inMATLAB, and solidmodeling of the crankshaft’s primary bearing(shown as shaded

in Figure 4.8) in Onshape. Basic connections and algebraic relationships are calculated in Python.
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first, it initiates the API clients of the used software applications; second, it declares the list of known

variables (inputs); and third, it calls the CHG solver, passing to it the inputs aswell as the desired output.

Notice that nowhere in the caller script does the user need to specify the behavior of the system, since

the system behavior is decoupled from the simulation call.

Block 4.3: Example python script calling simulation of the CHG

import matlab.engine

import constrainthg

from src.matlab.matlab_chg import *

from src.onshape.onshape_chg import *

from src.ansys.ansys_chg import *

crankshaft_chg = matlab_chg + onshape_chg + ansys_chg

inputs = dict(

shaft_dia = .025,

pin_dia = .020,

web_dia = .100,

l_c = .030,

l_s = .100,

length_units = 'm',

# Onshape

initial_plane = 'Front',

did = '99ccbc50135e7bd6a47fc0fb',

wvmid = '03b2576bbb9b2c4ef0de9bf4',

eid = 'c081126bd4e3181bb497cf01',

# Ansys

material = 'Carbon Steel',

load_force = 84.,

load_x_location = 0.05,

load_y_location = 0.,

fixed_face = 'JXB',

# MATLAB

matlab_directory = './src/matlab',

matlab_engine = matlab.engine.start_matlab(),

timestep = 0.01,

omega = 2 * 3.14159,

)

crankshaft_chg.solve(target=sigma, inputs=inputs)

Executing the caller script engages the CHG solver, which seeds the CHG with the values of the

passed inputs. Though many pathfinding methods are viable, the ConstraintHg algorithm used in the

case study specifically uses a breadth-first search to discover valid simulation paths. The solver traces

out the edges from each discovered node, building a graph of possible traces. As each edge is searched,

120



4. INTEGRATING SOFTWARE: DISCUSSION

the solver executes its corresponding function rule. Algebraic functions will be calculated by calls to

the Python interpreter, while software-specific functions will be passed to respective platform by the

wrapped API, as shown in Figure 4.10. The result of the execution call is saved to the target node of the

processed edge, expanding the set of discovered nodes. The process terminates either when the solver

solves for the value of the desired output node, or when there are no more edges that can be viably

traversed.

4.6. Discussion

There are several additional benefits to representing a system with a CHG no already discussed

in the paper. For software integration, one primary advantage is the ability to isolate usable parts of

the model. Because both the CHG and every subgraph of the CHG are valid models–able to be fully

simulated–a modeler can choose a subset of the CHG edges from which to include in possible simula-

tions. There are many situations in which model separation has advantages, such as when a modeler

does not have access to all the software platforms utilized in a model. In such a case, the portions of the

model that do not reference the inaccessible application are still executable. For instance, running the

script in Block 4.3 without enabling the Onshape or Ansys client will still provide access to the motion

study inMATLAB, since the edges in that simulation do not depend on outputs from the other software.

Similarly, using a CHG promotes simulatability at all stages of modeling. Because the validity of

the model does not change as edges are added or removed, modelers can use a single CHG for all steps

in the design process. Early stage designs might employ more abstracted variables and lower fidelity

models. As the design grows in complexity, nodes representing more focused variables and higher

fidelity models can be added to the graph. Adding more edges increases the number of simulations

that can be conducted–corresponding to the increased knowledge about the system–but does not affect

the model’s validity. Consequently, the universality of the CHG extends both across domains and also

across the system’s evolution.

CHGs also allow competing models by automating model selection processes. Consider the case

where design team specifies two separate models for calculating the bending stress of the crankshaft:

one employing a high-fidelity, computationally expensive FEA analysis; and another based on a surro-

gate, linearized model that can be quickly executed using Python. Depending on the use case of the
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simulation, a modeler might prefer the onemodel to the other. To describe this preference, the modeler

can assign edge weights to the model, indicating the cost of executing the model. The pathfinding can

then automatically select the lower-weighted edge when building the simulation process.

Perhaps the most difficult part of using CHGs to integrate models is discovering the functional

relationships between model parameters. In a graphical solid modeling environment, such as using

Onshape through its browser-based client, a modeler only needs to specify a single chain of parameter

relationships. The resulting CAD model is imperatively defined, taking a set of defined inputs and

mapping them to the final body. Contrast thiswith a declarativemodel, whichmust provide translations

betweenmultiple pairings of inputs and outputs. To accomplish this, the relationships of the procedural

definition must be generalized and new functions defined–an often laborious process.

For example, each main journal on the crankshaft is defined to be concentrically aligned with each

other. An imperativemodelmight establish this relationship bymaking the center of each journal equal

to the journal defined before it. Themodeling kernel must consequently process the first journal before

calculating the placement of the subsequent cylindrical sections. But the behavior of the crankshaft

requires no such explicit ordering, only that the journals are all concentrically aligned. The procedural

definition can be expanded to capture this more general behavior by modeling the journal centers in a

CHG, as shown in Figure 4.11. To do so, additional relationships must be added between all the center

points, not just a singular one as in the procedural case. The resulting subgraph is fully connected (or

complete), implying the centers of all journals can be calculated if any one of them is provided as an

input. This is true regardless of the order in which the journals are solved for. This simple case of

concentric shafts is indicative of declarative modeling. By expressing how all variables are related, the

CHG better captures the behavior of the crankshaft, at the expense of needing additional relationships

to be defined by the modeler.

The effort of decomposing Onshape’s API into composable functions results in a declarative lan-

guage for solid modeling. This language is purely a wrapper, with its symbols comprised of the actual

API calls and syntax provided by the modeler. While other declarative languages for solid modeling

have been proposed before [59], wrapping the existing interface better takes advantage of the function-

ality provided by the software. Onshape uses the Parasolid modeling kernel to construct geometries

procedurally. But by abstracting out the functions of Onshape’s API, the CHG solver can rearrange op-
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Figure 4.11: Declarative representation for horizontal location of main journals on crankshaft as a

CHG where all edges indicate equivalency.

erations as needed to compose the eventual model geometry. This converts a traditionally imperative

process into a declarative one, so any CAD model constructed from the singular CHG could possess a

unique, yet consistent feature tree.

The consistency of the CHGmodel must be ensured by the modeler. For instance, a Boolean union

operation cannot be applied to a single body. Any edge in a CHG representing this operation must be

provided with inputs corresponding to the multiple bodies to be combined. This is enforced by the

modeler, whose task is to define the domain and codomain of each function in the CHG. This, in many

aspects, summarizes thework of modeling a system: the arrangement of functions showing how certain

variables influence other variables.

The advantage of using a CHG is not eliminating the labor of modeling a system. Rather, it is that

this effort is fully captured when composing simulations, rather than being limited to a single, proce-

dural interpretation. A declarative language provides more efficient translation from a real system to

the constructions created to represent it. While traditional model integration attempts relies on proce-

dural calls along established API scripts [4], a CHG allows for arbitrary cosimulation of a system. One

economic consideration is that effort invested into developingmodels yields far greater returns with the

declarative models of a CHG, which can be reused as many times, and in as many ways, as required by

the organization [60]. The mechanisms for model composability can also drive distributed simulation,

yielding benefits for execution time and resource management [19, 60].
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4.6.1. Limitations

CHGs are considered to be closed-world, that is, the CHG assumes that nothing exists except that

which declared in the model. This stems from how CHGs capture information generally: because

all information in the system can be related within a CHG, it does not make sense to prescribe ad-

ditional information external to a CHG’s scope. Though a CHG’s connectedness is certainly one of its

strengths, the resulting closed-world framework can mask the inconsistencies between the CHG and

the real world system it approximates. For example, a force applied to the crankshaft could be modeled

as being related to the accelerations of the piston heads. Though capturing a significant part of the

crankshaft’s behavior, the model implies that the pistons are the only applied load on the crankshaft.

This assumption is implicitly given by the scope of the CHG, and as such may not be immediately ap-

parent to the modeler. The factors and relationships not expressed in the CHG may have significant

influence on the system’s behavior. The method for discovering these unmodeled factors likely lies, as

with other modeling frameworks, in verifying the model against observations in the real world.

There are other obstacles preventing the immediate adoption of CHGs as a method of general sys-

tem modeling. One is that creating the necessary inter-variable relationships is challenging when the

interfacing application is primarily designed for interaction through a graphical user interface (GUI).

Selecting geometric entities such as faces or edges is difficult in a CHG. Difficult, but necessary, since

the primary benefit of a CHG is in its automatic execution, so that theremust be some function allowing

the CHG solver to perform the tasks normally undertaken by a human agent interfacing with the GUI.

The authors address this by noting that, though CHGs are excellent at expressing models, they are less

suitable for initial development. If the behavior of a system is initially unknown, then the modeler is

advised to make use of the available frameworks that have been developed for the purpose of model

development. In other words, a modeler should start in a CAD environment, working with the GUI.

Or they should start by drawing a circuit diagram, or a bond graph. Only after teasing out the system

behavior should these models be reconstructed into a unifying CHG.

A second limitation to general adoption is the CHG’s reliance on a software exposing its functional-

ity through an API. It takes considerable labor to wrest an application into a collection of functions that

can subsequently be arranged by a modeler. This labor is liable to be wasted if the API is significantly
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modified or taken offline. Even more unworkable is when an application does not provide an API in

the first place, preventing integration via a CHG. For instances of CAD, this can be somewhat resolved

by building an CHG interface around a modeling kernel such as Parasolid. Extracting the functional-

ities of Parasolid can provide a better basis for generating solid models due to Parasolid’s time-tested

(and somewhat static) nature. Additionally, its use in a variety of CAD applications means that such a

declarative wrapper might be useful for more than just one software.

4.6.2. FutureWork

General adoption of CHGs is dependent upon a robust CHG solver being made available to practi-

tioners. The authors have discussed one such solver currently in development [56]. The analysis of this

solver, including its runtime and consistency, require further consideration in a future article. Once

a robust solver is released, additional work would likely be merited to build toolboxes for integrating

modeling kernels into CHGs. These could be extended to other software systems: finite element meth-

ods, Computer-Aided Manufacturing (CAM), Product Data Management (PDM), Enterprise Resource

Planning (ERP) and other systems. For the latter two, the focus shifts from dynamic systems to main-

taining digital threads. Though these may seem like different paradigms, in reality both are systems

that require modeling and simulation, and consequently that could benefit from being represented as

CHGs.

4.7. Conclusion

This paper showed how declarative modeling can be performed with multi-domain models, even

when the simulation of those models requires otherwise sequestered analytical software. The key so-

lution was the use of a CHG as a holistic model formalism that captured the full system behavior, with

software tools integrated into the CHG as edges in the hypergraph. This is paradigmatically different

from traditional modeling couplers, which pass messages between distinct models rather than unifying

them into a single framework.

This work builds upon previous articles that discussed the mathematics of CHGs [3] and how they

engender declarative, functional modeling [30]. It was shown that the purpose of system modeling is

to perform simulations, where facts about the system of interest can be artificially observed through
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the relationships of the model. One point critical to this paper was that the process of simulating a

model is equivalent to constructing a chain of functionsmapping a set of known inputs to the unknown

outputs being simulated. The result is the provision of a simulation process: a series of calculable steps

describing how an output is constrained by the inputs.

How these simulation processes are constructed has significant differences for modelers, especially

when it comes to integrating between software tools. Models in traditional, imperatively-coupled frame-

works express a single simulation process. The process contains at which points information should be

passed and received from the software in the ecosystem, often through anAPI. The resulting simulation

may be holistic, but it is inflexible, only describing a single behavioral trace of the system being repre-

sented. Imperative simulations make it difficult for modelers to understand the different interactions

of a system, as only a single set of inputs can every be prescribed.

Alternatively, CHG models avoid connecting software along procedures. Instead, applications are

treated as tools for calculating function rules. A modeler first deconstructs an application’s interface

into a set of functions, then arranges the functions to describe how the state variables of a system affect

one another. The model’s structure allows for a path-finding engine to arbitrarily solve the resulting

CHG for any connected pairing of inputs and outputs, allowing for universal, automatic simulation of

the connected system.

This is demonstrated by forming a CHG of a crankshaft that integrates kinematic and dynamic

models with a solid model formed in the CAD platform Onshape. The full process of connecting

with Onshape, including file structures and authorization, is handled by the CHG. This provides fully

autonomous parsing of the resulting system model. Various configurations of the crankshaft can be

formed by specifying various inputs. Simulation relations best calculated in specialized packages such

as CAD or FEA are processed using the API for the respective tool, with the declarative simulation oc-

curring in the autonomous selection of which relations to simulate and what order they be simulated

in. Though this work demonstrates integration between only four software platforms (Python, MAT-

LAB, Ansys Mechanical, and Onshape), the theory shows how declarative simulation can be provided

between any software which exposes its functionality via an API.
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CHAPTER 5

Review of Digital Twins

Abstract: The definition of a digital twin (DT) is typically given as ”a virtual representation of real-

world entities and processes, synchronized at a specified frequency and fidelity” [1]. Though this def-

inition is useful for discussing DTs, it only encapsulates what digital twins are composed of, without

expressing their purpose. Because of this ambiguity, research on DTs tend to morph their meaning

into convenient forms based on the use case of the DT considered by the study. In order to set forth

unambiguous andmultidisciplinary conclusions concerning DTs, it is necessary to supplement the def-

inition through expounding the purpose of a DT in a way that is applicable to all use cases. Critically,

such an exposition greatly clarifies the value of constraint hypergraphs in representing DTs, making

this exercise an essential part of the dissertation.
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5.1. Purpose of a Digital Twin

Since being first used as a technical term [2], DTs have been continually redefined [3], especially

as media teams have employed the term for marketing purposes. Entropy of overuse has further dis-

seminated its core meaning into a variety of related terms such as ”device shadow,” ”virtual prototype,”

and ”mirrored system” [4]. A more exact approach is to define a DT not by the parts it is made of, but

rather by the functions it performs. This is best established when considering DTs as systems, deriving

a definition from principles of systems theory.

The starting point is considering the digital nature of a DT. There are two universal systems (worlds)

that must be considered when dealing with a DT, as shown in Figure 5.1. The first is the real world,

comprised of entities (things) that constitute the reality we exist in. Interaction between these entities

defines the behavior of the real world. The goal of an agent–an intelligent entity–is to influence these

entities in such a way as to enact some outcome consisting of a desired state of reality.

Figure 5.1: Major domains of a digital twin.

To obtain a specific outcome, the agent must understand the ways in which entities may interact.

This is evident in a bird sensing wind speeds before landing on a specific branch, or a driver following

a route in order to arrive at a specific destination. In each case, the agent must properly predict how

their actions will result in their desired outcome, and consequently how the entities they interact with

will behave.

The key to an agent’s intelligence is representing the system as information. This comprises the

second of the two universes: the virtual domain whose monad is information characterizing the real

world. Though the virtual world is a pattern generated from the real world, the two domains are con-
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trasted by the finitude of information. Although every entity in the real world is capable of generating

an infinite amount of information related to its state, because information is finite, the virtual world

can only be an approximation of the real one. The process of transforming system properties into useful

information is known as observation.

For instance, an infinite number of system elements could be observed from photograph shown in

Figure 5.2. Examples include observing that the subject of the photograph is a single ship, and that

the color of the water is blue. Having made those observations we can further process them, making

inferences about the ship’s motion, the weather depicted, and more.

Figure 5.2: Photograph of the USCGS Midgett of the coast of California. Image by PH1 S. Smith [5].

Because observations are finite constructs of an infinite domain, they are necessarily only approxi-

mations of the state of the real world. Observing the water to be blue approximates the varying shades

of light as a single color. This may be useful to us as agents, but it also demonstrates that observations

are always wrong at some level; the virtual world never perfectly describes the real one. The collected

observations form the basis of the virtual representation of the real world entity.

Another limiting factor of observations is that we can only make a finite number of them. The

virtual domain is subsequently sparse, aligning to reality only at the instances that have been observed.

It is impossible to make enough finite observations to perfectly represent the behavior inherent in a
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real-world entity, leaving perpetual gaps in the observed virtualization–areas where information about

the real system is lacking.

Besides taking more observations, the only method for filling these gaps is through constructing

models. Models serve as proxies of the real world that are used to generate information about a real

world system. Such generated information is an approximation,1 or simulated information, since it is

artificially fabricated via the model.

The process of producing simulated information is known as simulation, and any kind of mecha-

nism capable of interpreting a model and extracting the fabricated information can be referred to as a

simulation engine. By analogy, a simulation engine ”observes” amodel to add information to the virtual

domain, supplementing any actual observations of the real-world. The utility of a model stems from

being able to provide information with greater ease than corresponding observations of the real world.

To be able to serve as a real world proxy, models must exist in the same form as a real system. The

fundamental form of a model describes the relationships between entities within a set of categories,2

where a category is a collection of entities that share a common property. Such a form can be visually

represented by a graph, such as the model shown in Figure 5.3.

Models have lots of different valid definitions, as described in [8], however most technical models

can be represented in this form. For instance, the relationships in a geometricmodel are largely typified

as relative positions between points and lines. Dynamic models relate how the state variables of a

system relate to other entities such as forces, energy transfer, or motion. Regression models show the

relationships between factors and outcomes. These relationships might be thought of more rigorously

as a mapping, where a model maps entities from one set to another.

It should be noted that the categorizations a model relates are not real, they are virtual suppositions

of order imposed by the modeler. Consequently, a model could represent any number of real systems.

Model categories are necessarily abstract in the same way that any sub-system of the universal system

is an abstract, arbitrary subdivision. Phrased a different way, the categories that are established by a

modeler only pertain to the domain of the model. What constitutes the ship of Theseus depends on

1It is mandatory when talking about models to include the famous quote by George Box that ”all models are wrong, some

are useful” [6].
2Similar or equivalent words for entity include thing, object, element, and instance; synonyms for category include class,

group, set, and identity.
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Figure 5.3: A model of a system of a light switch and bulb, with categories as the gray ellipses labeled

above in italics, specific entities as text in the ellipses, relationships as the text above each directed arrow,

and an observation in bold face. This style of diagramming is known as an olog [7].

the definition of the ship given by the ancient Athenians. This is semantically understood when we say

that a model represents a thing, while an observation is always taken of that thing. Observations are

always specific versus models which are always abstract.

Observations and simulations are two methods for obtaining information about a system, respec-

tively using the real world and a model as bases. Two important differences between the two are their

accuracy and convenience. Observationsmay be very difficult to perform, such as observing an asteroid

crashing into the earth. Simulations, on the other hand, are more convenient but do not represent the

real system, only an approximate model.

Blending the specificity and accuracy of observationswith the generality and convenience of models

and simulations serves as a basis for a digital twin. Digital twins are virtual representations of a specific

real world system. Both models and observations are required to produce these virtualizations. A cube,

such as the one in Figure 5.4, serves as a simple example of this.

As a geometric concept, a cubic model consists of a series of constraints that, when enforced, define

a six-shaded shape. We could use a cube to represent something real, such as the wooden block shown

in the figure. To do so we would have to take some observations of the block, such as the length of one
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Figure 5.4: An image of a wooden block and a CAD model of a cube.

of its sides. An applied model can be constructed that approximates the geometry of the real block.

The model can then be simulated to estimate information that was not observed, such as the distance

between two vertices.

The combination of observations andmodels to represent the real wooden block constitutes a digital

twin. Though the digital twin is not perfectly faithful–it doesn’t reflect the actual world information,

such as the fillets on the side of the block or the divots in the grain structure–it exhibits all the virtual

information associated with the block. This reflects the primary purpose of a DT, which is to transform

a specific, real entity into the virtual (and therefore understandable) domain. From this established

purpose can be derived a definition of a DT as the best possible virtual representation of a specific, real

system, exhibiting equivalent behaviors as its real counterpart.

The specificity of a DT is actually a broad requirement. For the cube model to be a digital twin

it must not represent any wooden block, but the specific wooden block shown in Figure 5.4. This is

practically accomplished through some form of synchronization, where the DT updates in response to

changes in the real world entity. The importance of synchronization (or equivalently, real-time updat-

ing) was stressed by Wagg et al. [9], who called it a ”key functionality” of a DT. It is specificity that

distinguishes an applied model, a virtual representation augmented with observed data, from a digital

twin. Kritzinger et al. further differentiated digital twins as possessing an automatic synchronization

between the real and virtual domains [10], a position also espoused by Juarez et al. [11].

Revealing the synchronized behavior of an entity could be done ideally by either taking all obser-

vations of the real entity or building models with perfect predictive power. Since neither of these tasks

can be practically performed, a DT exists as a best-possible combination of the two, a confluence of ob-

servations and models that reveals real world behavior. The effectiveness of a DT can be shown across

two dimensions: the degree of the states we are able to observe, and the degree of states we are able to
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predict via models. These two dimensions are shown in Figure 5.5.

Figure 5.5: Typification of interrogations of a system provided by a digital twin, with observability on

the vertical axis, and behavioral prediction (provided by models) on the horizontal.

This definition of a DT is similar to definitions that have been given before, such as by the Digital

Twin Consortium [1]. Though these definitions are succinct, they can lend themselves to misrepre-

sentation. To clarify several of these more common misconceptions, a few corollaries about DTs are

given:

The first is that the real counterpart does not have to be physical. While the real domain does con-

tain all physical entities, such as ships and people and cities, it also contains real metaphysical entities

including supply chains, economies, political systems, processes, and thought patterns. Consequently,

DTs can be built for entities that do not exist tangibly, as long as that DT represents the current state

of the real entity.3 When a DT is made of a physical entity, it can be spoken of as an ”atoms to bits”

transformation [12].

Second, a DT is an information-generating device, providing the information necessary for an agent

to make useful insights into the real world. This information can be used for three different types of

tasks:

1. Monitoring, where the state of the entity is relayed and tracked in the current environment;

3It is in this sense that DTs are said to be built for products that are still in development. In this case the product exists

as a real idea or design which the DT represents, not as an actual physical device. When the product is released, then more

individual DTs can be made for each released item.
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2. Prediction, where the state of the entity is estimated given an arbitrary environment; and

3. Actuation, where the state of the entity is influenced to achieve some expected outcome.

Each of these tasks can be accomplished without a DT, but a DT adds valuable information that can

aid their execution. Indeed, the definition of a DT states that an ideal DT provides themost information

possible for the execution of these tasks. But it should not be posited that the performance of these tasks

constitutes a DT, nor should a DT be constrained as having to perform all these tasks. When this is so

the definition of a DT becomes use-case driven, resulting in the numerous definitions given by the

disparate industries in which they are employed. This confusion can be avoided when DTs are more

appropriately conceived.

Lastly, a DT is not exclusively a model. A model is abstract, while a DT represents a specific, real

entity. We might say a model represents a ship, generally, while a DT represents that ship. Models

exist solely in the virtual domain, while DTs are joined to the real world through observations of their

real twin. This is an important point. While models can be used to estimate behaviors with sufficient

accuracy, they almost always must be combined with real-world observations.

Similarly, but on the other side of the scale, a digital twin is not solely composed of observations.

Such concepts are referred to as digitization.4 Digitizations are digital reproductions of physical assets,

such as a scanned document. A key part of this is that digitizations are static, while Digital Twins are

live-updating [9].

Although it is an especially commonmistake to describe digitizations as digital twins, in most cases

the offense is neglecting to understand how the observed information is augmented with models. For

instance, a recent article by Matterport, a company that produces 3D point clouds of buildings, defined

digital twins as ”virtual 3D models of physical space” [13].5 In this case the point cloud constitutes the

observations, and the notions that relate those points to walls, windows, and other structures are the

models. The same is often true when labeling IoT (Internet of Things) systems as digital twins. Though

data collection is an important component, just collecting data does not constitute a DT.

By clarifying the purpose of a DT, it is hoped that implementing organizations will be better able to

4Not to be confused with digitalization, the work of transforming an organization’s processes from physical to digital

systems.
5It is anothermisconception that DTs are ormust include 3Dmodels. There is nothing in the definition aDT thatmandates

a geometric model versus any other model.
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recognize and employ DTs, recognizing the value that a DT can bring to any decision maker.

5.2. History of Digital Twins

The history of the Digital Twin starts implicitly with modeling and digital simulation. In 1991,

Gelenter described using computers to simulate the known universe [14]. This echoed the idea of har-

nessing computers to simulate data on huge scales, sentiment expressed at least since Asimov wrote of

Multivac in the 1950s [15].

Despite this interest, DTs could not be developed pragmatically until there was sufficient computa-

tional power available. This limitation made it so that early actors were often large organizations with

access to advanced computing systems. Consequently, John Vickers, a technologist at NASA, was the

first person to explicitly use the term ”Digital Twin” in 2003 [16, 17], and NASA became the first orga-

nization to issue an official definition of the concept in 2010 [18, 19]. This was expanded by Grieves in

his 2012 book [2].

As computational power and connectivity becamemore available, DTs began to becomemorewidespread.

This as also led to their affiliation with marketing platforms, where they are hyped by companies such

as Amazon [20], IBM [21], Microsoft [22, 23], MathWorks [24], MapleSoft [25], Siemens [26], and Das-

sault Systèmes [27]. Greater attention on DTs as a cornerstone of the Fourth Industrial Revolution6

[29] also means increased confusion, especially as marketing campaigns stretch the meaning of DTs to

incentivize their products.

As much a victim of the hype cycle as any other product, DTs have gradually revealed the wicked

problems [30] that prevent their easy adoption. These include the difficulty in developing a DT [31] and

the high cost to do so [32, 33], the opaque nature of a DTs ROI [34, 35], the perpetual effort required to

maintain them [36], and the difficulty of integrating them with other systems [37].

Part of the response of invested stakeholders has been the production of standards guiding the

adoption of DTs. The publication of ISO 23247 [38] in 2021 was one of the first international stan-

dards directed at DT architectures. It was followed in 2022 by a ITU-T Y.3090, a standard from the

International Telecommunication Union specifying how to structure systems of DTs to enable intra-

6The Fourth Industrial Revolution, also abbreviated 4IR, is the notion that data and connectivity will transform the way

industry is carried out. It was first introduced by Philbeck and Davis in 2018 [28].
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communication [39]. Later reviewers such as [40] and [41] summarized other applicable standards

dealing with communication and networking, distributed systems, and information representation–all

important components of making DTs function in modern enterprises.

5.3. Use Cases of Digital Twins

The wide applicability of DTs across multiple industries is one driver of the varied forms DTs can

take. In 2019 Tao et al. found four industries with ongoing DT applications [42]. By 2022, Mihai et

al. set the number of disrupted industries at seven [29]. Though what constitutes an industry is rather

subjective, what is not speculative is the increasing number of use cases for DTs. Though in each use

case theDTmight take on different forms, many of the functions and challenges remain the same across

implementation scenarios.

The most data-driven DTs are likely those developed for commercial buildings. Facility manage-

ment and construction companies were early adopters of the Internet of Things (IoT). Their established

data streams meant they were well positioned to integrate DTs into their Building Lifecycle Manage-

ment (BLM) [43]. Services like Azure Digital Twins from Microsoft7 and AmazonWeb Services’ Twin-

Maker offer DT functionality while being primarily focused on the data capture of IoT networks.

Many DTs that start with IoT exist as primarily data-driven observations partially augmented with

basic models. These simple DTs are not as useful for performing predictive tasks, though this can be

remedied through the use of machine learning on the extant data streams. Atworst, data-drivenDTs are

incorrectly labeled, and should otherwise be referred to as digitizations (see Section 5.1). This includes

efforts to digitize locations for virtual audiences, such as with real estate [13], virtual museums [45], or

the case of preserving the cultural legacy of Tuvalu [46].

The opposite approach has been followed by large engineering firms that are more likely to have

model-driven processes. NASA, perhaps the first real adopter of DTs, first employed physical twins as

part of its validation process for the late Apollo missions [47]. Digital twins that mirrored spacecraft in

real time came later, thoughwhether they should be labeled as such is amatter of debate [48]. Aerospace

and automotive sectors followed in NASA’s footsteps, producing DTs of airplanes [49], jet engines [50],

7Microsoft also released an open-source language for defining DTs that integrates with Azure Digital Twins known as the

Digital Twin Definition Language (DTDL) [44].

139



5. REVIEWOF DIGITAL TWINS: USE CASES OF DIGITAL TWINS

and vehicles [51] that were largely focused on connecting models to data. The nature of engineering

enterprises means that many of these DTs correspond to products that are still under development, in

this case the DTs mirror product concepts rather than an actual physical entity. Such a DT was labeled

a ”Digital Twin Prototype” by Grieves [52]. Information about such a non-tangible entity might come

from requirements documentation, prototypes, or system diagrams to name a few sources [53]. DTs

might also be used during the product design stage to represent environments [54] or other entities in

the product family [55].

Anothermodel-centric use case that has found significant support fromDTs in recent years is health

monitoring. In this aspect there are two angles of representation: representing the human body gen-

erally, such as with Siemens’ Emma Twin [56], and representing individual human bodies to create a

personal DT [57]. The former is generally used for research, where medicinal testing and experimental

procedures can be performed virtually rather than on real persons [58]. On the other side of health

monitoring, DTs of individuals maximize the amount of personal health information that can be made

available for a person’s health care. This might be used to recommending individualized treatments or

performing diagnoses. Considerable ethical and private challenges remain to be addressed with this

sensitive information [59].

As complex as the human biome is to represent, global environments remain the consummate chal-

lenge of terrestrial modelers. Weather, climate change, and natural disasters all evolve on terribly com-

plex systems that necessitate equally involved DTs to represent virtually [60]. Geopolitical entities are

also building DTs of cities and countries to better understand the effects of public policy and infrastruc-

ture. Examples include the United Kingdom [61] and Singapore [62].

The most common use case for DTs remains manufacturing, representing an estimated 50 percent

of all published research onDTs [54]. Like facilities, manufacturers are often ideal practitioners for DTs

due to having previously established digital threads from engagement in Industry 4.0 8 initiatives [64].

The entities most likely to bemirrored by a DT are generally long-lived, well understoodmanufacturing

assets such as machines [65], robotics [66], warehouses [67], or processing lines [68]. The controlled

environments of a manufacturing system also lead to DTs of entire shop floors [69–71]. Benefits of

8Industry 4.0 is a new paradigm for general industry and manufacturing specifically first referenced in Germany in 2013

[63] that espouses interconnectivity between machines and well-integrated data streams.
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implementing DTs include product health monitoring [42, 72] (and predictive maintenance [35, 73]),

operation optimization [74], and virtual commissioning [75].

5.4. Digital Twin Ecosystems

Unfortunately, the benefits of a DT are only available to organizations with sufficient resources to

develop DTs, which generally precludes small to medium enterprises (SMEs) [76]. This pay-to-play

conundrum with digital twins leaves smaller organizations unable to leverage Industry 4.0 effectively.

Some prohibitive costs of developing a DT include the following:

• Digital Thread: the system connecting information and artifacts throughout a company.

• Infrastructure such as server/edge computing devices, sensors, communication networks (such

as a 5G wireless network), and PLM systems, all of which are used to support the DT’s many

components;

• IT (Information Technology) department, which maintains data streams and technology used in

the DT, especially an IIoT (Industrial Internet of Things) network.

• Multi-domain expertise, which is required for developing statistical and physics-informed mod-

els, and machine learning algorithms.

• Computational platforms, including both hardware and software for executing numerical simu-

lations, generating 3D models, and other computationally expensive tasks.

• Time; because DTs require significant verification, they often need significant work-hours to cre-

ate, test, and launch [77].

• Non-allocated funds, which can be invested into a DT project in expectation for eventual returns.

The impact of this precludes the adoption of DTs in the organization. Like other long term invest-

ments, this pay-to-play factor of implementing DTs provides their benefits only to larger institutions.

Indeed, companies leading out in deploying DTs are mostly massive companies and even geopolitical

entities. These include GE Aviation [50], Tesla [51], the United Kingdom [61], and NASA [19].

Human factors such as a lack of awareness, unsupportive leadership, or a general lack of training

also preventsDTs frombeing successfully implemented in SMEs. Change2Twin,9 an organization of the

9The overall objective of the Change2Twin project is ”to ensure that 100% of manufacturing companies in Europe have

access to 100% of technologies needed to deploy a digital twin” [78].
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European Union, suggested that these were actually themost pertinent to a DTs success [31]. Although

these areas of study are critically important, this research focuses instead on the similarly significant

technical challenges in DT deployment.

One approach tomitigating these costs is to outsource the development of a DT via aManufacturing

as a Service (MaaS)model as amany-to-one commissioning [79]. This occurs is when an external group

creates a DT that can be deployed tomultiple implementing organizations. The system reduces the cost

of development for each organization while taking advantage of the economies of scale. This business

model is similar to one pursued by GE digital, thoughwithin a fixed infrastructure system [80]. AMaaS

DT can be referred to as redeployable.10 Redeployability comes with the trade off that each DTmust be

capable of being integrated into a range of digital systems.

For a DT to be robustly redeployable it must also be interoperable with the elements of whichever

digital system it is deployed into. This might include networking protocols and APIs, labeling schemes,

PLM/ERP systems, and other DTs. Interoperability, amore generalized term in relation to redeployabil-

ity, can be defined as a DT’s ability to co-operate with other twinning components within a networked

system. It should be noted that interoperability has been given many conflicting definitions: Klar et al.

[82] defined it as the mutual collaboration of peer DTs, while Ricci et al. [83] defined it as the use of

twinning resources in an open systems perspective. A widely cited white paper produced by Budiardjo

and Migliori for the Digital Twin Consortium [84] used the term more generally as the ability to share

information between two distinct entities, citing a ISO standard on interoperability in cloud computing

[85].

These two terms together are used here to denote amodular DT, one that espouses an essential plug-

and-play modality. A modular DT is one that functions with different systems. It can be redeployed

from one system to another and maintain its interoperability. The value and the cost of modularity is

integrating DTs into unknown systems. In order for a MaaS organization to produce a modular DT for

deployment in an SME, the DT must be able to function with the arbitrary digital system that the SME

has in place. Significant work still needs to be done to properly understanding these systems and enable

MaaS DT development.

10Other similar terms include ”domain-neutral,” [81] and ”reusable” [79]. This article uses ”redeployable” due its clearer

interpretation.
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For example, there is considerable confusion in the current literature about howDTs should engage

with other elements in a system. The most prevailing, though arguably incorrect, view espoused by

[82, 83, 86, 87] treats DTs as primitive elements of a larger DT system. This is contrasted with the

view that DTs are themselves composed of submodules that may need to be shared with other DTs. In

this paradigm, connections are needed between DT components, and DTs can be formed arbitrarily by

aggregating various DT submodules. This view is espoused (in varying degrees) in [75, 79, 88]. It is also

possible that the first view is a more general depiction of the latter, and that submodular interfacing

is implied by peer-to-peer DT systems; this is likely in the case of the ISO 23247 standard [38], which

mentions peer-to-peer DT communication but does not define how such communication should take

place.

Regardless of the perspective, the goal of forming DTs into systems is very prevalent in literature

(and commercial thought pieces). The diversity of thought on the subject is exemplified by the variety

of names assigned to the subject, such as ”Digital Twin Aggregates” [52], ”Web of Digital Twins” [83],

”Digital Twin Network” [89], ”Digital Twin Environment” [79], ”Digital Twin Systems-of-Systems” [90]

and ”Digital Twin Ecosystems” [91–93]. The National Twin Program in the United Kingdom calls their

digital twin of the globe a ”World Avatar”, comprised of an ecosystem of computational agents and a

knowledge graph of concepts and data [94]. The author prefers to use digital twin ecosystem (DTE)

since it conveys a sense of components that interact with each other without specifying a singular pur-

pose (an interpretation employed, for instance, by [95]). This relates well to a system of DTs, which

should be able to fulfill as many arbitrary functions as is required of the information it provides, and

which (by the latter of the two worldviews expressed above) contains not just discrete DTs, but also

many DT elements.

A species in a DTE is something that potentially comprises a DT, though critically it does not need

to. Zambrano et al. identified three principle species (under the term ”fundamental building blocks”):

models, algorithms and microservices, and data [79]. To this list the author adds simulation engines

and services, where a simulation engine is any program capable of extracting virtual information from

a model. When a model is coupled to a simulation engine it can be referred to as a simulation unit

[96]. Services, meanwhile, are programs that provide visualizations, user interfaces, storage, security,

or other supportive roles critical to a DT’s operation. The inclusion of services in a DT ecosystem was
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also made by Human et al. [97]. One clear observation is that none of these building blocks are specific

to a single twinnable entity; a model of a tire can be used just as effectively in the DTs of various cars,

a rubber manufacturing line, or a road-surface representation.

Budiardjo and Migliori [84] discussed how the best way to understand the reusability of these com-

ponents is through the perspective that everything is a system of systems. Like in systems engineering,

defining the boundary of a DT is largely subjective–a designer could choose a DT to represent a tire

and suspension system or make a DT of an entire car. In either case, the DT would consist of similar

building blocks. This leads to a unique understanding of DT ecosystems not as sets of collaborating

DTs, but rather sets of modular digital elements that can be composed together to form arbitrary DTs.

García et al. reached similar conclusion in their study on the subject [92], though their agents consid-

ered consisted of models and data streams exclusively. The important takeaway here is that creating

modular DTs depends on recognizing which species the DTs must interface with. A DTE provides a

valuable conceptual model of all the species that must be accommodated by an integrating DT.

These species, as described above, are given explicitly as:

• Models: agents that are capable of describing some facet of unobserved reality.

• Simulation engines: agents capable of producing simulated information from a model. This def-

inition includes the algorithms of Zambrano et al. [79].

• Data streams: agents capable of producing information from a data store, such as a database

management system.

• Services: agents that support the organization, connection, distribution, and other secondary

functions of other agents in the DTE.

5.5. Digital Twin Interoperability

Despite their benefits, there are several challenges associated with DTEs. Fifteen of these were elu-

cidated by Michael et al. in 2022 [90], and included barriers with integration, protection of intellectual

property, establishing access rights for integrating models, and resolving state conflicts. Integration is

certainly the principle challenge, as DTs nearly always consist of heterogeneous information.

The problem of integration can be decomposed into two separate issues, termed semantic and syn-

tactic interoperability. Semantic interoperability is the ability for an agent to understand the meaning
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of exchanged information, while syntactic interoperability references understanding the format of ex-

changed information [85]. Syntactic issues are highly significant with heterogeneous data streams, as

pointed out by the National Digital Twins Programme [98].

Onewell-researchedmethod of providing syntactic interoperability is the use on ontologies [99]. An

ontology is an object-oriented structure that explicitly establishes the meaning of a syntax over a given

domain. They are often used to with DTs to provide explicit understandings for what data streams

represent [100–102], as well as to represent relationships between entities [103].

Semantic interoperability is oftenmore difficult to provide. TheFunctionalMockup Interface (FMI),

first introduced in 2011 [104], is a free, open standard that enables interoperability between dynamic

models (characterized by ordinary differential equations). Models are composed of FunctionalMockup

Units (FMUs), which can then pass state evolutions and parameter data between each other according

to the FMI standard. FMUs come in three different types, differentiated by their what information they

expose to a simulation engine. This may be a full model (Model Exchange interface), portions of a

model (Scheduled Execution), or a combined model and an executable simulation engine as a simula-

tion unit (Co-Simulation) [105]. In this last case, the FMU only exposes the results of the simulation to

an interfacing tool. Wiens described how FMI can be used to define interoperable models within a DT

using Co-Simulation FMI [106].

TheModelica Association, which governs the FMI standard, also provides a standard for specifying

the subsystem of models (or FMUs) interfacing with simulation engines known as System Structure

Package (SSP) [107]. SSP and similar standards work well for connecting dynamic models to numer-

ical integrators largely because the methods for simulating and coupling dynamic models are well es-

tablished. Proprietary software packages such as Amesim, MATLAB/Simulink, and Dymola all can

connect with FMUs. However, there are no general solutions for connecting non-dynamic models to

simulation engines. In these cases, manual integration of models via APIs11 remains the de facto in-

terface method; an inflexible approach that is incredibly difficult to scale (as the ecosystem grows) and

maintain (as APIs andmodels change). The same integration problems exist for agents interfacing with

data streams.

The full realization of API-driven information exchange is an insular computing platform. Compa-

11Application Programmer Interface
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nies such as MathWorks, Ansys, Dassault Systèmes, and Siemens have all worked over time to develop

a full-stack platform of computational tools that interface directly with each another. The goal is that

a DTE could be entirely represented within the software platform of the vendor, allowing the vendor

to handle semantic integration via tight intra-software connections. A hallmark of such an approach

is the accumulation of diverse simulation engines that expand the capabilities of the platform, such as

the software shown in Figure 5.6. The utility of a holistic computing environment is dependent upon

the combined capabilities of the platform. Additionally, insular software environments can be diffi-

cult to connect to other platforms if an external capability is desired. This restricts the efficacy of a DT

expressed on any such platform.

Figure 5.6: The 3DEXPERIENCE platform from Dassault Systèmes is arguably the most explicit ex-

ample of a close-loop platform, describing itself as a ”unified environment” based around a portfolio of

12 brands [108]. Image credit: Dassault Systèmes

The success and failures of FMUs are examples of a popular strategy of standardizing syntax in

such a way as to fully expose the established semantics of a dynamic model. Such an approach could

be referred to as universal interfacing, the work of having developers transform their agents into a

uniform format agreed upon by all other developers. Although universal interfaces work well when

fully executed, obtaining agreement from all possible vendors is incredibly difficult to do. The work

of creating a universal data exchange and charging port for electronic devices over the past several

decades12 is testament to the difficulty of the problem. Universal modeling languages are consequently

12Such as in the development of the Universal Serial Bus, which only recently is moving to a truly universal configuration

with its USB-C series.
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plentiful but rarely fully adopted. Examples with varying levels of utilization (and focuses) include

EXPRESS [109], APMonitor [110], Rebeca [111], ASCEND [112], and Modelica [113].

If the scope of integrating DTEs is broadened to include more diverse systems, then additional

strategies can be found in the domain of computer science, where operating systems and distributed

architectures must deal with a variety of heterogeneous information. One such area is distributed sim-

ulation, where a simulation is executed acrossmultiple different simulation platforms. Distributed sim-

ulation is governed by IEEE 1516 standard espousing High Level Architectures (HLAs) [114]. HLAs

force constituent simulation systems (known as federates) to adhere to a set of rules that enable publish-

subscribe communication of information. Communication, synchronization, and sequencing are con-

trolled by a Run-Time Interface (RTI) that connects each federate.

Distributed simulation in the context of DTs is not a heavily studied topic. It was alluded to by Tay-

lor in his general overview of HLAs [115], and again by Budiardjo andMigliori in their often referenced

work on DT interoperability [84]. Explicit use of the standard in the realm of DTs was shown by Longo

et al., who also described how distributed simulation enabled key DT functions [116]. Song et al. pro-

vided another application of IEEE 1516 to DTs, though they focused primarily on data acquisition and

messaging [117].

Another approach to achieving semantic and syntactic interoperability is to identify a basis transfor-

mation between each agent. The use of the word ”basis” here is especiallymeaningful: in linear algebra

a basis serves as a frame for expressing any combination of ordered information (vectors). In this anal-

ogy, a universal interface would prescribe a singular basis that all information must be expressed in.

Alternatively, a basis transformation prescribes operations that can transform a vector from one basis

to any other. While the practicality of a universal interface is dependent upon its degree of adoption,

a basis transformation provides full utility no matter the number of adopters. A universal set of oper-

ations for transforming models and data streams and simulation engines from one syntax to another,

while preserving semantic meaning, is the Holy Grail of interoperability.

The key takeaway here is the need for a set of operations that can transform informational elements

in aDTEbetween arbitrary syntaxes. Theword element here is used to indicate a primitive entity shared

among any representation format. These elements and relationships form a foundational structure

which might then be expressed uniquely in a modeling language or simulation environment. Such a
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structure is commonly represented as a network, with elements as nodes and relationships as edges.

Research on networks stems from a wide variety of disciplines employing graphs for information

integration. Model integration was a major topic in the two decades prior to 2000 [118], with strong

contributions in graph-based paradigms given by Geoffrion [119] and Jones [120]. Their early work

in establishing modeling paradigms, schemas, and model components led to modeling languages that

sought to deconstruct how entities related to each other in pragmatic ways, such as in engineering

design decision-making [121].

This research has led to a broad adoption of knowledge graphs, entity-relation (ER) diagrams, and

networking flows to DTs and DTEs. Microsoft Azure uses a graph to represent the IoT elements of a DT

[122]. Du & Luo looked at creating graphs of a DTE that used correlation coefficients to relate between

variables [123]. Perhaps the most common use of a graph is a knowledge graph, which represents

semantic relationships between elements in a DT. The World Avatar, led by Computational Modeling

Group at the University of Cambridge, is a significant example of this type of representation [124, 125],

as shown in Figure 5.7. Other projects and researchers employing semantic knowledge graphs include

[94, 126, 127].

Figure 5.7: Example of a typical knowledge graph used in theWorld Avatar project for a global digital

twin.
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The basic theory of a knowledge graph is that knowledge (in the form of information) can be rep-

resented as a relationship between two entities [128]. A critical difference with constraint hypergraphs

is the independence of information. In a knowledge graph, each edge implies a characterized relation-

ship between entities. Two entities may be linked bymore than one edge, because theymight be related

in more than one way. For instance, the knowledge graph in Figure 5.8 shows two relations between a

person and an employee. These two edges are not competitive, rather they show different ways to relate

the two entities. The interpretation of these relationships is not given by a function, but rather through

some schema that interprets the “is a” and “works for a” labels.

Employee Person

is a

works for a

Figure 5.8: Simple knowledge graph showing two possible relationships between entities.

The use of a knowledge graph in this way does not encode the system’s behavior into the model.

While knowledge graphs are an excellent format for describing systems, their lack of mathematical rigor

leaves them unable to be executed, and therefore inadequate for doing system interrogation. Chapter 6

will show how constraint hypergraphs enable more robust footings for representing digital twins.
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CHAPTER 6

A Universal Foundation for Digital Twins

This chapter is based on the paper “Constraint Hypergraphs as a Unifying Framework for Digital

Twins,” which is under review in the IEEE Systems Journal [1]. It is available as a preprint on arXiv [2].

Abstract: Digital twins, used to represent physical systems, have been lauded as tools for under-

standing reality. Complex system behavior is typically captured in domain-specific models crafted by

subject experts. Contemporary methods for employing models in a digital twin require prescriptive

interfaces, resulting in twins that are difficult to connect, redeploy, and modify. The limited interoper-

ability of these twins has prompted calls for a universal framework enabling observability across model

aggregations. Here we show how a newmathematical formalism called a constraint hypergraph serves

as such a framework by representing system behavior as the composition of set-based functions. A dig-

ital twin is shown to be the second of two coupled systems where both adhere to the same constraint

hypergraph, permitting the properties of the first to be observable from the second. Interoperability

is given by deconstructing models into a structure enabling autonomous, white-box simulation of sys-

tem properties. The resulting digital twins can interact immediately with both human and autonomous

agents. This is demonstrated in a case study of amicrogrid, showing how bothmeasured and simulated

data from the aggregated twins can be provided regardless of the operating environment. By connecting

models, constraint hypergraphs supply scientists andmodelers robust means to capture, communicate,

and combine digital twins across all fields of study. We expect this framework to expand the use of dig-

ital twins, enriching scientific insights and collaborations by providing a structure for characterizing

complex systems.

©2025 IEEE. Reprinted, with permission, from John Morris et al. “Constraint Hypergraphs as a Uni-

fying Framework for Digital Twins”. Under review with IEEE Systems Journal (July 2025). DOI:

10.48550/arXiv.2507.05494.
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6. FOUNDATION FOR DIGITAL TWINS: INTRODUCTION

6.1. Introduction

Every thing in the world is a system, and every scientific endeavor is fundamentally concerned with

describing those systems and their behaviors. A system is a collection of things that affect the world

in unique ways when arranged together. Whether seed or rainforest, child or civilization, transistor or

satellite, a scientist works to understand how individual parts combine to produce the actions of the

whole [3]. Explanations of system behavior are expressed in modeling languages such as the algebraic

models used to represent systems of numbers, hierarchical charts for organizations, and diagrams of

electric circuits. By default, a model represents only a virtual system, meaning the system it describes

exists solely as information. For example, a model of child development describes not a specific child,

but a virtual child representing all children. But additional, specialized information can be revealed

by building models that describe a single, physical system. Such specific representations are termed

digital twins (DTs), and are employed to expose the complex interactions of real systems, allowing pre-

viously indiscernible relationships to be described. DTs leveraging modern data processing capabilities

have been proposed for solving problems in both scientific and industrial communities such as medical

diagnostics [4], global weather forecasting [5], and machine maintenance [6].

Because of the complexity of the systems they represent, high fidelity DTs end up being excruci-

atingly intricate. Their convolutions result in fragile representations that are difficult to maintain [7],

resistant to reuse and redeployment [8], and prone to failure [9]. More disconcerting is the difficulty of

connecting manually configured DTs with external agents, including other DTs [10]. As the scope of

studied systems increases to include more domains, DTs must aggregate into systems of systems, shar-

ing information and models with other DTs [11]. The challenge of forming interoperable DTs has been

described as one the most significant facing modelers [12, 13], prompting calls for a universal repre-

sentation schema for DTs [14–16] that “is reusable across multiple domains, supports multiple diverse

activities, and serves the needs of multiple users” [17].

Though many frameworks have been proposed [13, 15, 16, 18–26], the authors observe that each is

inhibited by the dualism of expressiveness at the cost of interpretability. Knowledge graphs [13, 16, 24,

25] represent the former end of the spectrum. With their connections defined arbitrarily, knowledge

graphs can represent any set of objects and their relationships [27]. However, to interpret the meaning
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of a relationship requires an extensive ontology, restricting their ability to externally integrate [20, 28].

Alternatively, more explicit frameworks may fully convey meaning, but only apply to systems within

a singular domain [18, 20], or with limited types of relationships such as Bayesian probability models

[26, 29].

The purpose of this paper is to propose a new framework for DTs that solves the paradox of gener-

alized interpretation by deconstructing system behaviors into the composition of set-based functions.

The resulting schema ismathematically rigorous, enables deterministic simulation of systems from and

across any domain, and providesmechanisms for ready integration of modelswith external agents. This

framework is demonstrated through building a DT for a microgrid, following the validation method-

ology of Pedersen et al. [30]. Although the application and formulations of this framework are new,

its methods will be familiar to mathematicians and computer scientists versed in the principles of the

lambda calculi [31] and functional programming [32]. It is the hope of the authors that applying these

principles to DTs will empower scientists and engineers in every field to solve the complex systems

framing society’s most critical challenges.

6.2. Overview of Digital Twins

The concepts of systems modeling are found in many fields, often resulting in competing inter-

pretations of common words. The purpose of this section is to precisely define some of these terms as

employed by the authors in themain paper. These interpretations are specific to this paper and intended

to be supplementary in nature; they are not meant to serve as a formal standard or supersede existing

definitions provided by works better suited for this purpose [11, 17, 33–38]. The traditional definition

of a DT is of a virtual representation of a physical system [33, 34, 39]. However, this definition conflicts

with the worldview where actions in the physical domain can only be carried out by physical entities.

Modern interpretations of DTs ascribe a verbose range of services for which a DT might be used for:

decision-making [35], receiving [40] and recording [41] system data, validating [42] and updating [37,

43] systemmodels, generating [44] and predicting [11] system states, controlling physical systems [45],

and communicating signals [46, 47]. To perform these physical actions, a DT must have some physical

aspect to it beyond being solely defined as a virtual entity. Carefully exploring the ontological nuances

of a DT allows greater consideration of how they can best represented.
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The goal of any agent is to affect the world to achieve some specific outcome. This is true whether

the agent is a swallow landing on a delicate branch, a synthetic automaton milling a workpiece, or

a scientist trying to prevent the rise of global temperatures. To properly influence the physical world

requires understanding of its complex network of interacting elements. Framing and characterizing the

real world creates structures that are virtual, not physical; composed not of matter, but of information.

Although entities in these two domains do not interact with each other, systems in the physical world

are better influenced by agents who understood them virtually.

Definition 5 (Virtual Domain) The domain whose quanta are information (always taken to be dis-

crete), the associations of which describe phenomena observed in the physical domain, and whose bounds

are finite.

Definition 6 (Physical Domain) The domain existing in space and time, the phenomena of which are

described virtually. Used synonymously with “real world.”

The physical domain is taken as including elements characterized as cyber, including electromag-

netic signals, transistor networks, and visual displays.

Definition 7 (Phenomenon) Some distinguishable portion or aspect of the physical domain.

Note that the physical domain includes both the tangible and intangible, such as phenomena that ex-

ist only in the future. This is important when considering DTs that represent these phenomena despite

their immateriality. A key aspect of virtually representing elements of the real world is distinguishing

the changes that result from interaction. This necessitates a definition of state:

Definition 8 (State) The description of a phenomenon by assigning a unique datum to each distinctive

arrangement, such that the phenomenon is characterized by only one value within any single frame of

consideration. Used synonymously with “state variable”.

Note how the authors’ use of state differs from the collective sense of the word as used in phrases

such as the “the total state of a system.” The authors refer to this as the state vector.

Definition 9 (Observation) The provision of a datum for a system state belonging to a single frame of

consideration.
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The values of a state are termed data. Because the primary aspect of a datum is that it can be

distinguished from another datum, the authors equate these data with the information given as the

quanta of the virtual domain [48]. The arrangement of states forms a system, defined in part here

although a more comprehensive and philosophical treatment of the topic was given by Cellier [49].

Definition 10 (System) A general description of some phenomena, consequently a virtual entity that

represents the physical domain as a collection of states. The term “physical system” refers to the phenomena

being described, while the term “model” refers to the virtual depiction.

Definition 11 (System Behavior) The restriction of the state values a systemcan exhibitwithin aunique

frame of consideration [50].

With this terminology, the goal of an agent interacting with the physical domain can be expressed

as bringing some system to a set of desired states. A DT should assist with this task, providing some

advantage in either understanding or manipulating the complexities of a physical system. There are

three processes by which a DT can do this: measurement, control, and simulation.

Definition 12 (Measurement) An observation made of the physical domain following specific interac-

tion with it by an agent.

Definition 13 (Control) The manipulation of the physical domain so that it exhibits a specific set of

states.

Definition 14 (Simulation) An observation of a physical system by an agent that is not coupled along

the state to be observed.

Each of these tasks are physical, and consequently must be performed in the physical domain by a

second physical system, called a twin, that is coupled with the SOI.

Definition 15 (Coupling) The synchronization of two phenomena such that changes in one engender

changes in the other. These changes occur across relationships between synchronized states.

The need for bidirectional coupling is well recognized as a requirement for a DT [34, 37], as each

process is enabled by a distinctive form of synchronization. Measurement is conducted by coupling
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the states of the SOI to the twin, so that changes in the first can be measured by observing the latter.

The reverse of this process is control, where arrangements of the twin cause the SOI to form a desired

configuration. Simulation is based on the independent evaluation of the twin, yet still requires coupling

with the SOI across the initial states from which the twin evolves. Additionally, simulation is only

effective if the two systems behave similarly, so that observing of the twin informs the agent about the

unmeasured state of the SOI.

The advantages in evaluating a twin versus the SOI come only if the twin has greater observabil-

ity. Twins should also be highly configurable, so that the cost of matching the behavior of the SOI is

minimized. Digital systems, whose states are described by Boolean variables, optimally provide these

traits. Because of this, the twin is nearly always implemented on a digital computer, and is consequently

termed a DT. DTs under this interpretation are physical rather than virtual, generally composed of tran-

sistors characterized by Boolean states. The example in Figure 6.1 provides an intuitive demonstration

a DT, where the digital counter allows the states of the lightbulb system to be understood either through

measurement (where the lightbulb system informs the digital one) or simulation (where the DT infers

the state of the SOI). This motivates the following definition:

Definition 16 (Digital Twin) A digital system coupled to another system so that each can affect the

states of the other, configured so thatmeasurement of the digital system engenders observation of all desired

states of the other system.

Because these processes are performed via the DT, it is always possible to enact them by manipulat-

ing and observing the DT’s states. Both measured and simulated values are relayed to an agent through

observation, while control sequences are triggered by certain states and verified by others. From this,

the authors posit that for a framework to represent aDT it is sufficient to providemechanisms for setting

and observing the state of a DT.

Given this minimal interpretation, it is necessary to clarify the usage of DTs in practical deploy-

ments. Although control is not the primary purpose of a DT, it is often used to represent the control

aspects of a real system [51]. For each of the functionalities of a DT listed at the beginning of the section

there is some aspect of the physical domain that must be influenced, whether transistors in persistent

memory, actuation of a manufacturing machine, or illuminating pixels on a display. A virtual entity
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does not perform these physical actions, rather it describes the system behaviors that lead to these ac-

tions occurring. An agent that understands the virtual description can then configure “the physical

system [to] emulate themodel” [52]. For instance, the microgrid DT in Figure E.2 could be used to turn

on and off the diesel generators (as shown in Figure 6.5) when the balance of the grid is overloaded.

While the actual automation would occur along some coupling between the digital system and diesel

generators, the representation of this action would be given by relating the balance of the grid (a state)

with the status of the diesel generators (another state), the first serving as the trigger and the second

one verifying that the action was performed correctly. Observing these values and enforcing their re-

lationship is equivalent to performing the control task, assuming that the twin and SOI are coupled

bidirectionally.

Semantic clarity is obtained by realizing that services provided by a DT (such as automation or visu-

alization) are simply phenomena of the real world. Including these phenomena in the SOI allows them

to be measured and influenced by the DT. The authors have demonstrated this separately by perform-

ing automating solid geometrymodeling by expressing the functions of Computer-AidedDesign (CAD)

software within a constraint hypergraph [53]. It is consequently their belief that the minimalistic inter-

pretation of a DT as a tool for measurement, control, and simulation includes all possible services that

can be configured on a digital platform; a generalization rather than an exclusion that will hopefully

allow DTs to find use in a variety of fields and applications.

6.3. Nature of Digital Twins

To maximize the application of the proposed framework, the authors have elected to consider DTs

as generally as possible, focusing on the essential functionalities that a DTmust provide. The definition

of a DT is commonly given as a virtual representation of a physical system [34, 38, 39], used to inform an

agent (whether human or automaton) about the state of some system of interest (SOI) in lieu of direct

measurement. Their usefulness stems from the enhanced observability of a digital system, where infor-

mation about the system is obtained with greater ease from the DT than the SOI [17]. Exposing system

states allows agents to make decisions within the context of the SOI [44], converting virtualizations

into actions influencing the real world. A state is a property of a system that is distinguishable from

something else [48], such as the status of a lightbulb or the fuel level of a generator, and which can vary
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(or evolve) over a range of values [50]. In this way an agent can distinguish between the lightbulb being

on or off, or fuel level being full versus empty. The goal of an agent is to observe a set of state values

exhibited from the SOI. If all states can be directly measured, then no DT is necessary. This is, however,

not predominantly the case, necessitating the construction of a DT that informs the agent where direct

observation of the SOI is untenable. The DT performs this through one of twomechanisms: direct cou-

pling, where the DT updates in accordance with corresponding properties of the SOI; or simulation,

where the DT evolves under a prescribed manipulation from some initial conditions until it approxi-

mates the unmeasured facts [49]. The combination of these allow an agent to observe the SOI’s state

through indirect measurements of the DT. Both mechanisms require a connection from the SOI to the

DT enabling the latter to reflect the states of the former [11]. The authors posit that a digital system

providing these mechanisms, along with the necessary intersystem connection, constitutes a DT.

A mock example of a DT is introduced in Figure 6.1 to motivate this limited definition. In the

figure is an electrical circuit consisting of two lightbulbs connected by a bimodal switch such that only

one lightbulb is illuminated at any instance. The disjointed bulbs form the SOI for some agent who

desires to know which light is illuminated. To this end, the agent assigns two values to each lightbulb

corresponding to whether the lightbulb is recognized as illuminated (on) or not (off ). If the SOI is

fully observable then discovering the current status of each lightbulb is trivial. A more significant case

to consider is if the lightbulbs are obscured, preventing direct measurements. A solution involves the

construction of theDT shown on the right of Figure 6.1, consisting of a box containing a pair of counters

each capable of showing boolean integers zero or one. This DT is coupled to the SOI (perhaps via

photoresistive sensors) so that the counters correspond to the various states of each lightbulb: one for

on and zero for off. In this context, coupling refers to connecting the signals from one system to another,

so that part of the state of one system is shared by the other. The degree of coupling determines whether

the prescribed states of the SOI can be identified through observations of the DT.

It is, however, more likely that a SOI cannot be fully coupled to a DT, preventing some facts of the

SOI from being exposed to the DT. To exhibit these data, the DT must be configured to have the same

behavior as the SOI. Then the SOI and the DT will evolve commensurately, and the facts of the SOI

can still be exposed. In the mock example, the behavior of the SOI is shown at the top of Figure 6.1,

which describes the mutual exclusion of the states for the first and second lightbulbs. This behavior
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Figure 6.1: A visual description of a DT, with the system of interest and digital twin shown on the left

and right respectively in the bottom (physical domain), and a virtual representation of shared behavior

of the two systems at the top (virtual domain). For this example, the system of interest consists of two

lightbulbs connected by a bimodal toggle switch such that only one bulb illuminates in either position

of the switch. The digital analog similarly possesses two digital counters capable of displaying only two

boolean numbers, 0 or 1.

can bemimicked by connecting the boolean counters of the DT so that the left counter only displays the

opposite value of the right. After implementing this behavior, theDTneeds only to observe a single light

to manifest the states of the entire system. Note that DT and SOI do not share any common physical

properties: the SOI is electrical; the DT is mechanical, with digital counters. Yet the interpretation of

the two systems results in the same virtual specification of a set of states (represented by two boolean

variables) and the behavior relating these states.

6.4. Representing System Behaviors

This example shows that a DT is a physical, digital system configured in such a way that, when

observed, facts of another system can be understood. By necessity, this digital system is programmed to

behave similarly to the SOI, so that experimenting on theDTproduces the sameoutput as corresponding
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experiments of the SOI [54]. Any framework proposed for constructing a DTmust explicitly reproduce

this shared behavior, motivating consideration of how system behavior is defined for simulation.

Simulation is only possible if the agent can discover a relationship between known and unknown

facts. These relationships describe a system, and the agent’s description of these relationships is a sys-

temmodel [49]. Each relationship describes the effect of one variable on another. Willems [50] showed

that the specification of all such relationships constitutes a system’s behavior, and further that the ef-

fect of any behavior can be described as the restriction of the affected variable’s possible values. For

example, each light bulb in Figure 6.1 is constrained to only manifest the alternate state of its neighbor.

Collecting restrictive relationships together results in an underdetermined model of a virtual system.

Reality is generally much more deterministic [52]. Merely reducing a variable’s exhibitable values

is not indicative of a reified system, which must be temporally consistent, meaning that each variable

exhibits only a single value within any frame of consideration [52]. To simulate an unknown fact,

an agent must discover relationships that reduce the set of possible values for a variable to a single

datum. A function is the algebraic mechanism for mapping a value of one set to a value of another,

consequently, a simulatable system model is one composed of functions. This can be illustrated by

assigning variables to the bimodal lightbulb system in Figure 6.1, namely light1 and light2, which

each can exhibit the states on or off. The behavior of the first bulb is given by the constraint between

light2 and light1, described by a function 𝑓 in Equation 6.1:

light2
𝑓
−→ light1 ≔ [

on

off

]↗↘ [
on

off

] (6.1)

As long as the SOI and DT in Figure 6.1 share states and behavior, equivalent state variables and

functions can be applied to the digital display, as in Equation 6.2, where 𝑔 is equivalent to 𝑓.

counter2
𝑔
−→ counter1 ≔ [

1

0
]↗↘ [

1

0
] (6.2)

The collection of all known prescriptive functions can be arranged as edges in a graph, with each

edge connecting nodes that represent the system variables they relate. In multiple-arity relationships

the function maps each combination of the domain variables to a unique value in the codomain. The
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inclusion of multiple variables (or nodes) in the domain makes the relationship a hyperedge, and the

resulting holistic structure is termed a constraint hypergraph (CHG).1 A technical definition is provided

in [55], which establishes that any explicit system behavior can be represented in a CHG. This is im-

portant for a potential DT framework, which must reconcile any models used to stipulate the behavior

shared between the DT and SOI into a unified representation. While hypergraphs have been used for

representing cyber-physical systems before [56–60], they have not been configured to describe system

behaviors.

An example of a CHG is shown in Figure 6.2, where the arrows (edges) show how the state variable

comprising the edge’s codomain can be constrained given values for each node in the edge’s domain.

Simulation is conducted by traversing a path from a set of nodes with known values to a node whose

value is desired to be simulated.

Figure 6.2: A simple CHG of a microgrid, with nodes for three grid actors (a photovoltaic array 𝑃,
diesel generator𝐺, and utility connection𝑈) alongwith associated nodes. The behavioral functions that
relate them are given by the arrows (pointing to the target) labeled with the algebraic rule governing

the mapping.

6.5. Implementation of Digital Twins

Redefining a DT as a physical system sharing the behavior of another system clarifies what essential

actions a framework must provide to implement a DT. In a system whose scope is not changing, the

authors posit that there are two primary actions that a DT framework must support: (a) coupling the

1CHGs are described most succinctly as a partial subcategory of Set.
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SOI to the DT, so that the DT has a shared-state with the SOI; and (b) configuring the DT to share

the behavior of the SOI. Additionally, if the scope of the twinned system is changing, a framework

must additionally (c) providemechanisms ensuring the twinned representation is valid in the redefined

context.

The first action is perhaps the most commonly provided functionality, generally implemented by

sensors observing the SOI to the DT, such as an Internet of Things (IoT) network. Such a platform

allowsmeasurements of the SOI’s state to be reflected in some repository, establishing a fully serviceable

DT only if all information of the SOI is collected in the database–a rarity for representations of complex

systems. To manifest information that cannot be measured, a DT must also twin the SOI’s behavior.

This occurs through the provision of models to the DT, which describe how observed inputs may be

transformed into unobserved state values. CHGs adeptly perform these two tasks, storing all considered

facts as nodes in the systems, and deconstructing models into the edges relating them. A serviceable

DT further provides mechanisms for simulating the behavioral models. In addition to fulfilling the first

two actions, the primary advantage of using a CHG to represent a DT is this ability to autonomously

compose simulation processes. The combination of coupled states and simulatable models allows all

desired information of the SOI to be observed via the DT, whether that data is measured or simulated,

fulfilling the purpose of a DT.

While this alone merits consideration of a CHG as a formal framework for DTs, additional advan-

tages derive from their ability to be redefined in different contexts. This last action required for rep-

resenting a DT–proving a valid representation following arbitrary changes of the SOI’s scope–is often

characterized as interoperability [12] or extensibility [61], with the challenge of providing it being de-

scribed the most significant barrier to widespread adoption of DTs [62]. Adapting a definition typically

employed for software development to a DT, extensibility is the twin’s ability to validly manifest a SOI’s

facts despite changes to the SOI’s scope [63]. A model referencing the weight of a vehicle, for instance,

might be extensible for changes of the vehicle’s simulated location only as long as the location is on the

Earth.

Providing extensibility for DTs adds additional complexity due to the expected use of a DT in form-

ing system of systems representations [16, 45]. Combining DTs into arbitrary aggregate systems is akin

to modifying the scope of the original SOI; for example, a DT of a tire and of a car might be combined,
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expanding the scope of the SOI to the tire + car system. An effective framework ensures the repre-

sentation of the individual systems remains valid across such scope changes, or else highlights when

the representation is potentially invalid. This is especially important given the notion that systems are

continuously changing, necessitating DTs that can evolve their virtual representations alongside the

physical SOI [37, 64].

Decomposing a system into facts and behavioral constraints reveals the two vectors alongwhich sys-

tem scopes can change: first, adding or removing system data; and second, updating the relationships

between that data. The two form the opposing sides of a modeling dilemma referred to as the “Ex-

pression Problem” [65, 66], which describes the difficulty of guaranteeing consistency after arbitrary

updates to a model. Famously, a framework can generally be configured to be extensible for changes to

either behaviors (relationships) or data, but not both [67]. Such configured frameworks are respectively

described as either functional or procedural [68]. CHGs are intrinsically functional. This means that,

while adding or removing facts in the system can indeed affect a CHG’s consistency, modifications of

a CHG’s edges do not affect the validity of its representation, a characteristic referred to as having no

side effects [32]. This is especially useful for DTs, which generally concern an explicitly defined system.

Behavioral consistency also allows users to update the models of a DT without needing a priori knowl-

edge of the global system, greatly reducing the sensitivity of maintaining a convoluted DT architecture.

Examples and further discussion on these points are provided in the Methods section.

6.6. Overview of Microgrid Demonstration

The claimof CHGsbeingused as a framework for deployingDTswas validated following themethod-

ology of Pedersen et al. [30] by specifically demonstrating a CHG-based DTmade for microgrid system.

A microgrid is an energy grid that operates semiautonomously from a standard utility network, pro-

vide additional flexibility to organizations whose needs go beyond the capabilities of established grids,

such as renewable energy producers [69]. Microgrids are composed primarily of energy sources and

sinks, here referred to as actors. The system in question, overviewed in Figure 6.3, consists of an ar-

rangement of grid actors including two diesel generators, a photovoltaic array, a battery energy storage

system (BESS), and several energy loads scaled at three possible levels. The system also accounts for

connections to the utility grid. Determining the behavior of the microgrid, including the power pro-
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duced or consumed by its various actors, requires knowledge of loads on the system, the viability of

all intermediary connections, and live information on energy fluctuations, such as the availability of

solar-generated power. A DT might be used for monitoring purposes as well as testing, with specific

importance placed on describing the resilience of the grid to cases of random failure or sabotage [70,

71].

Figure 6.3: Overview of the physical microgrid system showing ten grid objects connected along two

busses: five capable of providing a supply (generators, utility grid, solar cells, and the batteries) and six

objects that may receive power (buildings, data center, and batteries).

The microgrid DT was individually validated by amending it to represent a test-scale microgrid

that was operated over a three-day span in Monterey, California in the United States. This bench-top

microgrid included a photovoltaic array, a BESS, one diesel generator, and an applied resistive load of

approximately 0.7 kW. The DT represented these grid actors by using data inputs from the solar cells

and load to simulate the states of the BESS and generator. Comparisons between the test run [72] and

simulated values are shown in Figure 6.4, visually demonstrating its fidelity to the real system.

6.6.1. Development

The broader CHGwas derived from standalone, generic models originally developed by researchers

associatedwith theU.S. Navy [73–75]. Thesemodelswere developed in largely imperative formats, such
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Figure 6.4: Validation of microgrid DTModel comparing data of the states of the four grid actors both

simulated and compared to values observed during a 43-hour test run of a limited scale microgrid in

Monterrey, California in April 2025. The dashed lines indicate observed values (directly coupled to the

DT), while the solid lines indicate simulated data. Simulated data is overlaid on top of translucent lines

indicating the data observed from the validation run.

as Microsoft Excel workbooks, MATLAB scripts, and Python modules. By deconstructing these into a

CHG, themodels could be simulated declaratively, rendering an effective DT. The process of conversion

from a procedural model to a CHG involved four steps:

1. Identify facts from the system. Facts are any piece of information identified in the modeling

process, including variables, parameters, or outputted data. These are listed as the nodes of the

CHG in-preparation. Facts that were measured from the real system, such as solar irradiance

or building usage rates, were set as initial values of their corresponding nodes, establishing the

important connection between the virtual model and the physical SOI [37].

2. Identify relationships between these facts. Each relationship is described as an edge in the

CHG. The partial hypergraph is visualized in Figure E.2, with edges representing static database

queries, discrete-event simulation, linear system solving, stochastic relationships, and file in-

put/output.

170



6. FOUNDATION FOR DIGITAL TWINS: OVERVIEWOF MICROGRID DEMONSTRATION

3. Organize the model. The described nodes and edges are parsed and stored into a persistent

collection.

4. Interrogate the model. An autonomous agent capable of searching the graph provides obser-

vations of the underlying SOI by connecting known inputs with desired outputs along discovered

paths in the graph.

594 variables were identified for Step 1, corresponding to various parameters and states of the mi-

crogrid system, as well as settings for the simulation itself. These are tabulated in the Table D.4. The

collection of all variables forms a state vector, and encodes every dimension along which the system (as

described) may evolve. These states blend common interpretations of properties, attributes, and class

variables. For instance, the states of a BESS include its current charge level, capacity, but also properties

such as its maximum output. If any of these are observable to the modeler–such as from vendor spec-

ification sheets–they can be provided as inputs to the CHG, in which case the simulation of that node

is the trivial provision of the input node’s value (where input equals output). Other properties in the

system include system facts conveying simulation settings, data directories, and timing variables. The

latter is an interesting aspect of CHGs, where time is considered an observed state of a system, rather

than as a universal property (such as in system formalisms given byWymore [76] or Ziegler [77]). The

benefit of this is that time can be considered uniquely for composing subsystems. Reconciling two

models is contingent upon reconciling time steps and counters, a process captured in reconciling the

CHGs.

The edges for each system are based on imperative models written by Peterson [75] that were con-

verted to a functional structure. The relationships are of a varied nature: some are algebraic, such as the

relationship between the number of seconds in a minute and the number of seconds in a year, others

are more procedural, such as the functions calculating whether the BESS should be charging based on

its charge levels and usage requirements. In every case, functions represent the lowest level of abstrac-

tion in the system–a black box within which the solver does not consider system complexity. These

black boxes can be incredibly complex if needed; the function relating which grid members should be

utilized over a given time step, for example, is calculated via a series of Pythonmethods. By abstracting

these steps into a single function, all the sub-variables and relationships in the methods are abstracted

away so that they cannot be connected to other nodes in the graph. This is the unfortunate necessity
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of any systemmodel, which must include a scope beyond which entities are not considered. Functions

give this primitive level of abstraction.

6.6.2. Use of the Microgrid Digital Twin

Every path in the hypergraph is a potential simulation pairing a set of known inputs to a unique

output. Deploying a CHG following its construction requires an engine capable of storing a CHG, pars-

ing its members, and searching for a path mapping a set of inputs to an output. Such an engine may

accomplish these tasks through any means, with its specific implementation affecting its efficiency of

computation. Note that the performance of an engine is only tangentially related to the theoretical

proposals here, and is consequently not explored in this study. The engine used by the authors for

this article was a custom solver written in the Python programming language titled ConstraintHg[78],

which employs a breadth-first search algorithm. Measured values (system information that is provided

as an input) are given by discovering the trivial loop leading from a node to itself. In this case the engine

acts as a database-management system: locating the fact’s corresponding node and returning the stored

value. Non-trivial paths supply simulated information, such as the projected cost of fuel for running

the generator. In this case the agent seeds possible paths starting from each input, extending each path

(a tree with inputs as its leaves) until one reaches the node corresponding to the desired output. The

edges in the path represent the series of functions that, when composed, map the input set of the path’s

leaves to the path’s root. The result of calculating each of these functions is the desired output.

After building the CHG and integrating it with the solving engine, the microgrid model was used to

demonstrate several possible use cases of a DT:

1. Data collection: Relational database querying is perhaps the most similar form of system mod-

eling, where each table represents the functional mapping between sets of values. In this case,

the inputs for solar irradiance were taken from data sets compiled by the National Renewable En-

ergy Laboratory (NREL) for Monterey, California, USA over the years 2000 to 2010 [79, 80]. All

aspects of data querying including file locations, column names, and primary keys were included

as nodes in the hypergraph, allowing for full data retrieval and visualization, as shown with the

dashed lines in Figure 6.4.

2. Control: Although the DT was implemented post-data collection as a mock example, feedback
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control was demonstrated by providing a controller strategy for the generator and BESS systems

that prioritized lower-cost energy sources (such as the photovoltaic cells). Figure 6.4 shows the

BESS switching from receiving to producing power, as well as the generator simulated as turning

on to provide power to the grid when needed. Coupling the digital system to the microgrid actors

would enable such real-time feedback to be implemented in the SOI. Methods for implementing

such coupling have beenwidely shown, including programmable logic controllers (PLCs), MQTT

messaging services, or built-in microcontrollers.

3. System Interrogation: Interfacing with the DT is the act of observing a state of the SOI. Themi-

crogrid DT enables universal interrogation of the microgrid’s states by autonomously preparing

simulation processes. This is programmatically conducted by calling the solve(<state>) func-

tion in the ConstraintHg package, passing it the name of the node representing the state to be

queried. The takeaway from this is that an agent needs only to know the name of a state and have

access to the solvemethod to be able to make full use of the DT. Serialized data, such as the time

series of an actor’s power output, can be provided by returning each value solved for along a path.

Plots of serialized data are given in Figure 6.5 and 6.4.

6.6.3. Limitations

Many of the limitations of using CHGs to frame DTs are born from the nascent status of the sup-

porting technologies. The custom solver used in this study, ConstraintHg, is limited in its solution

speed and usability. In particular, the breadth-first search conducted within ConstraintHg to compose

simulation paths is exhaustive and consequently computationally expensive. However, because these

practical limitations are not tied to the theoretical foundations of CHGs, the authors suppose that future

developments can address these early issues. Real time monitoring and control with DTs will require a

more optimized approach, possibly leveraging search heuristics that allow quicker convergence to the

optimal path.

Another reason limiting the scalability of systems is that pathfinding must be performed for every

new input-output pairing. This is because a CHG is only a partial category, such that two functions

that share a codomain and domain are not guaranteed to compose. Due to this partiality, a path in the

hypergraph is only guaranteed to be solvable for its given set of inputs. For instance, a model within
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Figure 6.5: Demonstration of Microgrid CHG showing two simulations of the states of all grid actors

over the same week-long span, with the top plot showing states of actors with the utility grid not con-

nected (islanded) and the bottom plot showing the opposite.

the microgrid for calculating the power received from the utility grid is to check if the utility network

is connected to the microgrid. If it is not, then the power received is zero. This model can be explicitly

written as an edge 𝑒 between two nodes 𝐴 and 𝐵, the first representing the connection status of the

utility grid, and the second one relating the power it is providing. Note that 𝑒 is only valid if the 𝐴 is

set to be False; there is no mapping provided from 𝐴 to 𝐵 by 𝑒 if 𝐴 is True. This extends to any path

containing 𝑒. A pathfinding algorithm that encounters 𝑒 cannot then knowwhether 𝑒 can be composed

into a valid path until it is supplied with a value for 𝐴, provided either by simulating an edge connected

to𝐴 or passed as an input to the search sequence, precluding a priori traversal optimization by common

methods such asDjikstra’s algorithm [81]. The authors address this inConstraintHg by simulating every

encountered edge in the search, so that the domain for every edge is always known to the solver. While

this is guaranteed to be convergent, it is undeniably an untenable solution for scaled systems. It is the
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hope of the authors that this, as well as the problem of scope changes described in greater detail in

Supplementary Information 6.8, can be addressed through continuing studies into the mathematics of

CHGs.

6.7. Handling Uncertainty with Constraint Hypergraphs

Uncertainty is inherent and omnipresent in representing reality [82], making how to reconcile with

uncertainty an essential question for any modeling endeavor [83]. As a modeling framework, a CHG

neither adds nor removes information to models adhering to its formalisms. However, deconstructing

model elements into the nodes and edges of a CHG can provide significant insight into the uncertainty

pertaining to a system representation. The tools provided in understanding uncertainty are best under-

stood when framed against the three types of uncertainty described by Isukapalli et al. [84]: natural

variability, model uncertainty, and data uncertainty. This section describes each of these as well as how

they can be expressed and understood within the syntax of a CHG.

Background

Natural variability is the uncertainty in amodel due to the imperfect approximation of physical phe-

nomenon. As described in Chapter 2, information is a bounded, finite representation of the physical

domain. Such discrete descriptions are inevitably insufficient for capturing the complex interactions of

reality. For instance, while the connection between Brazilian butterflies and tornados in Texas could

be identified [85], expressing the interaction as a direct relationship fails to identify the other features

salient to the system’s behavior. While the demonstrative relationship between butterflies and torna-

does is highly variable, similar variability is inherent in any considered model (though ideally on a

reduced scale). The incongruence between the physical phenomena and its virtual description is in-

tractable, meaning that it cannot be reduced by the efforts of a modeler [86]; no matter how careful

modeler measures the butterfly wing beats, the resulting model will fail to perfectly explain tornado

formation. This is described in Figure 6.6, which shows an illustrative plot of a model predicting so-

lar irradiance based on the time of year. The relationship between these two phenomena is stochastic

rather than deterministic, and is described by the probability density function. This is shown as the

color map of the plot where brighter colors are more likely to be measured as real values. No model
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Figure 6.6: Illustration of modeling uncertainty for a relationship between day of the year and the

average solar irradiance. The true value for irradiance is given probabilistically as the color map with

brighter pixels indicating a higher likelihood of measuring a value in the given range. Twelvemeasured

values are given by the black X’s, each of which have some associated error that is often described using

a measurement tolerance. A model, given by the blue line, is fit to the measured values with visible

discrepancy between themodeled andmeasured values. Note that all data in the figure is synthetic and

given for illustrative purposes only.

will perfectly capture this stochastic distribution.

Distinct from natural variation is data uncertainty, which is associated with the fidelity between

the inputs provided to the model and the state of the physical system they represent. Each input is a

datum that represents the specific measurement of some real world phenomenon. Measurement error,

resulting for instance from the resolution of a measuring device or process, forms a key aspect of data

uncertainty. An example is given by the measurements of solar irradiance shown by the black Xs in

Figure 6.6, which cannot be guaranteed to align in the exact position provided. The data uncertainty is

described by the error bars describing the tolerance of each measurement.

The final form of uncertainty is model uncertainty, describing unknown information associated

with the structure of the model. The formation of every model is based on assumptions. For instance,
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the interpolation of the measured data points in Figure 6.6 assumes that the solar irradiance follows

a polynomial curve. Assumptions for calculating the energy production of a diesel generator might

include the fuel being available and that the combustion cycle performs normatively. Each assump-

tion is an aspect where the model might disagree with the real world, resulting in error. In addition to

assumptions in model relationships, the modeler makes assumptions as to how data should be repre-

sented. While data uncertainty is the consideration of whether the diesel generator’s fuel level is full or

empty, model uncertainty is manifest as the assumption that fuel levels can only be full or empty. These

two forms of uncertainty can be reduced and even eliminated through the efforts of the modeler [87],

such as considering states with a higher degree of resolution or making more refined assumptions.

Expression in a Constraint Hypergraph

The structure of a CHG–its nodes and edges–provides an excellent framework for considering un-

certainty in a simulation, particularly that attributed to data and model uncertainty. Nodal elements

qualify a system’s scope, while their values describe its resolution. Edges represent the assumptions

inherent in the model that might need to be accepted to simulate specific information. More specific

details can be found by describing how each form of simulation uncertainty is expressed by these two

elements.

The fact that natural variability is not reducible relates to its inability to be represented in a model.

It is instead the variation inherent in the form of representation selected by the modeler. As such it is

not captured within the CHG, but it can be framed through use of the CHG. For instance, although the

variability in the relationship shown in Figure 6.6 between the time of year and solar irradiance cannot

be shown in themodel, it can be estimated by comparingmeasured values against repeated simulations

run over a sampling space (such as viaMonte Carlomethods). These efforts benefit from a CHG, whose

structure defines the explicit space for all simulations as well as their construction via the pathfinding

measures described in the Methods section.

When an agent prescribes a value for a node they introduce information to the system from out-

side the model. This represents data uncertainty–the unknown accuracy of an assigned input. Like

natural variability, data uncertainty is generally not captured explicitly in a model, as the information

is derived external to the model’s scope. However, the flexibility of a CHG allows quantified values
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of uncertainty, such as the tolerance stack of a measurement process or the confidence interval for a

simulation, to be included as a node in the graph representing the specific datum. Treating uncertainty

parameters as states in the system reveals the relationships between a model’s uncertainty and its sim-

ulated outcomes–an important aspect of using models for decision-making and risk estimation.

Contrasted with the first two forms of simulation uncertainty, model uncertainty is intrinsically

captured in the structure of the CHG. Nodes encode the set of all distinguishable ways some phenom-

ena can be characterized. As such, each node provides the resolution of the model corresponding to

the specific phenomena considered. Furthermore, the scope of the system is explicitly given by the

collection of nodes pertaining to the CHG. Assumptions in the model are always made in reference to

this scope. The microgrid model, for instance, contains no nodes relating to the states of transformers

or inverters on the grid. This consequently limits the model’s fidelity, or ability to capture the effects

of these actors on the rest of the system. If the exclusion of such phenomena affects the output node’s

value significantly, then a method of recourse is to include a node in the graph that aggregates uncon-

sidered phenomena into a single value that accounts for the noise between simulated and measured

values [37].

Edges represent the relationships prescribed between phenomena. Descriptions of relationships

are virtual arrangements rather than physical constructs, and are consequently based entirely on virtual

assumptions of the behavior of the real world. These assumptions are implicitly given by each edge,

such that conducting a simulation implies acceptance of the underlying assumptions for each edge in

the simulation path. For instance, Figure 6.4 shows an obvious discrepancy between the simulated and

observed outputs of the diesel generators in the validation study. This is due to the assumption present

in the DT model that the discharge profile of the diesel generators was uniform, while the controller

in the real-world test applied a non-linear reduction at the end of each discharge cycle. Like with data

uncertainty, specific quantified values of uncertainty (such as comparisons to measured data) can be

included as nodes in the graph, showing the relationships of uncertainty parameters to the simulated

outputs.

Assumptions of the real world relate to data uncertainty as well, in that the modeler assumes that

an input is appropriate within the validity frame of the model. This is distinct from verifying whether

an inputted value lies in the domain of an edge in the simulation path–instead it is the assumption that
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the provided input accurately represents the corresponding phenomena. As with other assumptions,

claiming an input to be appropriate can be expressed by an edge in the hypergraph. However, rather

than relating two distinct nodes, assumptions on inputs are captured in loops: edges that have the same

node as their source and target. This is the identity element in the category of a CHG, and its existence

permits the expression of all modeling assumptions to be expressed solely by the edges in the graph.

Assumptions are the fundamental construct of any virtual representation, but are uniquely framed

by aCHG.By representing systembehavior as functions, relationships can be decomposed into chains of

smaller edges. This allows each assumption to be isolated to a singular modeling construct. In addition

to the increased precision in identifying assumptions, CHG models can be uniquely arranged to target

or avoid specific assumptions depending on the needs of a modeler. Situations that require greater

accuracy or execution time might prefer accepting different models. A CHG allows every simulation,

with its inherent assumptions, to be compared by the modeler.

6.8. Digital Twin Composition with Constraint Hypergraphs

Figure E.2 holistically describes themicrogrid system. However, each collection of nodeswithin the

greater CHG–along with the edges that relate them–form a sub-CHG, equally valid if not more limited

in scope. These sub-CHGs often relate to specific components of the microgrid system, such as grid

actors or transmission infrastructure, and can be consequently perceived as forming a DT of that iden-

tified subsystem. Integrating these subsystem DTs into an aggregate DT illustrates one of the greatest

challenges with providing DTs: interoperability [62]. Interoperability is an agent’s ability to exchange

information with another agent in a manner that preserves the meaning of the information [88]. The

case for why DTs need to be interoperable to usefully represent a system is based on two reasons: the

first is that all systems are composed of systems and are themselves subsets of other systems. An ad-

equate representation of such systems of systems requires a DT that can interface with other DTs [16,

45]; e.g. a DT of a car with a DT of a tire, a tire DT with one of a road, etc. The second reason–known at

least as early as Heraclitus–is that all systems change. As a consequence, all DTs must be able to adapt

when the behaviors or scope of the SOI evolves [37, 64].

Maintainingmeaning in aDT is not as simple as prescribing a defined interface bywhich all prospec-

tive DT connections must abide. The microgrid is an excellent illustrative example, since the behavior
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of each grid actor is affected by the other actors to which it is connected. A rigid interface for a DT

of a battery would need to define a priori how connecting to a diesel generator or utility grid would

affect its output. This is only possible if the behavior of the DT is independent of any connected system.

An independent system is typically encapsulated; because its behavior does not change, the only thing

required for simulation is serialized messages concerning the state of connected objects, often passed

along ports [89]. Such a priori independence is an untenable requirement for DTs representing the re-

active systems typical of reality. Key to this conundrum is understanding that connecting DTs does not

form a system of independent systems, but rather a new aggregate system that consumes the interfacing

models. Because of this, the problem of interoperability does not concern interface connections, but

rather changes to the scope of the system representation. For twoDTs to interoperate, their interactions

must be captured in the aggregate system.

Forming an aggregate system is the result of either adding or removing information, the last of the

three operations performed on persistent data. Because a CHG fully captures a system description, the

types of changes typical of DT interoperability can be described by the possible modifications that can

bemade to a CHG. In this sense the term interoperability is equivalent to extensibility [65], as employed

in the development of programming languages.

There are two entities in a CHG: edges and nodes. Adding or removing an edge in a CHG amounts

to redefining the behavior of the represented system, e.g. modifying the relationship between solar ir-

radiation and power supply, 𝑓 ≔ (𝜂, 𝐼, 𝑎) → 𝑃 from 𝑃 = 𝜂𝐼𝑎 to 𝑃 = 𝜂𝐼𝑎(1−𝜂) defines a new interaction

between the domain (composed of the Cartesian product of 𝜂, 𝐼 and 𝑎) and codomain 𝑃. Because CHGs

are function-based in the same sense as languages such as Haskell and pure LISP, behavioral modifica-

tions of a CHG’s edges do not affect the consistency of the graph, a characteristic referred to as having

no side effects [32]. In other words, observations of a fact in the system are not affected by adding edges

to the graph. The same is true for removing edges, as long as the observation is not exclusively depen-

dent upon a simulated path along the removed edge. Additionally, a CHG’s functional nature allows

it to reveal a type of emergent behavior resulting from non-localized interactions. If the cost of run-

ning the microgrid is influenced by the power output of the photovoltaic array, and a separate model

describes how that power output is affected by the day’s weather, then combining the two graphs along

the shared variable allows the interaction between weather on operational cost to emerge.
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Behavioral interoperability–changes along a system’s relationships–is the first type of interoperabil-

ity. The second involves adding or removing system facts corresponding to the nodes in aCHG.This type

of interoperability is less well-defined in functional models which struggle with adding new variants

of information. This result is studied under the label the “expression problem” [65, 66], with Wadler

famously describing it as a table, where extending the rows requires fixing the columns and vice versa.

Allowing both rows (behaviors) and columns (facts) to be extended without a posteriorimodifications

is famously difficult [90].

With CHGs, there are two potential issues with adding or removing nodes from the system. The

first is highly tractable, in that adding or removing nodes disrupts the definition of any connected edge,

which must be redefined to accommodate the new nodes. This problem is highly localized; because

edges can bemodifiedwithout side effects, the disruption of modifying a node is limited to its connected

edges, and does not propagate further in the graph. The second issue is that changing the considered

scope of the model potentially invalidates the assumptions undergirding each model relationship. For

example, the relationship calculating the maximum power generation capacity of the microgrid might

be defined as summing the individual capacities of each grid actor. Such a relationship might be based

on the assumption that all actors capable of generating power form part of the domain of the edge. This

assumption is valid in the scope of the system as defined. However, if the scope changes to include, for

example, a wind turbine on the microgrid, the assumption is invalidated, and the demonstrative edge

would need to bemodified by someone a posteriori in order to accommodate the proposed scope change.

There are several potential solutions to this problem (some reviewed in [65]), which are the subject of

additional research.

6.9. Conclusion

The behavior of a system is a virtual concept, and can be represented as a set of explicit constraint

functions acting on the state variables of a system. These functions and variables can be composed into

amathematical structure called a CHG, a declarativemodel of a system that can be used in constructing

analogously-behaving DTs. CHGs do not replace other modeling systems; rather they integrate them

into a cohesive, global model. This model can be used to interrogate an SOI, expressing values that

were either measured or else calculated within the CHG itself. These cross-cutting measures ensure
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Figure 6.7: Example relation in the microgrid CHG invalidated by a scope change, where the relation

sums the capacities of each actor to calculate the maximum grid capacity. This relationship would be

invalidated by the addition of another capacity (shown here for a demonstrative wind turbine as the

dashed node).

that DTs built upon CHGs are universally accessible, and generally far more extensible, scalable, and

redeployable than traditional DTs.

Thiswork introduces both theoretical and practicalmeasures for developingDTs for fields as diverse

as engineering, organization management, medicine, and ecology. The resulting DTs capture meaning

across all domains, providing a mathematically robust framework for representing the complex and

integrated systems constituting the world in which we live.
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Appendix A. Associated Research Activities

A.1. Collaborating Researchers

Name Institution Location Role

Xiaoxue Xue Alan Turing Institute London, UK Collaborator

Joe Gregory Uni. of Arizona Tuscon, AZ Co-author

Wayne Goddard Clemson Uni. Clemson, SC Collaborator

Matthew Macauley Clemson Uni. Clemson, SC Collaborator

Gregory Mocko Clemson Uni. Clemson, SC Advisor, co-author

Satchit Ramnath Clemson Uni. Clemson, SC Collaborator, co-author

JohnWagner Clemson Uni. Clemson, SC Advisor, co-author

Luigi Ponti ENEA Rome, Italy Collaborator

Lance Sherry George Mason Uni. Fairfax, VA Collaborator

George Simmons IDEMS International Reading, UK Collaborator, reviewer

David Stern IDEMS International Reading, UK Collaborator

JacksonWeaver Kroeger Marine Seneca, SC Collaborator

Jason Bickford Naval Postgrad. School Monterrey, CA Collaborator

Douglas Van Bossuyt Naval Postgrad. School Monterrey, CA Mentor, co-author

Spencer Breiner NIST Gaithersburg, MD Collaborator

Abheek Chatterjee NIST Gaithersburg, MD Co-author

Duncan Gibbons NIST Gaithersburg, MD Co-author

Shengyen Li NIST Gaithersburg, MD Collaborator

Yan Lu NIST Gaithersburg, MD Collaborator

Guodong Shao NIST Gaithersburg, MD Mentor, collaborator

Lisha White NIST Gaithersburg, MD Collaborator

Paul Witherwell NIST Gaithersburg, MD Mentor, co-author

David Wagg Uni. of Sheffield Sheffield, UK Collaborator

Matthew Bonney Swansea Uni. Swansea, UK Collaborator

Astrid Layton Texas A&M College Station, TX Co-author

Tim Hosgood Topos Institute Oxford, UK Collaborator

Geoffrey Kerr Virginia Tech Blacksburg, VA Collaborator

Paul Wach Virginia Tech Blacksburg, VA Collaborator

Table A.1: Constraint hypergraphs and their related research have benefitted from inputs from a va-

riety of people. The individuals listed in this table have engaged significantly with the research in this

dissertation, either through providing conceptual reviews, extended discussion, or co-authoring papers.

A.2. Supporting Activities in the Product Lifecycle Management Center

The use of constraint hypergraphs was supported and greatly influenced by the Product Lifecycle

ManagementCenter at ClemsonUniversity (PLMC),where Iworked as the applications engineer under

the direction of Dr. John Wagner and Dr. Gregory Mocko. Starting in 2019, the PLMC led research
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initiatives into digital twins, constructing digital twins for HVAC systems and ground vehicles. When I

assisted with this objective upon joining in 2021, leading a team of undergraduate students in building

a twin of a tracked, robotic vehicle.

At the same time these research projects were occurring, I was given the chance to prepare training

materials for digital engineering. I prepared hour-long seminars teaching concepts like data analytics,

engineering change management, cybersecurity, model-based systems engineering, GD&T, PDM, and

project management, as well as workshops teaching SOLIDWORKS, NX, and Teamcenter. The over

100 seminars I instructed gave me valuable exposure to the techniques and challenges associated with

engineering informatics.

In 2023, I reached out to a local manufacturer to start a research project making a digital twin of a

chop saw used for cutting aluminum extrusion. This project quickly grew quite intensive. The model

ecosystem, shown in Figure A.1, required the position of the saw to be tracked by a computer using two

cameras. The position was fed into a Python script that calculated the depth of cut, which determined

the loading of the blade and eventually the likelihood of blade failure due to fatigue, all of had to be

outputted to a web dashboard in real time.

As I struggled through moving and transforming information from OpenCV to MySQL to Python

back again, I recognized that the system we were building was incredibly fragile. It only worked if the

position input from the cameras was perfectly transformed through every step of the long simulation

chain. Furthermore, if the manufacturing company we were assisting had any new information–a new

extrusion profile, or different location to cut material–that would require an entirely new model to be

created.

Frustrated with the inflexibility of the program, I started investigating model structures. David

Spivak’s excellentCategory Theory for Scientists [91] introducedme to the notion of categories andmor-

phisms (there’s a fair bit of similarity between constraint hypergraphs and the ologs he describes in

the book), which led directly to the representation of models and simulations using nodes and edges

in a hypergraph. The rest of the research in this dissertation comes out of these moments, and should

be attributed to the work of the PLMC, especially in conducting inter-software simulations of complex

digital twins.
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Figure A.1: Overview of the model ecosystem for a digital twin of a chop saw.
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Appendix B. List of Variables in Elevator Case Study

Table B.2: Descriptions of nodes of the CH shown in Figure 2.8 in Chapter 2. Input values, useful for

simulation, are provided for nodes if applicable.
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Appendix C. List of Inputs for the Crankshaft Case Study

Symbol Description Units

⊘𝑐 Diameter of crankshaft m

⊘cw Diameter of counterweight on

web

m

⊘web Diameter of web (about crank

pin)

m

⊘𝑟 Diameter of crank pin m

𝑙𝑐 Throw length (crankshaft cen-

terline to crank pin)

m

𝑙𝑐 Slider length (crank pin to

slider tip)

m

𝑤𝑐 Width of crankshaft journal

surface

m

𝑤𝑟 Width of crank pin surface m

𝑤web Width of crank web m

𝜓1,…𝜓4 Angle of crank pin to vertical

when first piston is TDC

rad

𝐽𝑐 Moment of inertia for

crankshaft

kgm2

𝑦 Slider vertical position m

̇𝑦 Slider vertical velocity m/s

𝜃 Crank angular position rad

𝜔 Crank angular velocity rad/s

𝑡 Current simulation time s

𝑡0 Simulation start time s

𝑡𝑓 Simulation end time s

Δ𝑡 Simulation time step s

𝜌 Material density kg/m3

𝜎 Von Mises stress MPa

𝛿 Total deformation mm

Table C.3: Input parameters for crankshaft system model given in Chapter 4.
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Appendix D. List of Nodes in Microgrid CHG Case Study

Table D.4: List of nodes (variables) described in the CHG of a microgrid given in Chapter 6, along with

its units and description. Note that the use of a standalone capital letter indicates that a node is given

for each actor 𝑋 ∈ X, where X is the set of all actors of the type indicated in the section title (such as

Generators, or all actors in general).
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Appendix E. Diagram of Microgrid CHG

Figure E.2: Diagram of microgrid CHG showing 5 different types of connected actors either supplying

or receiving energy, as described in Chapter 6. Each actor class adheres to a similar pattern shown once

for simplicity. This means that all nodes that are not white or black are given once for each object; e.g.

there are two nodes for charge capacity, one for each battery on the grid (green) connected in the same

way.
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Appendix F. Core Module for ConstraintHg Package (v0.2.3)

Figure F.3: Landing page for ConstraintHg documentation, available at constrainthg.readthe-

docs.io/en/latest/

0 """

Copyright 2025 John Morris

Licensed under the Apache License, Version 2.0 (the "License");

you may not use this file except in compliance with the License.

5 You may obtain a copy of the License at

http://www.apache.org/licenses/LICENSE-2.0

Unless required by applicable law or agreed to in writing, software

10 distributed under the License is distributed on an "AS IS" BASIS,

WITHOUT WARRANTIES OR CONDITIONS OF ANY KIND, either express or implied.

See the License for the specific language governing permissions and

limitations under the License.

15 | File: hypergraph.py

| Author: John Morris

| - jhmrrs@clemson.edu

| - https://orcid.org/0009-0005-6571-1959

| Purpose: Classes for storing and traversing a constraint hypergraph.

20 """
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from typing import Callable, List

from inspect import signature

import logging

25 import itertools

from enum import Enum

logger = logging.getLogger('constrainthg')

30

# Helper functions

def append_to_dict_list(d: dict, key, val):

"""Appends the value to a dictionary where the dict.values are

lists."""

35 if key not in d:

d[key] = []

d[key].append(val)

return d

40

def make_list(val) -> list:

"""Ensures that the value is a list, or else a list containing the

value."""

if isinstance(val, list):

45 return val

if isinstance(val, str):

return [val]

try:

return list(val)

50 except TypeError:

return [val]

def make_set(val) -> list:

55 """Ensures that the value is a set, or else a set containing the

value."""

if isinstance(val, set):

return val

if isinstance(val, str):

60 return {val}

try:

return set(val)

except TypeError:

return {val}

65

class TNode:

"""A basic tree node for printing tree structures."""

class conn:

70 """A class of connectors used for indicating child nodes."""

elbow = "└──"

pipe = "│ "

tee = "├──"

blank = " "

75 elbow_join = "└─>"

tee_join = "├─>"
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elbow_stop = "└●─"

tee_stop = "├●─"

80 def __init__(self, label: str, node_label: str, value=None,

children: list=None, cost: float=None, trace: list=None,

gen_edge_label: str=None, gen_edge_cost: float=0.0,

join_status: str='None', max_display_length: int=12):

"""

85 Creates the root of a search tree.

Parameters

----------

label : str

90 A unique identifier for the TNode, necessary for

pathfinding.

node_label : str

A string identifying the node represented by the TNode.

value : Any, optional

95 The value of the tree solved to the TNode.

children : list, optional

TNodes that form the source nodes of an edge leading to the

TNode.

cost : float, optional

100 Value indicating the cost of solving the tree rooted at the

TNode.

trace : list, optional

Top down trace of how the TNode could be resolved, used for

path exploration.

105 gen_edge_label : str, optional

A unique label for the edge generating the TNode (of which

`children` are source nodes).

gen_edge_cost : float, default=0.

Value for weight (cost) of the generating edge, default is

110 0.0.

join_status : str, optional

Indicates if the TNode is the last of a set of children,

used for printing.

max_display_length : int, default=12

115 The maximum characters to display for the value of the node.

Properties

----------

120 index : int

The maximum times the TNode or any child TNodes are repeated

in the tree.

values : dict

The values of all the child TNodes of the form

125 {label : [Any,]}.

"""

self.node_label = node_label

self.label = label

self.value = value

130 self.children = [] if children is None else children

self.trace = [] if trace is None else trace

self.gen_edge_label = gen_edge_label
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self.gen_edge_cost = gen_edge_cost

self.values = {node_label: [value,]}

135 self.join_status = join_status

self.index = max([1] + [c.index for c in self.children])

self.max_display_length = max_display_length

self.cost = cost

140 def print_conn(self, last=True) -> str:

"""Selecter function for the connector string on the tree

print."""

if last:

if self.join_status == 'join':

145 return self.conn.elbow_join

if self.join_status == 'join_stop':

return self.conn.elbow_stop

return self.conn.elbow

if self.join_status == 'join':

150 return self.conn.tee_join

if self.join_status == 'join_stop':

return self.conn.tee_stop

return self.conn.tee

155 def print_tree(self, last=True, header='',

checked_edges: list=None) -> str:

"""Prints the tree centered at the TNode

Adapted from https://stackoverflow.com/a/76691030/15496939,

160 PierreGtch, under CC BY-SA 4.0.

"""

out = str()

out += header + self.print_conn(last) + str(self)

if checked_edges is None:

165 checked_edges = []

if self.gen_edge_label in checked_edges:

out += ' (derivative)\n' if len(self.children) != 0 else '\n'

return out

out += '\n'

170 if self.gen_edge_label is not None:

checked_edges.append(self.gen_edge_label)

for i, child in enumerate(self.children):

c_header = header + (self.conn.blank if last else self.conn.pipe)

c_last = i == len(self.children) - 1

175 out += child.print_tree(header=c_header,

last=c_last,

checked_edges=checked_edges)

return out

180 def get_descendents(self) -> list:

"""Returns a list of child nodes on all depths (includes

self)."""

out = [self]

for c in self.children:

185 out += c.get_descendents()

return out

@property
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def cost(self) -> float:

190 """The total sum of the weights of each edge in the tree."""

if self.calc_cost is None:

self.calc_cost = self.get_tree_cost()

return self.calc_cost

195 @cost.setter

def cost(self, val: float):

"""Sets the cost property of the TNode."""

if val is None:

self.calc_cost = self.get_tree_cost()

200 elif not (isinstance(val, float) or isinstance(val, int)):

raise TypeError("Input to cost must be float type.")

else:

self.calc_cost = float(val)

205 @cost.deleter

def cost(self):

"""Deletes the cost property of the TNode."""

self.calc_cost = None

210 def get_tree_cost(self, root=None, checked_edges: set=None) -> float:

"""Returns the cost of solving to the leaves of the tree."""

if root is None:

root = self

if checked_edges is None:

215 checked_edges = set()

total_cost = 0

if root.gen_edge_label not in checked_edges:

total_cost += root.gen_edge_cost

checked_edges.add(root.gen_edge_label)

220 for st in root.children:

total_cost += self.get_tree_cost(st, checked_edges)

return total_cost

def __str__(self) -> str:

225 out = self.node_label

if self.value is not None:

if isinstance(self.value, float):

out += f'={self.value:.4g}'[:self.max_display_length]

else:

230 out += f'={self.value}'[:self.max_display_length]

out += f', index={self.index}'

if self.cost is not None:

out += f', cost={self.cost:.4g}'

return out

235

class Node:

"""A value in the hypergraph, equivalent to a wired connection."""

def __init__(self, label: str, static_value=None,

240 generating_edges: set=None,

leading_edges: set=None, super_nodes: set=None,

sub_nodes: set=None,

description: str=None, units: str=None):

"""Creates a new `Node` object.
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245

Parameters

----------

label : str

A unique identifier for the node.

250 static_value : Any, optional

The constant value of the node, set as an input.

generating_edges : set, optional

A set of edges that have the node as their target.

leading_edges : set, optional

255 A set of edges that have the node as one their sources.

super_nodes : Set[Node], optional

A set of nodes that have this node as a subset, see

note [1].

sub_nodes : Set[Node], optional

260 A set of nodes that that have this node as a super node, see

note [1].

description : str, optional

A description of the node useful for debugging.

units : str, optional

265 Units of value.

starting_index : int, default=1

The starting index of the node.

270 Properties

----------

is_constant : bool

Describes whether the node should be reset in between

simulations.

275

Notes

-----

1. The subsetting accomplished by `super_nodes` is best

280 conducted using `via` functions on the edge, as these will be

executed for every node value. One case where this is impossible

is when the node has leading edges when generated by a certain

generating edge. In this case the `via` function cannot be used

as the viability is *edge* dependent, not *value* dependent.

285 Super nodes are provided for this purpose, though do not provide

full functionality. When searching, the leading edges of each

super node are added to the search queue as a valid path away

from the node.

"""

290 self.label = label

self.static_value = static_value

self.generating_edges = set() if generating_edges is None else generating_edges

self.leading_edges = set() if leading_edges is None else leading_edges

self.description = description

295 self.units = units

self.is_constant = static_value is not None

self.super_nodes = set() if super_nodes is None else make_set(super_nodes)

self.sub_nodes = set() if sub_nodes is None else make_set(sub_nodes)

for sup_node in self.super_nodes:

300 if not isinstance(sup_node, tuple):
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sup_node.sub_nodes.add(self)

for sub_node in self.sub_nodes:

if not isinstance(sub_node, tuple):

sub_node.super_nodes.add(self)

305

def __str__(self) -> str:

out = self.label

if self.description is not None:

out += ': ' + self.description

310 return out

def __iadd__(self, o):

return self.union(self, o)

315 @staticmethod

def union(a, *args):

"""Performs a deep union of the two nodes, replacing values of

`a` with those of `b` where necessary."""

for b in args:

320 if not isinstance(a, Node) or not isinstance(b, Node):

raise TypeError("Inputs must be of type Node.")

if b.label is not None:

a.label = b.label

if b.static_value is not None:

325 a.static_value = b.static_value

a.is_constant = b.is_constant

if b.description is not None:

a.description = b.description

a.generating_edges = a.generating_edges.union(b.generating_edges)

330 a.leading_edges = a.leading_edges.union(b.leading_edges)

a.super_nodes = a.super_nodes.union(b.super_nodes)

a.sub_nodes = a.sub_nodes.union(b.sub_nodes)

return a

335

class EdgeProperty(Enum):

"""Enumerated object describing various configurations of an Edge

that can be passed during setup. Used as shorthand for common

configurations.

340

Members

-------

LEVEL : 1

Every source node in the edge must have the same index for the

345 edge to be viable.

DISPOSE_ALL : 2

Every source node can only be used once per execution.

"""

LEVEL = 1

350 DISPOSE_ALL = 2

class Edge:

"""A relationship along a set of nodes (the source) that produces a

355 single value."""

def __init__(self, label: str, source_nodes: dict, target: Node,
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rel: Callable, via: Callable=None, index_via: Callable=None,

weight: float=1.0, index_offset: int=0, disposable: list=None,

edge_props: EdgeProperty=None):

360 """Creates a new `Edge` object. This should generally be called

from a Hypergraph object using the Hypergraph.addEdge method.

Parameters

----------

365 label : str

A unique string identifier for the edge.

source_nodes : dict{str : Node | Tuple(str, str)} | list[Node |

Tuple(str, str)] | Tuple(str, str) | Node

A dictionary of `Node` objects forming the source nodes of

370 the edge, where the key is the identifiable label for each

source used in rel processing. The Node object may be a Node,

or a length-2 Tuple (identifier : attribute) with the first

element an identifier in the edge and the second element a

string referencing an attribute of the identified Node to

375 use as the value (a pseudo node).

target : Node

Node that the edge maps to.

rel : Callable

A function taking the values of the source nodes and

380 returning a single value (the target).

via : Callable, optional

A function that must be true for the edge to be traversable

(viable). Defaults to unconditionally true if not set.

index_via : Callable, optional

385 A function that takes in handles of source nodes as inputs

in reference to the *index* of each referenced source node,

returns a boolean condition relating the indices of each.

Defaults to unconditionally true if not set, meaning any

index of source node is valid.

390 weight : float > 0.0, default=1.0

The quanitified cost of traversing the edge. Must be

positive, akin to a distance measurement.

index_offset : int, default=0

Offset to apply to the target once solved for. Akin to

395 iterating to the next level of a cycle.

disposable : list, optional

A list of source node handles that should not be evaluated

for future cyclic executions of the edge. That is, each

TNode that corresponds to a handle in `disposable` is

400 removed from `found_tnodes` after a successful edge calculation.

edge_props : List(EdgeProperty) | EdgeProperty | str | int, optional

A list of enumerated types that are used to configure the

edge.

405

Properties

----------

found_tnodes : dict

A dict of lists of source_tnodes that are viable trees to a

410 source node, with each sub_dict referenced by index. format:

{node_label : list[TNode,]}

subset_alt_labels : dict
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A dictionary of alternate node labels if a source node is a

super set, format: {node_label : List[alt_node_label,]}

415 """

self.rel = rel

self.via = self.via_true if via is None else via

self.index_via = self.via_true if index_via is None else index_via

self.source_nodes = self.identify_source_nodes(source_nodes, self.rel, self.via)

420 self.create_found_tnodes_dict()

self.target = target

self.weight = abs(weight)

self.label = label

self.index_offset = index_offset

425 self.disposable = disposable

self.edge_props = self.setup_edge_properties(edge_props)

def create_found_tnodes_dict(self):

"""Creates the found_tnodes dictionary, accounting for super

430 nodes."""

self.subset_alt_labels = {}

self.found_tnodes = {}

for sn in self.source_nodes.values():

if not isinstance(sn, tuple):

435 self.subset_alt_labels[sn.label] = []

self.found_tnodes[sn.label] = []

for sub_sn in sn.sub_nodes:

self.subset_alt_labels[sn.label].append(sub_sn.label)

440 def add_source_node(self, sn):

"""Adds a source node to an initialized edge.

Parameters

----------

445 sn : dict | Node | Tuple(str, str)

The source node to be added to the edge.

"""

if isinstance(sn, dict):

key, sn = list(sn.items())[0]

450 else:

key = self.get_source_node_identifier()

if not isinstance(sn, tuple):

sn.leading_edges.add(self)

self.found_tnodes[sn.label] = []

455

source_nodes = self.source_nodes | {key: sn}

if hasattr(self, 'og_source_nodes'):

self.og_source_nodes[key] = sn

self.source_nodes = self.identify_source_nodes(source_nodes)

460 self.edge_props = self.setup_edge_properties(self.edge_props)

def setup_edge_properties(self, inputs: None) -> list:

"""Parses the edge properties."""

eps = []

465 if inputs is None:

return eps

inputs = make_list(inputs)

for ep in inputs:

203



APPENDICES: CORE MODULE FOR CONSTRAINTHG PACKAGE (V0.2.3)

if isinstance(ep, EdgeProperty):

470 eps.append(ep)

elif ep in EdgeProperty.__members__:

eps.append(EdgeProperty[ep])

elif ep in [item.value for item in EdgeProperty]:

eps.append(EdgeProperty(ep))

475 else:

logger.warning(f"Unrecognized edge property: {ep}")

for ep in eps:

self.handle_edge_property(ep)

return eps

480

def get_source_node_identifier(self, offset: int=0):

"""Returns a generic label for a source node."""

return f's{len(self.source_nodes) + offset + 1}'

485 def handle_edge_property(self, edge_prop: EdgeProperty):

"""Perform macro functions defined by the EdgeProperty."""

if edge_prop is EdgeProperty.LEVEL:

self.make_edge_level()

elif edge_prop is EdgeProperty.DISPOSE_ALL:

490 self.disposable = [key for key in self.source_nodes]

def make_edge_level(self):

"""Adds a condition to the via function forcing all node indices

to be equivalent."""

495 if not hasattr(self, 'og_source_nodes'):

self.og_source_nodes = dict(self.source_nodes.items())

self.og_rel = self.rel

self.og_via = self.via

sns = dict(self.source_nodes.items())

500 tuple_idxs = {label: el[0] for label, el in sns.items()

if isinstance(el, tuple)}

for label, sn in sns.items():

if isinstance(sn, tuple) or label in tuple_idxs.values():

continue

505 next_id = self.get_source_node_identifier()

self.source_nodes[next_id] = (label, 'index')

tuple_idxs[next_id] = label

def og_kwargs(**kwargs):

510 """Returns the original keywords specified when the edge was

created."""

return {key: kwargs[key] for key in kwargs

if key in self.og_source_nodes}

515 def level_check(*args, **kwargs):

"""Returns true if all passed indices are equivalent."""

if not self.og_via(*args, **kwargs):

return False

idxs = {val for key, val in kwargs.items() if key in tuple_idxs}

520 return len(idxs) == 1

self.via = level_check

self.rel = lambda *args, **kwargs: self.og_rel(*args, **og_kwargs(**kwargs))
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525 @staticmethod

def get_named_arguments(methods: List[Callable]) -> set:

"""Returns keywords for any keyed, required arguments

(non-default)."""

out = set()

530 for method in methods:

for p in signature(method).parameters.values():

if p.kind == p.POSITIONAL_OR_KEYWORD and p.default is p.empty:

out.add(p.name)

return out

535

def identify_source_nodes(self, source_nodes, rel: Callable=None,

via: Callable=None) -> dict:

"""Returns a {str: node} dictionary where each string is the

keyword label used in the rel and via methods."""

540 if rel is None:

rel = self.rel

if via is None:

via = self.via

if isinstance(source_nodes, dict):

545 return self.identify_labeled_source_nodes(source_nodes, rel, via)

source_nodes = make_list(source_nodes)

return self.identify_unlabeled_source_nodes(source_nodes, rel, via)

def identify_unlabeled_source_nodes(self, source_nodes: list,

550 rel: Callable, via: Callable) -> dict:

"""Returns a {str: node} dictionary where each string is the

keyword label used in the rel and via methods."""

arg_keys = self.get_named_arguments([via, rel])

arg_keys = arg_keys.union({f's{i+1}' for i in range(len(source_nodes)

555 - len(arg_keys))})

out = dict(zip(arg_keys, source_nodes))

return out

560 def identify_labeled_source_nodes(self, source_nodes: dict, rel: Callable,

via: Callable) -> dict:

"""Returns a {str: node} dictionary where each string is the

keyword label used in the rel and via methods."""

out = {}

565 arg_keys = self.get_named_arguments([rel, via])

arg_keys = arg_keys.union({str(key) for key in source_nodes})

for arg_key in arg_keys:

if len(source_nodes) == 0:

570 return out

if arg_key in source_nodes:

sn_key = arg_key

else:

sn_key = list(source_nodes.keys())[0]

575 out[arg_key] = source_nodes[sn_key]

del source_nodes[sn_key]

return out

580 def process(self, source_tnodes: list):
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"""Processes the tnodes to get the value of the target."""

source_vals, sourcs_idxs = self.get_source_vals_and_idxs(source_tnodes)

target_val = self.process_values(source_vals, sourcs_idxs)

if target_val is not None:

585 self.dispose_solved_tnodes(source_tnodes)

return target_val

def get_source_vals_and_idxs(self, source_tnodes: list) -> tuple:

"""Returns two dictionaries mapping a source identifier with a

590 value (1) or its index (2).

"""

source_values, source_indices = {}, {}

tuple_keys = filter(lambda key: isinstance(self.source_nodes[key], tuple),

595 self.source_nodes)

for key in tuple_keys:

value = self.get_psuedo_node_value(source_tnodes,

*self.source_nodes[key])

source_values[key] = value

600

for st in source_tnodes:

for key, sn in self.source_nodes.items():

if not isinstance(sn, tuple) and st.node_label == sn.label:

source_values[key] = st.value

605 source_indices[key] = st.index

break

return source_values, source_indices

610 def get_psuedo_node_value(self, source_tnodes: list,

pseudo_identifier: str,

pseudo_attribute: str):

"""Identifies the source node and returns its attribute given by

the pseudo-node notation.

615 """

sn_label = self.source_nodes.get(pseudo_identifier, None)

if sn_label is None:

return None

sn_label = self.source_nodes[pseudo_identifier].label

620 for st in source_tnodes:

if st.node_label == sn_label:

value = getattr(st, pseudo_attribute)

return value

return None

625

def process_values(self, source_vals: dict,

source_indices: dict=None):

"""Finds the target value based on the source values and

indices."""

630 if None in source_vals:

return None

if source_indices is not None and not self.index_via(**source_indices):

return None

if self.via(**source_vals):

635 return self.rel(**source_vals)

return None
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def dispose_solved_tnodes(self, source_tnodes: list):

"""Once a TNode has been processed, it is removed from the

640 `found_tnodes` list *only* if it has been marked for removal via

inclusion in the `disposable` list.

This ensures that nodes from previous cycles don't get

revetted for future edges, greatly simplifying simulation.

645

Process

-------

1. Get an identifier from the disposal list

2. Get the label for the source node corresponding to the

650 identifier

3. Find the tnode used in the solution (from source_tnodes) with

the matching node_label

4. Find the set of found_tnodes from the edge corresponding to

the node label

655 5. Remove the tnode in found_tnodes with the same index as the

solved tnode

"""

if self.disposable is not None:

count = 0

660 for identifier in self.disposable:

sn = self.source_nodes.get(identifier, None)

if sn is None or isinstance(sn, tuple):

continue

node_label = sn.label

665

for st in source_tnodes:

if st.node_label == node_label:

index = st.index

break

670 else:

continue

count += self.dispose_of_tnodes_with_index(node_label, index)

logger.debug(f'(Disposed of {count} nodes in {self.label})')

675

def dispose_of_tnodes_with_index(self, node_label: str,

index: int) -> int:

"""Removes each TNode from the edge property `found_tnodes` with

a matching node_label and index. Returns the number of TNodes

680 succesfully removed.

"""

matching_tnodes = self.found_tnodes.get(node_label, None)

if matching_tnodes is None:

return 0

685 matching_tnodes = [mt for mt in matching_tnodes]

self.found_tnodes[node_label] = [t for t in matching_tnodes

if t.index != index]

return len(matching_tnodes) - len(self.found_tnodes[node_label])

690 def get_source_tnode_combinations(self, t: TNode, DEBUG: bool=False):

"""Returns all viable combinations of source nodes using the

TNode `t`."""
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if not self.add_found_tnode(t):

return []

695

st_candidates = []

if DEBUG:

for st_label, sts in self.found_tnodes.items():

val_idxs = [f'{str(st.value)[:4]}({st.index})' for st in sts]

700 var_info = ', '.join(val_idxs)

msg = f' - {st_label}: ' + var_info

logger.log(logging.DEBUG + 2, msg)

for st_label, sts in self.found_tnodes.items():

705 if st_label == t.node_label:

st_candidates.append([t])

elif len(sts) == 0:

return []

else:

710 st_candidates.append(sts)

st_combos = itertools.product(*st_candidates)

return st_combos

715 def add_found_tnode(self, t: TNode) -> bool:

"""Returns true if `t` successfully added as a viable path to a

source node."""

node_label = self.get_relevant_node_label(t)

if self.check_tnode_already_found(t, node_label):

720 return False

append_to_dict_list(self.found_tnodes, node_label, t)

return True

def get_relevant_node_label(self, t: TNode) -> str:

725 """Returns the node label of `t` or of the super set of `t`, if

present."""

if t.node_label not in self.found_tnodes:

for label, sub_labels in self.subset_alt_labels.items():

if t.node_label in sub_labels:

730 return label

return t.node_label

def check_tnode_already_found(self, t: TNode,

source_node_label: str) -> bool:

735 """Returns True if `t` has already been found as a path to the

source node."""

ft_labels = [ft.label for ft in self.found_tnodes[source_node_label]]

return t.label in ft_labels

740 @staticmethod

def via_true(*args, **kwargs):

"""Returns true for all inputs (unconditional edge)."""

return True

745 def __str__(self):

return self.label
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class Pathfinder:

750 """Object for searching a path through the hypergraph from a

collection of source nodes to a single target node. If the

hypergraph is fully constrained and viable, then the result of the

search is a singular value of the target node."""

def __init__(self, target: Node, sources: list, nodes: dict,

755 no_weights: bool=False, memory_mode: bool=False):

"""Creates a new Pathfinder object.

Parameters

----------

760 target : Node

The Node that the Pathfinder will attempt to solve for.

sources : list

A list of Node objects that have static values for the

simulation.

765 nodes : dict

A dictionary of nodes taken from the hypergraph as

{label : Node}.

no_weights : bool, default=False

Optional run mode where weights aren't considered. This

770 speeds up the simulation but prevents model switching.

memory_mode : bool, default=False

Optional run mode where all encountered TNodes are stored to

a list property. Increases memory usage.

775

Properties

----------

search_counter : int

Number of nodes explored.

780 explored_edges : dict

Dict counting the number of times edges were processed

{label : int}.

explored_tnodes : list

Dict containing the all TNodes explored during searching,

785 if not running in memory mode.

"""

self.nodes = nodes

self.source_nodes = sources

self.target_node = target

790 self.no_weights = no_weights

self.memory_mode = memory_mode

self.search_roots = []

self.search_counter = 0

self.explored_edges = {}

795 self.explored_nodes = []

def search(self, min_index: int=0, debug_nodes: list=None,

debug_edges: list=None, search_depth: int=10000):

"""Searches the hypergraph for a path from the source nodes to the

800 target node. Returns the solved TNode for the target, with a dictionary

of found values {label : [Any,]} given by the `target.values`.

Parameters

----------
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805 min_index : int, default=0

Minimum index of the target node.

debug_nodes: list, optional

List of nodes to log additional information for.

debug_edges : list, optional

810 List of edges to log additional information for.

search_depth : int, default=10000

Number of TNodes to explore before search is failed.

"""

debug_nodes = [] if debug_nodes is None else debug_nodes

815 debug_edges = [] if debug_edges is None else debug_edges

self.explored_nodes, self.explored_edges = [], {}

logger.info(f'Begin search for {self.target_node.label}')

for sn in self.source_nodes:

820 st = TNode(f'{sn.label}#0', sn.label, sn.static_value, cost=0.)

self.search_roots.append(st)

while len(self.search_roots) > 0:

if self.search_counter > search_depth:

825 self.log_debugging_report()

raise Exception("Maximum search limit exceeded.")

labels = [f'{s.node_label}' for s in self.search_roots]

logger.debug('Search trees: ' + ', '.join(labels))

830

root = self.select_root()

logger.debug(f'Exploring <{root.label}>, index={root.index}:')

if self.memory_mode:

835 self.explored_nodes.append(root)

if root.node_label is self.target_node.label and root.index >= min_index:

logger.info(f'Finished search for {self.target_node.label} with value of {root.value}')

self.log_debugging_report()

840 return root

self.explore(root, debug_nodes, debug_edges)

logger.info('Finished search, no solutions found')

845 self.log_debugging_report()

return None

def explore(self, t: TNode, debug_nodes: list=None, debug_edges: list=None):

"""Discovers all possible routes from the TNode."""

850 leading_edges = self.get_edges_to_explore(t, debug_nodes)

if t.node_label in debug_nodes:

logger.log(logging.DEBUG + 2,

f'Exploring {t.node_label}, index: {t.index}, '

+ 'leading edges: '

855 + ', '.join(str(le) for le in leading_edges)

+ f'\n{t.print_tree()}')

for i, edge in enumerate(leading_edges):

if edge.label not in self.explored_edges:

860 self.explored_edges[edge.label] = [0, 0, 0]
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self.explored_edges[edge.label][0] += 1

DEBUG = edge.label in debug_edges

865 level = logging.DEBUG + (2 if DEBUG else 0)

logger.log(level, f"- Edge {i}=<{edge.label}>, target=<{edge.target.label}>:")

combos = edge.get_source_tnode_combinations(t, DEBUG)

for j, combo in enumerate(combos):

870 pt = self.make_parent_tnode(combo, edge.target, edge)

self.explored_edges[edge.label][1] += 1

if pt is not None:

self.explored_edges[edge.label][2] += 1

875 node_indices = ', '.join(f'{n.label} ({n.index})' for n in combo)

logger.debug(f' - Combo {j}: ' + node_indices + f'-> <{str(pt)}>')

def get_edges_to_explore(self, t: TNode, debug_nodes: list=None) -> list:

"""Finds and orders all edges leading from the node by label."""

880 n = self.nodes[t.node_label]

super_node_leading_edges = (sup_n.leading_edges for sup_n in n.super_nodes)

leading_edges = list(n.leading_edges.union(*super_node_leading_edges))

leading_edges.sort(key=lambda le: le.label)

return leading_edges

885

def make_parent_tnode(self, source_tnodes: list, node: Node, edge: Edge):

"""Creates a TNode for the next step along the edge."""

parent_val = edge.process(source_tnodes)

if parent_val is None:

890 return None

node_label = node.label

children = source_tnodes

gen_edge_label = edge.label + '#' + str(self.search_counter)

label = f'{node_label}#{self.search_counter + 1}'

895 cost = 0.0 if self.no_weights else None

parent_t = TNode(label,

node_label,

parent_val,

900 children,

cost=cost,

gen_edge_label=gen_edge_label,

gen_edge_cost=edge.weight)

parent_t.values = self.merge_found_values(parent_val,

905 node.label,

source_tnodes)

parent_t.index += edge.index_offset

if self.edge_resolves_input(parent_t):

910 return None

self.search_roots.append(parent_t)

self.search_counter += 1

return parent_t

915 def edge_resolves_input(self, parent_t: TNode):

"""Returns True if the edge attempts to resolve the first index
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of an input.

Note that inputs can be resolved as part of cycles, but only for

920 later indices (2 or greater).

"""

source_node_labels = [sn.label for sn in self.source_nodes]

target_is_input = parent_t.node_label in source_node_labels

resolves_input = parent_t.index == 1 and target_is_input

925 return resolves_input

def select_root(self) -> TNode:

"""Determines the most optimal path to explore."""

if len(self.search_roots) == 0:

930 return None

min_idx = min(self.search_roots, key=lambda t: t.index).index

lowest_idx_roots = filter(lambda t: t.index == min_idx, self.search_roots)

root = min(lowest_idx_roots, key=lambda t: t.cost)

935

self.search_roots.remove(root)

return root

def merge_found_values(self, parent_val, parent_label,

940 source_tnodes: list) -> dict:

"""Merges the values found in the source nodes with the parent node."""

values = {parent_label: []}

for st in source_tnodes:

for label, st_values in st.values.items():

945 if label not in values or len(st_values) > len(values[label]):

values[label] = st_values

values[parent_label].append(parent_val)

return values

950 def log_debugging_report(self):

"""Prints a debugging report of the search."""

out = f'\nDebugging Report for {self.target_node.label}:\n'

out += f'\tFinal search counter: {self.search_counter}\n'

out += '\tExplored edges (# explored | # processed | # valid solution):\n'

955 sorted_edges = list(self.explored_edges.items())

sorted_edges.sort(key=lambda a: max(a[1]), reverse=True)

for e, vals in sorted_edges:

out += f'\t\t<{e}>: ' + ' | '.join([str(v) for v in vals]) + '\n'

logger.log(logging.DEBUG + 1, out)

960

class Hypergraph:

"""Builder class for a hypergraph. See demos for examples on how to

use.

965

Properties

----------

nodes : dict

970 Nodes in the hypergraph, {label : Node}

edges : dict

Edges in the hypergraph, {label : Edge}
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solved_tnodes : list

List of solved TNodes from a simulation. Only set if run in

975 `memory_mode`.

no_weights : bool

Indicates no weights have been given to the edges in the

Hypergraph, speeding up processing (but preventing model

switching).

980 memory_mode : bool

Indicates whether the TNodes in the Hypergraph should be saved

between calls.

"""

def __init__(self, no_weights: bool=False, setup_logger: bool=False,

985 logging_level=None, memory_mode: bool=False):

"""Initialize a Hypergraph.

Parameters

----------

990 no_weights : bool, default=False

Optional run mode where weights aren't considered. This

speeds up the simulation but prevents model switching.

setup_logger : bool, default=False

Sets up logging in the library (off by default). The logging

995 level can be set by calling `Hypergraph.set_logging_level`.

logging_level : int | str, optional

Sets the logging level for the library. Setting the logging

level requires an additional logging handler to be passed to

`logger.getLogger('constrainthg')`. This can be done at the

1000 application level (in the calling script) or automatically

by passing `setup_logger` as True.

memory_mode : bool, default=False

Store every solved for TNode to the Hypergraph.

"""

1005 self.nodes = {}

self.edges = {}

self.no_weights = no_weights

self.logging_is_setup = self.check_if_logger_setup()

if setup_logger:

1010 self.setup_logger()

if logging_level is not None:

self.set_logging_level(logging_level)

self.memory_mode = memory_mode

self.solved_tnodes = []

1015

def __iadd__(self, o):

"""Merges the passed Hypergraph to self via a union operation."""

return self.union(self, o)

1020 def __add__(self, o):

"""Creates a shallow copy of self and joins that to ``o`` via a

union operation."""

if not isinstance(o, Hypergraph):

raise Exception("Input must be of type Hypergraph.")

1025 new_hg = self.__copy__()

new_hg = self.union(new_hg, o)

return new_hg
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def __copy__(self):

1030 """Returns a shallow copy of the Hypergraph."""

new_hg = Hypergraph(

no_weights=self.no_weights,

memory_mode=self.memory_mode,

)

1035 self.union(new_hg, self)

return new_hg

def check_if_logger_setup(self) -> bool:

"""Checks if a Handler beyond the NullHandler was created for

1040 the logger."""

if not logger.hasHandlers():

return False

non_null = [h for h in logger.handlers

if not isinstance(h, logging.NullHandler)]

1045 return len(non_null) > 0

def setup_logger(self) -> logging.Logger:

"""An optional call to setup logging."""

fh = logging.FileHandler("constrainthg.log")

1050 log_formatter = logging.Formatter(

fmt="[{asctime} | {levelname}]: {message}",

style="{",

datefmt="%Y-%m-%d %H:%M",

)

1055 fh.setFormatter(log_formatter)

logger.addHandler(fh)

self.logging_is_setup = True

return logger

1060 def set_logging_level(self, logging_level=logging.INFO):

"""Sets the logging level.

Parameters

----------

1065 logging_level : int | str, default=logging.INFO (20)

The level to set logging to, based on the Python logging

library. More information is available at

https://docs.python.org/3/howto/logging.html#logging-levels

1070 Notes

-----

The logging approach is the following, with higher levels

include all items logged on lower ones:

- logging.DEBUG (10): all edges and found combinations are

1075 listed, as well as search trees at each explored node.

- logging.DEBUG+1 (11): debugging report is logged after a

search is complete.

- logging.DEBUG+2 (12): edges passed to `debug_edges` and nodes

passed to `debug_nodes` as arguments to `Hypergraph.solve` are

1080 logged, as well as search trees at each explored node.

- logging.INFO (20): start and end of a search are logged.

- Warnings and errors are handled by the logging package

(logging.WARNING and logging.ERROR). Note that these will *not*

print to `sys.stderr`, though they will normally get raised and
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1085 returned by the library.

"""

if not self.logging_is_setup:

self.setup_logger()

logger.setLevel(logging_level)

1090

def get_node(self, node_key) -> Node:

"""Caller function for finding a node in the hypergraph."""

if isinstance(node_key, Node):

node_key = node_key.label

1095 try:

return self.nodes[node_key]

except KeyError:

msg = f'No node with label <{node_key}> found in Hypergraph.'

raise KeyError(msg)

1100

def get_edge(self, edge_key) -> Node:

"""Caller function for finding a node in the hypergraph."""

if isinstance(edge_key, Edge):

edge_key = edge_key.label

1105 try:

return self.edges[edge_key]

except KeyError:

return None

1110 def reset(self):

"""Clears all values in the hypergraph."""

for node in self.nodes.values():

if not node.is_constant:

node.static_value = None

1115 for edge in self.edges.values():

edge.create_found_tnodes_dict()

self.solved_tnodes = []

def request_node_label(self, requested_label=None) -> str:

1120 """Generates a unique label for a node in the hypergraph"""

label = 'n'

if requested_label is not None:

label = requested_label

i = 0

1125 check_label = label

while check_label in self.nodes:

check_label = label + str(i := i + 1)

return check_label

1130 def request_edge_label(self, requested_label: str=None,

source_nodes: list=None) -> str:

"""Generates a unique label for an edge in the hypergraph."""

label = 'e'

if requested_label is not None:

1135 label = requested_label

elif source_nodes is not None:

label_names = [s.label[:4] for s in source_nodes[:-1]]

label = '(' + ','.join(label_names) + ')'

label += '->' + source_nodes[-1].label[:8]

1140 i = 0
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check_label = label

while check_label in self.edges:

check_label = label + '#' + str(i := i + 1)

return check_label

1145

def add_node(self, node=None, *args, **kwargs) -> Node:

"""Creates (if necessary) a Node and inserts into the hypergraph.

Wraps ``Hypergraph.insert_node`` and ``Node.__init__``.

1150

Parameters

----------

node : Node | str, optional

The node (or node label) to add to the hypergraph. If not

1155 provided, then args and kwargs are passed to Node.__init__.

"""

if node is None:

try:

node = Node(*args, **kwargs)

1160 except Exception:

return None

return self.insert_node(node)

def insert_node(self, node: Node, value=None) -> Node:

1165 """Adds a node to the hypergraph via a union operation."""

if isinstance(node, tuple):

return None

if isinstance(node, Node):

if node.label in self.nodes:

1170 label = node.label

self.nodes[label] += node

else:

label = self.request_node_label(node.label)

self.nodes[label] = node

1175 else:

if node in self.nodes:

label = node

else:

label = self.request_node_label(node)

1180 self.nodes[label] = Node(label, value)

return self.nodes[label]

def add_edge(self, sources: dict, target, rel, via=None, index_via=None,

weight: float=1.0, label: str=None, index_offset: int=0,

1185 disposable=None, edge_props=None):

"""Adds an edge to the hypergraph.

Parameters

----------

1190 sources : dict{str : Node | Tuple(Node, str)} | list[Node |

Tuple(Node, str)] | Tuple(Node, str) | Node

A dictionary of `Node` objects forming the source nodes of

the edge, where the key is the identifiable label for each

source used in rel processing. The Node object may be a Node,

1195 or a length-2 Tuple with the second element a string

referencing an attribute of the Node to use as the value (a
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pseudo node).

targets : list | str | Node

A list of nodes that are the target of the given edge, with

1200 the same type as sources. Since each edge can only have one

target, this makes a unique edge for each target.

rel : Callable

A function taking in a value for each source node that

returns a single value for the target.

1205 via : Callable, optional

A function that must be true for the edge to be traversable

(viable). Defaults to unconditionally true if not set.

index_via : Callable, optional

A function that takes in handles of source nodes as inputs

1210 in reference to the *index* of each referenced source node,

returns a boolean condition relating the indices of each.

Defaults to unconditionally true if not set, meaning any

index of source node is valid.

weight : float, default=1.0

1215 The cost of traversing the edge. Must be positive.

label : str, optional

A unique identifier for the edge.

index_offset : int, default=0

Offset to apply to the target once solved for. Akin to

1220 iterating to the next level of a cycle.

disposable : list, optional

A list of source node handles that should not be evaluated

for future cyclic executions of the edge. That is, each

tnode that corresponds to a handle in `disposable` is

1225 removed from `found_tnodes` after a successful edge

calculation.

edge_props : List(EdgeProperty) | EdgeProperty | str | int, optional

A list of enumerated types that are used to configure the

edge.

1230 """

source_nodes, source_inputs = self.get_nodes_and_identifiers(sources)

target_nodes, target_inputs = self.get_nodes_and_identifiers([target])

label = self.request_edge_label(label, source_nodes + target_nodes)

edge = Edge(label, source_inputs, target_nodes[0],

1235 rel, via, index_via, weight,

index_offset=index_offset, disposable=disposable,

edge_props=edge_props)

self.edges[label] = edge

for sn in source_nodes:

1240 sn.leading_edges.add(edge)

for tn in target_nodes:

tn.generating_edges.add(edge)

return edge

1245 def insert_edge(self, edge: Edge):

"""Inserts a fully formed edge into the hypergraph."""

if not isinstance(edge, Edge):

raise TypeError('edge must be of type `Edge`')

self.edges[edge.label] = edge

1250 tn = self.insert_node(edge.target)

tn.generating_edges.add(edge)
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@staticmethod

def union(a, *args):

1255 """Merges with another Hypergraph via a union operation,

preserving all nodes and edges in the two graphs.

"""

if not isinstance(a, Hypergraph):

raise Exception('Input must by of type Hypergraph.')

1260 for b in args:

if not isinstance(b, Hypergraph):

raise Exception('Parameters are not of type Hypergraph.')

for node in b.nodes.values():

a.insert_node(node)

1265 for edge in b.edges.values():

a.insert_edge(edge)

a_tns = set(a.solved_tnodes).union(set(b.solved_tnodes))

a.solved_tnodes = list(a_tns)

return a

1270

def get_nodes_and_identifiers(self, nodes):

"""Helper function for getting a list of nodes and their

identified argument format for various input types."""

if isinstance(nodes, dict):

1275 node_list, inputs = [], {}

for key, node in nodes.items():

if isinstance(node, tuple):

if node[0] not in nodes:

raise Exception(f"Pseudo node identifier for '{node[0]}' not included in Edge.")

1280 else:

node = self.insert_node(node)

node_list.append(node)

inputs[key] = node

return node_list, inputs

1285

nodes = make_list(nodes)

node_list = [self.insert_node(n) for n in nodes]

inputs = [self.get_node(node) for node in nodes

if not isinstance(node, tuple)]

1290 return node_list, inputs

def set_node_values(self, node_values: dict):

"""Sets the values of the given nodes.

1295 Creates a new node in the hypergraph if the given label is not

found.

"""

for key, value in node_values.items():

try:

1300 node = self.get_node(key)

except KeyError:

node = self.insert_node(key, value)

node.static_value = value

1305 def solve(self, target, inputs: dict=None, to_print: bool=False,

min_index: int=0, debug_nodes: list=None, debug_edges: list=None,

search_depth: int=100000, memory_mode: bool=False,

logging_level=None, to_reset: bool=True):
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"""Runs a BFS search to identify the first valid solution for

1310 `target`.

Parameters

----------

target : Node | str

1315 The node or label of the node to solve for.

inputs : dict, optional

A dictionary {label : value} of input values.

to_print : bool, default=False

Prints the search tree if set to true.

1320 min_index : int, default=0

The minumum index of the node to solve for.

debug_nodes : List[label,], optional

A list of node labels to log debugging information for.

debug_edges : List[label,], optional

1325 A list of edge labels to log debugging information for.

search_depth : int, default=100000

Number of nodes to explore before concluding no valid path.

memory_mode : bool, default=False

Found TNodes in the path are saved to the Hypergraph.

1330 logging_level : int | str, optional

The logging level to use for the simulation. Configures

logging if not already configured. `logging.DEBUG` or

`logging.INFO` are informative levels. See

`Hypergraph.set_logging_level` for more information.

1335 to_reset : bool, default=True

Resets the Hypergraph so that only nodes with static values

are preseeded. Should be `True` for independent simulations,

`False` for repeated simulations of different values from

the same scenario.

1340

Returns

-------

TNode | None

the TNode for the minimum-cost path found

1345 dict | None

a dictionary of values found for each node in the search

path, as {label : List[value,]}

"""

if logging_level is not None:

1350 prev_logging_level = logger.getEffectiveLevel()

self.set_logging_level(logging_level)

if to_reset:

self.reset()

1355 inputs = {} if inputs is None else inputs

self.set_node_values(inputs)

source_nodes = self.process_source_nodes(inputs)

try:

1360 target_node = self.get_node(target)

except KeyError:

msg = f'Target node {str(target)} not found in Hypergraph.'

raise KeyError(msg)
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1365 pf = Pathfinder(

target=target_node,

sources=source_nodes,

nodes=self.nodes,

no_weights=self.no_weights,

1370 memory_mode=self.memory_mode or memory_mode,

)

try:

t = pf.search(

min_index=min_index,

1375 debug_nodes=debug_nodes,

debug_edges=debug_edges,

search_depth=search_depth,

)

if self.memory_mode or memory_mode:

1380 self.solved_tnodes = pf.explored_nodes

except Exception as e:

logger.error(str(e))

raise e

finally:

1385 if logging_level is not None:

self.set_logging_level(prev_logging_level)

if to_print:

print("No solutions found" if t is None else t.print_tree())

return t

1390

def process_source_nodes(self, inputs):

"""Processes source nodes for the simulation."""

source_nodes = []

for label in inputs:

1395 try:

source_nodes.append(self.get_node(label))

except KeyError:

msg = f'Input node <{label}> not found in Hypergraph.'

raise KeyError(msg)

1400 source_nodes += self.get_constant_nodes(inputs)

return source_nodes

def get_constant_nodes(self, inputs: list=None):

"""Returns all the constant nodes in the Hypergraph, optionally

1405 filtered by nodes not in `inputs`."""

if inputs is None:

inputs = []

constant_nodes = [node for node in self.nodes.values()

if node.is_constant and node.label not in inputs]

1410 return constant_nodes

def print_paths(self, target, to_print: bool=False) -> str:

"""Prints the hypertree of all paths to the target node."""

try:

1415 target_node = self.get_node(target)

except KeyError:

msg = f'Target node {str(target)} not found in Hypergraph.'

raise KeyError(msg)

target_tnode = self.print_paths_helper(target_node)

1420 out = target_tnode.print_tree()
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if to_print:

print(out)

return out

1425 def print_paths_helper(self, node: Node, join_status='none',

trace: list=None) -> TNode:

"""Recursive helper to print all paths to the target node."""

if isinstance(node, tuple):

return None

1430 label = f'{node.label}#{0 if trace is None else len(trace)}'

t = TNode(label, node.label, node.static_value,

join_status=join_status, trace=trace)

branch_costs = []

for edge in node.generating_edges:

1435 if self.edge_in_cycle(edge, t):

t.node_label += '[CYCLE]'

return t

child_cost = 0

1440 for i, child in enumerate(edge.source_nodes.values()):

c_join_status = self.get_join_status(i, len(edge.source_nodes))

c_trace = t.trace + [(t, edge)]

c_tnode = self.print_paths_helper(child, c_join_status, c_trace)

if c_tnode is None:

1445 continue

child_cost += c_tnode.cost if c_tnode.cost is not None else 0.0

t.children.append(c_tnode)

branch_costs.append(child_cost + edge.weight)

1450 t.cost = min(branch_costs) if len(branch_costs) > 0 else 0.

return t

def edge_in_cycle(self, edge: Edge, t: TNode):

"""Returns true if the edge is part of a cycle in the tree rooted at

1455 the TNode."""

return edge.label in [e.label for tt, e in t.trace]

def get_join_status(self, index, num_children):

"""Returns whether or not the node at the given index is part of a

1460 hyperedge (`join`) or specifically the last node in a hyperedge

(`join_stop`) or a singular edge (`none`)"""

if num_children > 1:

return 'join_stop' if index == num_children - 1 else 'join'

return 'none'
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