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Effects of Functional and
Declarative Modeling Frameworks
on System Simulation

System modeling frameworks can be categorized into imperative and declarative
paradigms. Which paradigm a model is expressed in effects how the model may be
utilized; imperative models allow simple execution, while declarative models capture the
behavior of the underlying system. This paper compares these paradigms, as well as

functional and object-oriented frameworks, in light of physics-based systems. This is done

by exploring the principles of systems modeling and simulation. Simulation is shown to
be the composition of functions representing system behavior. Simulatable frameworks
can be differentiated by their ability to identify and compose these functions for a specific
input and output pairing. The various frameworks are explored, applying concepts more
typically studied in computer science to general systems engineering. The frameworks are
investigated by comparing simulations of a driven double pendulum in various modeling
languages. Observations include that functional, declarative models allow for greater
reusability and holistic system simulation.

Keywords: declarative modeling, functional programming, system simulation, model-

based systems engineering

1 Introduction

Modelers, trying to represent the behavior of a complex system,
are limited by the expressiveness of the available frameworks [1]. The
ultimate goal of modeling a system is to understand its interactions,
generally for the purpose of simulating its state. This is generally
performed in niche frameworks tailored to a specific domain, such
as a circuit diagram or ball-and-stick models. Frameworks for multi-
domain systems—for instance, one considering the effects of material
on power consumption—are often more limited, leading to calls for
more advanced, rigorous, multi-domain formalisms [2]. Due to the
prevalence of computer simulation, digital systems and counting meth-
ods have received the bulk of consideration over the past decades,
focusing discussion of different modeling paradigms on the design
of software systems. The purpose of this paper is to review how
four of these paradigms effect the simulation of physics-based sys-
tems, namely imperative, declarative, functional, and object-oriented
paradigms.

To support comparisons between frameworks, the authors have
elected to consider a pendulum as a common system, preparing models
in different languages based on the established dynamics [3]. These
different representations are contrasted to show how each framework
exposes the structure of the underlying system. This culminates in
an example simulating a double pendulum in five different languages.
The simulations show both where principles of computer program-
ming can be applied to systems engineering, and where there may be
disagreement, with a key observation being that heterogeneous sys-
tems models may benefit from being represented in functional, declar-
ative frameworks rather than with procedural or procedurally-coupled
object-oriented approaches. This is based on the notion that a system
is determined by a collection of state variables with behavior given
by a set of functions constraining system’s state. The act of simula-
tion is consequently shown to be the act of composing these functions
into a chain that transforms a set of inputs to a desired, unknown
output. Each framework can then be differentiated—in terms of its
simulatability—based on its method of identifying and composing the
functions of the underlying system.

Note that the functional modeling paradigm discussed in this paper
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is aligned with practices of computer science, such as described by [4]
and [5], where the base unit of representation is an algebraic function.
Programming languages that fall under this paradigm include Haskell,
LISP, and Miranda, though other languages can approximate function-
based modeling (as shown in Section 5). Functional modeling as
used here does not refer to the deconstruction of a system into its
functionalities [6], a common method espoused by Pahl and Beitz [7].

2 Review of System Simulation

In designing a system, an engineer must describe how the system’s
elements should be arranged so that their interactions result in some
desired behavior. Whether the elements are people in an airport, parts
of an aircraft, or the metal grains of a wing-strut, an engineer must
understand how bringing them together will cause people to board a
plane that will fly without its wings failing mid-flight. To understand
the systems that comprise the universe, engineers must create models
that describe both the system elements and relationships between them
(8].

Two independent objectives for modeling a system are described
here: to describe the elements comprising a system and to simulate
facts about the system a model represents. It is the view of the authors
that these two aims include most, if not all, objectives of system
modeling. Models of the first type are often visual diagrams, such
as the free body diagram shown in Fig. 1(a) or the SysML block
definition diagram in Fig. 1(b). These may be employed as an initial
step in understanding a complex system or as a tool for communicating
a system’s constitution.

The second objective of modeling a system is its simulation, which
derives from the interpretation of a system as a source of data [9].
Ross Ashby was the first to conceive as a system as a list of variables,
whose values are generally considered the state of a system [10].
Simulation is the prediction of a system’s state—or at least a part of it—
through reasoning on the behavior of the system [11]. The predicted
value(s) are artificial, in that they are data corresponding to states of
the system that were not observed, often for reasons such as lack of
availability, sufficient measurement power, or even temporal existence
[12]. Decisions about a system require simulation, especially during
the design phase when the systems of interest are not yet physically
realized [13].
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Fig.1 Two descriptive models of an elastic pendulum: (a) a free
body diagram showing the forces of the system; and (b) a SysML
block definition diagram showing the system elements.

A simulatable model is one that represents system behavior such
that artificial observations on the system can be made. In this perspec-
tive, the model is the encoding of system behavior, and the simulation
is the provision of data to a model such that other data (correspond-
ing with unobserved system states) are revealed. Such a model can be
treated as a morphism between a set of inputs and outputs [14,15]. The
morphism for mapping between sets of values is an algebraic func-
tion [16], meaning that a simulation model can be described more
explicitly as providing a function F' that maps between the set of state
variables whose values are known (inputs) and the set representing
another state variable whose value is unknown [17]. The calculation
of F for some value in its domain constitutes a simulation. Every
so-called model solver or simulation engine must provide a way of
discovering and calculating F from the underlying model [18]. Some
models express F explicitly, while others provide F by the composi-
tion of sub-functions F' = f,, o fy—1 o...0 f> o fi, where the domain
of each sub-function is either a known input or the codomain of a
preceding sub-function, and the codomain of f; is the desired output.

These functions represent the behavior of the modeled system. This
was shown by Willems when he described behavior as restrictions
on the possible values a system state can exhibit [19]. Models are
developed to capture the combinatorial interactions between variables
[20]. A model is considered underconstrained if the number of values
a system variable can exhibit for a single frame of consideration is
greater than one. Alternatively, because reality is consistent, models
of real systems must be fully-constrained, so the system state exhibits a
unique value for any frame of consideration. Because functions map to
unique values in their codomain, any constraint of a real-world system
can be represented by a function, and a fully-constrained system model
can be considered as the set of functions constraining how a system
evolves in response to stimulus [21].

3 Modeling Paradigms

The variety of ways to represent and compose functions results in
a plurality of modeling languages [22], such as the examples given in
Table 1. Note that the subjective nature of the designation of objective
given informally by the authors only as a rough characterization of
the language. Whatever a language’s objective, it will consist of a
set of rules for manipulating symbols that, when followed, enable
a user to interpret the system represented by the model [23]. The
rules, which describe how system components may be combined [24],
are collectively referred to as a framework [4] or a formalism [9].
As a basic example, the components of a circuit diagram are visual
symbols representing electrical elements such as wires, resistors, or
capacitors. These symbols can only be connected together in specific
ways: a resistor symbol, for instance, can only be placed on top of
a wire, and not on top of a capacitor. By following the rules of
the framework, a modeler can convey the behavior of an electronic
circuit. Note that meaningful distinctions between languages result
from differences in their frameworks, as symbols can be arbitrarily
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Table 1 Examples of system modeling frameworks, adapted

from [26]
Framework Domain  Objective Source
Bond graphs Dynamic Description [27,28]
Block diagrams Dynamic  Simulation [29,30]
Stock and Flow Dynamic  Simulation [31,32]
Entity-Relationship Knowledge Simulation [33]
Circuit diagrams Electronics Description [15]
Flow charts Processes Description — [34]
Petri nets Processes  Description [14]
State machines Processes  Simulation [35]
Markov chains Processes  Simulation [36]
Gantt charts Scheduling Description  [37]
PERT diagrams Scheduling Simulation [38]
Bayesian networks Stochastic  Simulation [39,40]
Causal models Multi-domain Description [41]
SysML diagrams Multi-domain Description  [42]
EXPRESS Multi-domain Description [43]

Algebraic Expressions Multi-domain Description
Constraint graphs Multi-domain Simulation [26,44-46]

Table 2 Informal categorization of modeling frameworks as im-
perative or declarative, and further distinguished by typical base
data representation.

Non-Specific Functional Object-Oriented
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replaced without affecting the underlying interpretation. Indeed, it
can be said that the framework rules provide the interpretation of
a model [25]. This motivates the exclusive focus in this paper on
modeling frameworks.

The manner in which a model expresses the system’s behavior has
a significant impact on its simulatability. Two primary paradigms
of providing a simulation function F are considered: imperative and
declarative frameworks in Sections 3.1 and 3.2 respectively. Also
considered here are secondary paradigms concerning how basic sys-
tem structures are represented; frameworks that deconstruct a system
into modular subsystems are considered object-oriented (Section 3.4),
while models that express each relationship as a function are func-
tional (Section 3.3). The use of these paradigms has considerable
effect on how simulations may be conducted.

This section reviews how these paradigms are defined in connection
with their relationship with system simulation. Much of the discus-
sion on modeling paradigms is driven by computer scientists, likely
due to the prevalence of the computer in defining and simulating sys-
tems. Applications of these principles to general systems engineering
frameworks are given throughout the section, with a list of frameworks
and the paradigms they primarily operate under tabulated in Table 2.
Note that the categorizations of modeling frameworks as imperative
of declarative, as well as the degree of objectification, are provided
for demonstrative purposes as such designations are fairly subjective.

An analogy of a model is presented here to motivate the discus-
sion of imperative and declarative paradigms. Consider a map of
railway connections between cities, such as the one in Fig. 2(a). In
this analogy, cities represent state variables and rail lines represent
the known functions relating them. This constitutes a model and de-
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scribes the behavior of the underlying system. Simulation is akin to
imagining a traveler moving from city to city. Every city that the
traveler has visited becomes a known value for a state variable in the
system (within the current frame of consideration). The simulation
function F = {LA} — {Seattle} is explicitly given in the model as
fLa—sga, however F = {LA} — {NYC} must be composed from
other functions in the model: fcar—Nyc © fDEN—CHI © fLA—DEN-

Los Angeles

SfecHI-NyYC

New York City (NYC)

Chicago (CHI)

Denver (DEN)

Los Angeles (LA)

Atlanta (ATL)

Houston (HOU) New York City

(b)
(@)

Fig. 2 Two analogies of modeling: (a), a declarative model ex-
pressing every possible route (simulation) that can be connected
between the cities (system variables); and (b), an imperative
model showing the steps necessary to travel from Los Angeles
(the input) to New York City (the output).

Here the map is a declarative model that declares the facts of the
system. The map does not prescribe how to travel anywhere, rather
it enables an external agent to use the stated facts to create “routes”
of simulation. This is contrasted with an imperative model, such as
the one in Fig. 2(b). Models created in this paradigm look more like
recipes, providing a list of steps that must be followed to simulate the
desired output. A different imperative model must be provided for
every simulation function, in contrast with the map which expresses
every route in a single structure. Though both models can be used for
simulation, the declarative model better captures the behavior of the
system.

3.1 Imperative Modeling. Any simulation can be described as
a sequence mapping inputs to outputs. In a model used for compu-
tational simulation, this sequence is a set of tasks performed by the
computer and typically termed a program [24]. Flowcharts are an ex-
ample of an imperative model where the executor is not a computer,
such as the flowchart in Fig. 3 describing the process for calculating
the angular acceleration @ of a simple pendulum. Note the direct
correspondence between the model and the action of simulation, with
the model describing the steps needed to artificially calculate the un-
observed value « in terms of known values / and 6 (the tether length
and angular position, respectively). Imperative models, also known as
procedural models, are denoted by a change in state, where each line
in the program updates the state of the system the model represents
until the state arrives at the desired output [47].

In prescribing the steps of a simulation, these models are imme-
diately executable. An imperative model defines how a simulation
should be calculated [48], a necessary provision before executing a
process whether by a computer [49] or biological engine [50]. Conse-
quently, all executable models are either imperative or must be paired
with a mechanism for providing an imperative process.

Imperative models are generally the most simple to develop, as they
only need to express system behavior for the specific fact they are
purposed to simulate. Their simplicity, however, belies the difficulty
in understanding the systems they communicate [51]. A process has
no intrinsic points where it can be broken or reconfigured. Imperative
models are consequently more difficult to connect and adapt [30].
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Fig. 3 A flowchart showing how to calculate the angular accel-
eration a of a pendulum based on inputs of tether length / and
angular position 6.

This is evident in models of workflow processes, which function well
for their prescribed sequences, but incapable of being adapted to new
situations or unforeseen problems [52].

3.2 Declarative Modeling. While an imperative model describes
the steps needed to calculate a single output, declarative models de-
scribe all possible values that could be obtained from a simulation.
Though any process that abstracts lower-level instructions may be
thought of as declarative [49], the true test for a declarative language
is whether the values of state variables remain the same throughout
the model [48]. This is because a declarative model codify all possi-
ble ways to modify a system’s state, rather than describing a specific
mutation sequence.

The map analogy again proves useful; consider how each step of a
route is provided with respect to an updated location of the traveler.
However, the connections shown in Fig. 2(a) never change regardless
of the actual route taken by the passenger. It is assumed that an able
traveler can form a sequence for traveling to their destination from the
information declared by the map. Similarly, declarative models pro-
vide information without providing the procedures for simulating that
information [53], leaving the work of routing the lower-level process
to an execution agent [47]. This is evident in SysML, where con-
straints in a parametric diagram must be solved by an external solver
[54,55].

Because of their generality, declarative models are better able to
capture the holistic nature of a system. An imperative framework pro-
vides a single avenue for simulating a system, while every possible
way of simulating a system can be extracted from a declarative model.
Circuit diagrams are declarative, in that an engineer can solve for the
power at any node in the circuit. Likewise, algebraic expressions de-
clare equivalencies as in, for instance, a linear system of equations
Ax = B, which can be subsequently solved imperatively for x by an
agent (either a computer or tired student) using matrix row opera-
tions. In many languages it is possible to describe both imperative
and declarative models, often by focusing on features dedicated to
one paradigm or another. Pure LISP, for example, is a declarative
language until functions for updating list values are introduced [48].

Whatever the implementing language, simulation of a declarative
model is contingent upon a mechanism for extracting information out
of the model, turning inputs to outputs. These mechanisms may be
constraint solvers (especially with logic programming [24]) or propri-
etary compilers (such as with Modelica [56]). Functional languages
expose information by expressing each declared facts as a function, so
that a compiler can chain functions together using function composi-
tion [57,58]. The rigor and power of this method has made functional
programming nearly synonymous with declarative modeling, though
the two are decidedly distinct [48].

3.3 Functional Modeling. Because functions are the primitive
element of a simulation, all models must identify and compose func-
tions for simulation. However, this does not mean that all frameworks
express these functions explicitly, as do the those within the functional
modeling paradigm. Functional models represent a system as a set of
basic functions with behavior defined by composing functions [59].
It is the fact that functions compose that give functional models their
primary characteristics. While typical structures do not necessarily
provide points of connection, any two functions that share a domain
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and codomain can be immediately joined together. The functions
presented by a functional model form a set of reconfigurable building
blocks that can be used by a modeler to simulate various aspects of the
represented system [57]. Such functionality is sometimes referred to
as composability [13,60,61], modularity [57,62], extensibility [53,63],
or interoperability [64]. The rigor of function composition, supported
by Church’s lambda calculi [65], drove the development of functional
languages such as LISP, Haskell, and Miranda [66].

Using function composition as the “glue” for bringing elements
together brings significant benefits for modeling systems [57]. It was
shown in Section 2 that the fundamental representation of system
behavior is a function mapping between sets. Because each element in
a function’s domain must be mapped to a unique value in its codomain,
a function mapping represents an independently composable method
for constraining a state variable [67]. In other words, a function
describes the affect of the system on a single variable, such as an
output desired in a simulation [5].

3.4 Object-Oriented Modeling. Creating objects while model-
ing is directly reflective of a system of systems worldview, where
every system can be broken down into a collection of interacting sub-
systems [24]. Every object represents an independent system com-
posed of elements that exhibit collective behavior. Objects in a model
consequently contain elements (often variables) and manifest behav-
iors encoded in a set of processes (usually functions) that relate the
elements. These might be defined in a class template, of which each
object adheres to as an instance of the class [48]. The tools for defin-
ing a system are provided by functional programming, consequently
most object definitions adhere to the functional modeling paradigm
[68]. The difference between the two paradigms is in consideration of
how subsystems interact. While a functional model treats all elements
as available to be connected (a flat representation), an object-oriented
paradigm encapsulates certain portions of the system. Encapsulated
objects (subsystems) have their own state distinct from the state of
the global system [68]. The global system behavior is then described
by coupling subsystems along predefined ports [13]. The resulting
inter-subsystem coupling is often (though not always [17]) conducted
imperatively [69], resulting in sequences of tasks sent between objects
[70]. The SysML model shown in Fig. 1(b) is an example of encap-
sulated objects, where the tether and bob must be connected to the
pendulum values to form a holistic system [55].

4 Effects on Simulation

Though simulation can be performed with models expressed in any
of the discussed paradigms, there is a clear advantage for frameworks
that are both functional and declarative. The authors claim that these
models are more connective, like the systems they describe, allowing
them to better capture system behavior. This claim is supported by
answering why connective frameworks are necessary for system sim-
ulation. The remainder of the section investigates why imperative and
non-functional paradigms (including object-oriented frameworks) are
limited in their interoperability. These takeaways of this section are
summarized in Table 3.

4.1 Need for Interoperability in Simulation. All systems
change [71]. The philosophical argument that the state of reality,
and our interpretation of it, is constantly changing is at least as old
as Heraclitus. The evolutions of a system of interest is ultimately due
to reality’s reluctance to be confined by a closed-world definition. In
contrast with a virtual pendulum existing in a vacuum, a real pendu-
lum might be influenced by the day’s weather, vibrations on the floor
above, the material of its tether, etc. To represent the pendulum, a
modeler selects a subset of factors based by the model’s intended use
[10]. Every combination of phenomena may yield a unique system
representation expressing different aspects of the modeled system-—
perhaps one scope associated with the dynamics of the pendulum,
while another considers the bacterial on the bob. Because no finite
model can every claim to fully represent a system, the best case for a
general model is one that is adaptable to changes in its scope. Here
the modeler can retain the behavior between various scope definitions,
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such as using the equations of motion to see how the bob’s speed ef-
fects bacterial growth.

The evolving nature of a model’s scope constitutes the primary
challenge of modeling systems: model interoperability [72,73]. The
traditional definition of interoperability is a system’s ability to ex-
change information with an interfacing agent without loss of meaning
[74]. When considering simulation, the exchanged information be-
comes the facts—or state variables—considered in the system model,
while the meaning is given by the inter-variable relationships. This
deconstructionist interpretation of interoperability is restated by the
authors as the consistent expression of system facts despite modifica-
tion of a model’s scope.

A change in scope may involve modifying the state variables, their
relationships, or both. The first case is often brought about when a
modeler considers additional phenomena, such as expanding the model
of the simple pendulum to include friction. Accounting for a change
in state might result in the development of an entirely new model,
a reaction that views the modified system as distinct from the origi-
nal. The second case involves when the interpretation of the system’s
behavior changes, such as considering the motion of a pendulum to
be linear (the classic small-angle interpretation). Behavioral changes
might also occur when discovering new interactions between parame-
ters, such as updating a model of a Foucault pendulum to consider the
rotation of the earth. If a system interfaces with another system (the
traditional view of interoperability), then it is most likely that both
of these cases occur, in that the states of the interfacing system are
coupled in some way with the states of the original.

A model that is not interoperable is useful in only a single use
case. It is one of the primary objectives of a modeler to create models
that may adapt to multiple use cases [57]. Consequently, for system
modelers, model frameworks should be principally evaluated across
their ability to accurately demonstrate system facts even when their
scopes are modified in the previously discussed ways. While the
author’s leave discussions of accuracy and fidelity to other works,
considering how scope evolutions are handled motivates this paper’s
example on the four modeling paradigms in Table 2.

4.2 Limitations of Imperative Models. The least interoperable
models are those constructed in an imperative framework, such as
the flowchart shown in Fig. 3. Though the same variables (g, /, 0,
a) and relationships are included in the chart as in other models,
the flowchart cannot be connected with any other diagram except for
on the provision of its output, @. This is because the chart describes
behavior with processes, which cannot pass information except at their
endpoints. There are three processes in the flowchart:

(1) Divide / by g and negate;
(2) Take the sine; and
(3) Multiply.

It is not communicated to any interfacing agent what the results of the
processes are, nor what the effect of breaking them to extract system
information. The result is a brittle model that can be used to simulate
the system only for the prescribed scope, rather than a flexible model
for describing the relationships between variables [14].

Functional imperative models, such as the block diagram shown in
Fig. 6, are less inflexible. A block diagram describes each relationship
as a function, mapping a set of inputs to outputs. Because functions
always reduce to unique values, a simulation can exhibit system facts
anywhere in the diagram. Despite the benefits arising from represent-
ing behaviors as functions, they are still limited by their imperative
natures [30]. The block diagram describes a process for calculating
some output variable, with each step of that process given by some
function transforming the outputs of the one before it. While the out-
puts of each function are able to be clearly expressed, the behaviors
themselves are not interoperable, and the scope of the model remains
fixed. One indication of this is that the inputs to the model cannot
be changed—one could not discover gravitational acceleration g for in-
stance by inputting observed values of angular acceleration a, even
though those relationships are at least hinted at by the model. This
is also true for state machines, which show how a state transforms
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according to a set of composing functions, but which cannot replicate
that process if the system state must be adapted.

4.3 Limitations of Object-Oriented Modeling. Both the ben-
efits, and the limitations, of object-oriented programming stem from
the encapsulation of subsystems into distinct objects. Although object-
oriented systems are often considered universally more interoperable,
this claim merits closer inspection [72]. By “hiding” information from
the rest of the model behind the object boundary, a modeler is able
to describe which elements of the object are influential in determin-
ing the inter-object behavior of the global system [75]. This allows
(indeed, requires) interfaces to be built by which objects can interact
with each other [70]. Object interfaces enable greater composability
in the same way a handle simplifies interactions with a door.

The pitfall of encapsulated models is when the system does not
adhere to the object-oriented worldview. While it is natural to de-
compose a system into distinct entities [76], such distinctions are in-
evitably arbitrary. While simple systems are readily classified, it is
often impossible to abstract systems that interact with other systems
across many dimensions (often termed reactive systems)[77]. The key
here is that reality generally does not decompose into independent
subsystems. Even if the interaction between Brazilian butterflies and
Texan tornados is slight, a model that isolates their behaviors will fail
to capture the full system effects [78], what Nielsen et al. call the
”synergistic collaboration of constituents” [64].

Objects that are not required to maintain a separate sense of state
are an exception to this, allowing for modularization of a system with-
out losing the ability to capture holistic behavior. There seems to be
some confusion about this topic. Nearly all sources agree that the
key features of object-oriented modeling are the encapsulation of ob-
jects that maintain a private state, leading to interaction via sequences
of messages communicated between objects [24,48,68—70]. However,
the label “object-oriented” is often applied whenever properties are
merely grouped together, rather than fully encapsulated. For instance,
a system of two simple, uncoupled pendulums is shown in Fig. 4.
Each pendulum is represented by the same four variables (0, w, a,
and /) and share the gravitational acceleration g. Though each set of
pendulum variables can be distinguished from the rest of the system,
such grouping has no effect on the actual behavior of the system. This
is because the states of the two pendulum are adopted by the global
system, so that relationships could in theory be expressed between any
subsystem variable. There is a case to be made that these subsystems
should not be strictly considered objects, since there is no encapsula-
tion nor serialized communication, although some works on systems
modeling describe them as such [9,17].

Side by Side Pendulums

Pendulum B

Pendulum A

Fig. 4 A system representation of two pendulums hung side
by side (but not coupled). The variables associated with each
pendulum are shown in the dashed boxes, while inter-variable
algebraic relationships are shown with solid arrows.

To be truly object-oriented, subsystems must expose only a part of
their local state through an interface. If every system fact is available
to other agents, then identifying subsystems is merely a convenient
organizational tool rather than a true-indicator of an object-oriented
paradigm (though perhaps enabling such useful properties as inheri-
tance and polymorphism). A model that exposes all state variables
to functional relationships avoids the limits of imperative connections
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between encapsulated objects; these types of models can be written
even in object-oriented paradigms such as C++ or Modelica, though
this limits the expressiveness of these languages such as inheritance
schemes.

Encapsulated objects are not without their benefits in modeling.
The rigid, hierarchical structures [79] of object-oriented paradigms
enable a system to be statically defined so that its state is prescribed
to evolve only in specified ways regardless of its environment. This
allows objects (or the templates that define them) to be reused outside
their intended use case. This is especially useful for software develop-
ment, where modules and libraries are integrated into foreign scripts
without need for adaptation. Other benefits include obscuring sensi-
tive data (such as proprietary models) [80], and established interfaces.
Object-oriented paradigms have resulted in significant advances in co-
simulation, such as the Functional Mockup Interface used for system
of systems simulation in Modelica [81,82].

The authors argue though that the dynamic nature of systems en-
gineering, where the behavior of the systems might change rapidly,
negates many of these benefits. Rigid, inflexible interfaces do not pro-
vide modelers with the ability to adapt models to new environments
requiring new behavioral interactions. For instance, the equation of
motion for a simple pendulum can be expressed as o = —% sin 6.
However, if the pendulum is coupled with another pendulum (such
as when forming a double pendulum), this equation no longer holds.
Instead, the pendulums motion is influenced by the momentum of
the other bob, and the equations of motion become more complex
[3]. Expanding the scope of the system invalidates the model. If the
pendulum is encapsulated, the model provides no indication that this
should be the case, as encapsulated objects are expected to evolve in-
dependent of which systems they are coupled with. This is famously
studied under the "Expression Problem” [83], which showed the limits
of procedurally connected objects to reflect changes in behavior [84].
Though solutions to this problem exist [85], the underlying philos-
ophy of independent subsystems clearly is at odds with the idea of
emergent, holistic behaviors prevalent in systems theory.

5 Study of Simulation Methods by Paradigm

To demonstrate these differences between different paradigms, two
simulation case studies are conducted in five modeling frameworks.
The system for each case is a double pendulum where the top pendu-
lum A is driven at some predefined angular velocity and the bottom
pendulum B is free to rotate around the first, as shown in Fig. 5. This
scope of this system consists of the following variables and functions:

Variables, with values given for constants:
e 2=981m/ s2, the gravitational acceleration;
* [4, Ip = 1 m, the length of the pendulums’ tethers;
* 04, Op (rad), the angular position of the bobs with respect to
the vertical axis;
* wy, wp (rad/s), the angular velocity of the bobs;
e @y, ap (rad/ s2), the angular acceleration of the bobs;
e At = 0.1 s, the time step of the simulation; and
* ¢ (s), the time of the current frame of consideration.

Relationships:
Wx,i — WX,i-1
faxH{ox i oxio1, At} = ap = ———=— (1)
fop: 104,0,wa,@a,la, 1,8} — ap =
1
T (¥cos@p +sinfp (¥ +g))
B
where: (2)
X=la (aA cosf, — a)124 sinGA) and
V=14 (a'A sinf, + w124 cosGA)
Sfox  {ax, wx, At} = wx = ax * At + wx 3)
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Table 3 Overview of simulation in various modeling paradigms.

Paradigm Definition Strengths Weaknesses
Imperative Defines the specific process transforming inputs Simple to develop Manual simulation processes
to outputs for each input/output
Declarative Defines the relationships which are processed by General simulation of a system  Requires solver to provide
a solver to compose the simulation simulation processes
Functional Reduces each relationship to an explicit function Reconfigurable, exposes sys- Additional modeling steps

Object-Oriented  Structures subsystems into independent modules

tem behavior
Modular and exportable, espe-
cially for static systems

Obscures inter-subsystem be-
havior if encapsulated

- ift%4<2
ot ={ 4 4
Jou ity = wa { 4 otherwise @)
fgxi {wx,gx, At} — Ox = wx * At + 0x (5)
fii{t,At} > t=At +1¢ (6)

Equations 3 and 5 are a first-order Eulerian integration of @ and
w to yield w and 6 respectively for each pendulum, while Eq. 1 is
a first-order differentiation of « in terms of w. While none of these
are very robust, there simple relationships help show the functional
nature of simulation without relying on proprietary numerical recipes.
In addition to these differential terms, there are two other functions
that result from the interaction of the driving pendulum with the freely
swinging one: Eq. 2 and 4.

_

Wy

bdd [Package] Structure

Driven Double Pendulum

c 5

Driving Pendulum | | Swung Pendulum

mug

Simple Pendulum

(@)

(b)

Fig. 5 Free-body diagram of a driven double pendulum, where
the upper bob rotates around the fixed point at a fixed angular
velocity shown as (a) a free body diagram; and (b) a SysML block
definition diagram showing the class deconstruction.

The two different cases each simulate a different fact for the pen-
dulum system:

1 6p att = 2Ar;
2 04+ 0p att=4.0;

Each of these have the same initial inputs of with initial inputs of
04,0 = %, and @, wa, wp = 0, in addition to the constants defined
above. Models have been prepared in five different languages for the
two cases. Although only featured snippets of the models are included
here, all programs are provided in full in an open-source repository.”

Imperative, Non-functional: MATLAB

Imperative, Functional: Block diagrams (prepared in Simulink)
Imperative, Object-Oriented: C++

Declarative, Object-Oriented: Modelica

Declarative, Functional: Constraint hypergraphs

2Full scripts for all simulations are available on GitHub
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The latter of these is a graphical method for representing and sim-
ulating systems detailed in [26]. It’s use here is justified by its de-
scriptive way of detailing system behavior. An abbreviated overview
of the framework is that each state variable is represented as a node
connected to each other by multidimensional hyperedges. Hyperedges
represent the functions (shown as black boxes) in the system, connect-
ing each variable in the function’s domain to a single variable in the
function’s codomain. The declarative solver for the hypergraph is a
pathfinding algorithm that constructs a path from nodes whose value is
known (inputs) to another node whose value is unknown (the output).
The resulting route through the graph is a chain of composed func-
tions that, when calculated, simulates the value of the output. This
can be more intuitively thought of as a graph of all possible block
diagrams expressible in a system. The constraint hypergraphs are de-
picted visually, with simulations conducted using the Python package
ConstraintHg [86], which serves as the underlying declarative solver
for the framework.

The first case (1) is a simple demonstration of how simulation is
based on function composition regardless of the implementing frame-
work. Algebraically, the simulation of the 6 (for the value following
the initial input at 1{ = A7) must be given by the following functions:

eB:fHBOfo_)BO (Iy,B (7)

To be simulatable, each framework must have some mechanism for
exposing the composed functions. The most basic way to do this is
by providing the function chain as an explicit process, such as in the
imperative script (written in MATLAB):

Block 1: Imperative model simulating case 1 in MATLAB.

% ... Initialized variables

time = time + time_step;

xddot = LA * (alphaA * cos(thetaA) - omegaA*2 x sin(thetaA));
yddot = LA * (alphaA * sin(thetaA) + omegaA*2 * cos(thetaA));
alphaB = (xddot * cos(thetaB) + sin(thetaB) * (yddot + g)) / -1B;

omegaB(2) = alphaB x time_step + omegaB;
thetaB(2) = omegaB(2) * time_step + thetaB;
disp(thetaB(2));

This script is not easy to rearrange due to the constant state muta-
tions. Is it possible to put the third line before the first? Can thetaB
be calculated before alphaB? The dependencies are not explicitly
provided, making the process all but impossible to modify unless a
modeler is fully aware of the underlying model behavior. A functional
paradigm, such as the block diagram shown in Fig. 6, remedies this by
expressing the functions generating the process. The block diagram is
still imperative, but the inputs and outputs to the blocks show how they
can be arranged. The result is that the modeler immediately knows
that thetaB cannot be simulated before alphaB, because alphaB is
an input to an upstream function.

Both imperative approaches successfully simulate the first calcu-
lated value of 6. However, any other output such as wy4 or even
a value of 0p at t,, forn > 1, is calculated from a different func-
tion composition chain than Eq. 7. Each unique process requires a
corresponding imperative model to be configured. These procedural
approaches are contrasted with the declarative constraint hypergraph
in Fig. 7. The figure shows the model of the entire system, though it
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https://github.com/jmorris335/SystemSimulationExamples
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omega.

thetaA 0.1 »a” [ theta

thetaB_0 ot

fOmegaB

,’E

thetaB

Fig. 6 Imperative, functional model simulating case 1 in a block
diagram, implemented in Simulink.

would still be solvable if only the functions of Eq. 7 were included.
Rather than specifying an explicit process, the hypergraph represents
all possible function composition chains. The actual simulation is
prepared by a pathfinding algorithm that searches for the shortest pos-
sible route connecting the provided pairing of inputs and outputs for
case 1. This automatically composes the functions of Eq. 7, allowing
the simulation to be executed automatically.

Fig. 7 Declarative, functional model of the driven double pen-
dulum in a constraint hypergraph.

The same is mostly true for an equation solver such as Model-
ica. Modelica, based originally on Dymola [87], allows for models
to be declared as objects. The language’s compiler employs a ro-
bust set of algorithms that can solve the differential equations in the
model [88], providing a convenient platform for dynamic modeling.
Models are generally provided in classes, which allow for convenient
model reuse and modularization. The driven pendulum system has
been broken down in Block 2 into three objects: one representing
a simple pendulum, which is inherited by two pendulums represent-
ing the top (DrivingPendulum) and bottom (SwungPendulum) re-
spectively. These latter two are eventually inherited in a super class
(DrivenPendulum) that models the coupling between the two sub-
systems.

Block 2: Declarative, object-oriented simulation in Modelica

class Pendulum "simple pendulum”
parameter Real 1=1;
Real theta(start=0.7);
Real omega(start=0.0);
equation
der(theta) = omega;
end Pendulum;
class SwungPendulum "simple pendulum coupled to driving pendulum”
extends Pendulum;
Real xddot, yddot;
end SwungPendulum

class DrivingPendulum "driving pendulum”
extends Pendulum;
parameter Real speed=0.7;

equation

Journal of Dynamic Systems, Measurement and Control

if time mod 4 < 2 then

omega = -speed;
else

omega = speed;
endif;

end DrivenPendulum

class DrivenPendulum "driven double pendulum”
parameter Real g=9.81;
SwungPendulum swung(theta(start=0.7));
DrivingPendulum driver(theta(start=0.7));
Real sum_theta;
equation
swung.xddot = driver.l x driver.alpha * cos(driver.theta) -
driver.omega*2 * sin(driver.theta);

swung.yddot = driver.l x driver.alpha * sin(driver.theta) +
driver.omega*2 x cos(driver.theta);

der(swung.omega) = (swung.xddot * cos(swung.theta) + sin(swung.
theta) * (swung.yddot + g));

sum_theta = swung.theta + driver.theta;
end DrivenPendulum;

As an equation solver, Modelica models must be fully constrained
before a solution can be found (unlike the imperative process in
Block 1, which only required the specific functions of Eq. 7). This
means that the entire system must be solved concurrently—there is no
command to solve for only a single variable in Modelica. Instead, as is
typical of a declarative paradigm, the model is simulated with a sim-
ple call to the underlying engine (simulate(DrivenPendulum);).
There is also no way to control the solution method, which is why the
Eulerian integrations are not specified in the model.

Because Modelica is object-oriented, the various types of pendu-
lums can immediately extend the base class provided at the begin-
ning of Block 2. Note however that the objects themselves are only
ever coupled within a class, never connected via imperative message
senders. This is true of every Modelica model, which has no ability
to procedurally call system structures [17]. Because of this, the su-
per class DrivenPendulum shares the same state as the subclasses it
inherits. This means that there is no encapsulation of Modelica ob-
jects, although information can be hid by using access specifiers. The
difference that encapsulation makes in a model is shown in C++, an
imperative language shown here simulating case 2. This case requires
a full simulation of the system, for multiple time steps. The function
composition for a single time step is given by the following equation:

ngO ;;A+f930fw30 ‘/YB (8)

The system is first broken down into a set of objects similar to the
deconstruction in Modelica given in Block 2 and visually described
in Fig. 5(b), here printed as a class declaration (a header) to avoid
redundancy:

Block 3: Object-oriented models for both cases in C++

class Pendulum {
double theta, omega, alpha;
double 1, g, m, step;
double f_alpha();
double f_omega();
double f_theta();

i

class SwungPendulum: public Pendulum {
using Pendulum :: Pendulum;

double f_alpha(double thetaA, double omegaA, double alphaA, double
1A);
i 5

class DrivenPendulum: public Pendulum {
double speed = PI / 4;

using Pendulum :: Pendulum;
double f_alpha(double prev_omega);
double f_omega(double t);

i H

PREPRINT / 7



Because C++ is a procedural language, the simulation of case 2
must be programmed explicitly. There are two ways to find these
functions using objects in C++. The first is to connect the objects
declaratively as was done in Modelica, merging them into a super
class and preserving a single sense of state and avoiding encapsulation.
This is shown in Block 4, again with most functions only instantiated
rather than fully defined for brevity.

Block 4: Declarative coupling of objects simulating case 2 in C++

class DrivenPendulum {
DrivingPendulum driver;
SwungPendulum swung;
double prev_omega;
double omega;

void driver_f_alpha();
void driver_f_omega(double t);
void swung_f_alpha();

double sim_theta(double t) {
driver_f_omega(t);
driver_f_alphaQ);
driver.f_theta();
swung_f_alpha();
swung.f_omega();
swung.f_theta();
return driver.theta + swung.theta;

}

b5

int main() {
DrivenPendulum system(PI/4, PI/4);
vector<double> time, theta_sum;
time.push_back(0.0);
double end_time = 4.0;

while (time.back() < end_time) {
time.push_back(time.back() + system.driver.step);
theta_sum.push_back(system.sim_theta(time.back()));
3

cout << theta_sum.back();

}

The explicit simulation process in given in the function sim_theta.
This function is in turn composed of other functions given in the
DrivenPendulum class. Other simulations could be similar defined
by composing the functions in alternative sequences, though this needs
to be done manually by the modeler for each simulation process. Al-
ternatively, the base classes SwungPendulum and DrivingPendulum
can be connected procedurally by coupling them in the main function
which acts as the global caller. By moving the coupling out of the
class definition the objects become encapsulated, as shown in Block 5.
The process becomes difficult to restructure, versus the rearrangable
functions shown in the coupling of Block 4.

Block 5: Imperative coupling of objects simulating case 2 in C++

int main() {
// Imperative connection
DrivingPendulum driver(PI/4);
SwungPendulum swung(PI/4);
vector<double> thetaA, thetaB, omegaA, time;
time.push_back(0.0);
omegaA.push_back(0.0);
double end_time = 4.0;

while (time.back() < end_time) {
time.push_back(time.back() + driver.step);
omegaA.push_back(driver.f_omega(time.back()));
driver.f_alpha(omegaA[omegaA.size() - 21);
thetaA.push_back(driver.f_theta());
swung.f_alpha(driver.theta, driver.omega, driver.alpha,driver.l);
swung.f_omega();
thetaB.push_back(swung.f_theta());

3

double theta_sum = thetaB.back() + thetaA.back();

cout << theta_sum;

}
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6 Discussion

The pendulum example above was specifically tailored to highlight
the differences with simulation between paradigms, as tabulated in
Table 3. By showing the models, the strengths and weaknesses of
each paradigm become more evident.

The primary weakness of imperative models is the need to manually
define a unique simulation process for every pairing of inputs and
outputs. Although this enables simulation without requiring a more
general model, the resulting simulation is typically ignorant of the
system structure. The result is simulations that are difficult to adapt
and reuse as the system scope changes. This is exacerbated if the
state transformations are not expressed as functions, as procedural
mutations cannot be easily rearranged.

Object-oriented frameworks have been lauded as the cure to system
interoperability [72], and certainly the use of encapsulated objects in-
creases program modularity [69]. However, it is the opinion of the au-
thors that the types of systems being modeled can significantly impact
this. Software systems, which must exist on a variety of different plat-
forms, benefit from static, modular models that can be used in many
unique environments. As the most general way to connect objects,
imperative couplings have become the default method for structuring
object-oriented models. However, a scientist or engineer attempting
to capture the behavior of a system should be wary of attempting to
define static, independent subsystems, as they will likely fail to ob-
serve the collective behavior emerging from the interactions between
system entities. This becomes especially apparent with data-hiding,
which is promoted in software development to help prevent inadver-
tent tampering with a system model [89]. However, for more general
systems, data hiding should be discouraged so that all interactions
between data can be modeled.

Ultimately, languages may be able to express models described in
multiple paradigms. MATLAB for instance can handle functional
models as well as class definitions, despite its use here as an im-
perative, non-functional framework. However, the orientation of a
language (C++ towards objects, block diagrams toward imperative
processes) greatly influences the ability of a modeler to create accept-
able simulation models. In this regard the authors are encouraged by
the use of constraint hypergraphs, which may prove instrumental in
exposing system behavior and enabling general simulation due to their
functional and declarative nature.

6.1 Future Work. The expression problem discussed in Sec-
tion 3.4 is not one-sided, it is also true that functional models have
difficulty expressing new data types when the scope of the system they
represent expands. This is principally a problem of abstraction. For
instance, any of the system representations in Section 5 would be un-
able to interoperate with a model of bacterial growth on the bob due to
a lack of shared parameters even if the two representations influenced
each other behaviorally. This occurs when the level of abstraction of
a model omits the specific function outputs needed to couple with an-
other system. Though functional, declarative models gracefully enable
simulation across a system, there are as yet no methods for determin-
ing whether they can correctly express system behavior after coupling
with only the information contained in the model a priori. This re-
mains the greatest challenge with system interoperability. Its solution
has been called for especially in conjunction with providing platforms
for digital twins [73,90] and model-based systems engineering [2].

7 Conclusion

This paper is exploratory in nature, laying the groundwork for how
the framework a model is developed under influences its utilization, es-
pecially regarding its simulation. The principle differences discussed
were between declarative and imperative modeling paradigms. These
were compared by simulating the same system in different frame-
works and observing each model’s ability to express system behavior
and form comprehensive simulation processes. The primary insight
from the example was that imperative models do not account for the
behavior of a system, and consequently require simulation processes
to be provided by an external modeler. Declarative models embed
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the system structure so that simulation processes can be automat-
ically discovered from their construction. Additional observations
were made between object-oriented frameworks, which break a sys-
tem into more modular subsystems, and functional frameworks where
system behavior is represented solely by algebraic functions. Both of
these have strengths in representing systems, though the authors claim
functional frameworks have significant advantages in exposing the be-
havior between highly interactive systems, although this can be largely
reclaimed by coupling objects declaratively rather than procedurally.

All of these observations are based on the notion that system sim-
ulation is ultimately the process of arranging functions so that their
composition transforms a set of inputs to an output. Because of this,
each modeling framework is differentiated by its process of identify-
ing and composing these functions. Frameworks that expose system
behavior ultimately are easier to adapt as the system scope changes,
an important consideration in the modeling of complex systems.
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