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Summary
Digital twins, used to represent physical systems, have been
lauded as tools for understanding reality. Complex system be-
havior is typically captured in domain-specific models crafted
by subject experts. Contemporary methods for employing
models in a digital twin require prescriptive interfaces, result-
ing in twins that are difficult to connect, redeploy, and mod-
ify. The limited interoperability of these twins has prompted
calls for a universal framework enabling observability across
model aggregations. Here we show how a new mathemati-
cal formalism called a constraint hypergraph serves as such
a framework by representing system behavior as the compo-
sition of set-based functions. A digital twin is shown to be the
second of two coupled systems where both adhere to the same
constraint hypergraph, permitting the properties of the first
to be observable from the second. Interoperability is given by
deconstructing models into a structure enabling autonomous,
white-box simulation of system properties. The resulting dig-
ital twins can interact immediately with both human and au-
tonomous agents. This is demonstrated in a case study of a mi-
crogrid, showing how both measured and simulated data from
the aggregated twins can be provided regardless of the oper-
ating environment. By connecting models, constraint hyper-
graphs supply scientists and modelers robust means to cap-
ture, communicate, and combine digital twins across all fields
of study. We expect this framework to expand the use of dig-
ital twins, enriching scientific insights and collaborations by
providing a structure for characterizing complex systems.

Introduction
Every thing in the world is a system, and every scientific en-
deavor is fundamentally concerned with describing those sys-
tems and their behaviors. A system is a collection of things
that affect the world in unique ways when arranged together.
Whether seed or rainforest, child or civilization, transistor or
satellite, a scientist works to understand how individual parts
combine to produce the actions of thewhole (1). Explanations
of system behavior are expressed in modeling languages such
as the algebraic models used to represent systems of numbers,
hierarchical charts for organizations, and diagrams of electric

circuits. By default, a model represents only a virtual sys-
tem, meaning the system it describes exists solely as informa-
tion. For example, a model of child development describes
not a specific child, but a virtual child representing all chil-
dren. But additional, specialized information can be revealed
by building models that describe a single, physical system.
Such specific representations are termed digital twins (DTs),
and are employed to expose the complex interactions of real
systems, allowing previously indiscernible relationships to be
described. DTs leveraging modern data processing capabili-
ties have been proposed for solving problems in both scientific
and industrial communities such as medical diagnostics (2),
global weather forecasting (3), and machine maintenance (4).

Because of the complexity of the systems they represent,
high fidelity DTs end up being excruciatingly intricate. Their
convolutions result in fragile representations that are diffi-
cult to maintain (5), resistant to reuse and redeployment (6),
and prone to failure (7). More disconcerting is the diffi-
culty of connecting manually configured DTs with external
agents, including other DTs (8). As the scope of studied sys-
tems increases to include more domains, DTs must aggre-
gate into systems of systems, sharing information and mod-
els with other DTs (9). The challenge of forming interopera-
ble DTs has been described as one the most significant facing
modelers (10,11), prompting calls for a universal representa-
tion schema for DTs (12–14) that ‘‘is reusable across multiple
domains, supports multiple diverse activities, and serves the
needs of multiple users’’ (15).

Though many frameworks have been proposed (11, 13, 14,
16–24), the authors observe that each is inhibited by the du-
alism of expressiveness at the cost of interpretability. Knowl-
edge graphs (11, 14, 22, 23) represent the former end of the
spectrum. With their connections defined arbitrarily, knowl-
edge graphs can represent any set of objects and their relation-
ships (25). However, to interpret themeaning of a relationship
requires an extensive ontology, restricting their ability to ex-
ternally integrate (18,26). Alternatively, more explicit frame-
works may fully convey meaning, but only apply to systems
within a singular domain (16, 18), or with limited types of
relationships such as Bayesian probability models (24,27).

The purpose of this paper is to propose a new framework
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for DTs that solves the paradox of generalized interpretation
by deconstructing system behaviors into the composition of
set-based functions. The resulting schema is mathematically
rigorous, enables deterministic simulation of systems from
and across any domain, and provides mechanisms for ready
integration of models with external agents. This framework
is demonstrated through building a DT for a microgrid, fol-
lowing the validation methodology of Pedersen et al. (28).
Although the application and formulations of this framework
are new, its methods will be familiar to mathematicians and
computer scientists versed in the principles of the lambda cal-
culi (29) and functional programming (30). It is the hope
of the authors that applying these principles to DTs will em-
power scientists and engineers in every field to solve the com-
plex systems framing society’s most critical challenges.

Nature of Digital Twins
To maximize the application of the proposed framework, the
authors have elected to consider DTs as generally as possible,
focusing on the essential functionalities that a DT must pro-
vide. The definition of a DT is commonly given as a virtual
representation of a physical system (31–33), used to inform an
agent (whether human or automaton) about the state of some
system of interest (SOI) in lieu of direct measurement.1 Their
usefulness stems from the enhanced observability of a digital
system, where information about the system is obtained with
greater ease from the DT than the SOI (15). Exposing sys-
tem states allows agents to make decisions within the context
of the SOI (34), converting virtualizations into actions influ-
encing the real world. A state is a property of a system that is
distinguishable from something else (35), such as the status of
a lightbulb or the fuel level of a generator, and which can vary
(or evolve) over a range of values (36). In this way an agent
can distinguish between the lightbulb being on or off, or fuel
level being full versus empty. The goal of an agent is to ob-
serve a set of state values exhibited from the SOI. If all states
can be directly measured, then no DT is necessary. This is,
however, not predominantly the case, necessitating the con-
struction of a DT that informs the agent where direct obser-
vation of the SOI is untenable. The DT performs this through
one of two mechanisms: direct coupling, where the DT up-
dates in accordance with corresponding properties of the SOI;
or simulation, where the DT evolves under a prescribed ma-
nipulation from some initial conditions until it approximates
the unmeasured facts (37). The combination of these allow
an agent to observe the SOI’s state through indirect measure-
ments of the DT. Both mechanisms require a connection from
the SOI to the DT enabling the latter to reflect the states of
the former (9). The authors posit that a digital system provid-
ing these mechanisms, along with the necessary intersystem
connection, constitutes a DT.

A mock example of a DT is introduced in Figure 1 to moti-
vate this limited definition. In the figure is an electrical circuit

1An expanded overview of DTs, along with definitions for many of these
terms as employed by the authors, is given in Supplementary Information 1.

consisting of two lightbulbs connected by a bimodal switch
such that only one lightbulb is illuminated at any instance.
The disjointed bulbs form the SOI for some agent who desires
to know which light is illuminated. To this end, the agent as-
signs two values to each lightbulb corresponding to whether
the lightbulb is recognized as illuminated (on) or not (off ). If
the SOI is fully observable then discovering the current status
of each lightbulb is trivial. Amore significant case to consider
is if the lightbulbs are obscured, preventing direct measure-
ments. A solution involves the construction of the DT shown
on the right of Figure 1, consisting of a box containing a pair
of counters each capable of showing boolean integers zero or
one. This DT is coupled to the SOI (perhaps via photoresistive
sensors) so that the counters correspond to the various states
of each lightbulb: one for on and zero for off. In this context,
coupling refers to connecting the signals from one system to
another, so that part of the state of one system is shared by the
other. The degree of coupling determines whether the pre-
scribed states of the SOI can be identified through observa-
tions of the DT.

It is, however, more likely that a SOI cannot be fully cou-
pled to a DT, preventing some facts of the SOI from being
exposed to the DT. To exhibit these data, the DT must be
configured to have the same behavior as the SOI. Then the
SOI and the DT will evolve commensurately, and the facts
of the SOI can still be exposed. In the mock example, the
behavior of the SOI is shown at the top of Figure 1, which de-
scribes the mutual exclusion of the states for the first and sec-
ond lightbulbs. This behavior can be mimicked by connecting
the boolean counters of the DT so that the left counter only
displays the opposite value of the right. After implementing
this behavior, the DT needs only to observe a single light to
manifest the states of the entire system. Note that DT and
SOI do not share any common physical properties: the SOI
is electrical; the DT is mechanical, with digital counters. Yet
the interpretation of the two systems results in the same vir-
tual specification of a set of states (represented by two boolean
variables) and the behavior relating these states.

Representing System Behaviors
This example shows that a DT is a physical, digital system
configured in such a way that, when observed, facts of another
system can be understood. By necessity, this digital system is
programmed to behave similarly to the SOI, so that experi-
menting on the DT produces the same output as correspond-
ing experiments of the SOI (38). Any framework proposed
for constructing a DT must explicitly reproduce this shared
behavior, motivating consideration of how system behavior is
defined for simulation.

Simulation is only possible if the agent can discover a rela-
tionship between known and unknown facts. These relation-
ships describe a system, and the agent’s description of these
relationships is a system model (37). Each relationship de-
scribes the effect of one variable on another. Willems (36)
showed that the specification of all such relationships consti-
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Figure 1: A visual description of a DT, with the system of interest and digital twin shown on the left and right respectively
in the bottom (physical domain), and a virtual representation of shared behavior of the two systems at the top (virtual domain).
For this example, the system of interest consists of two lightbulbs connected by a bimodal toggle switch such that only one bulb
illuminates in either position of the switch. The digital analog similarly possesses two digital counters capable of displaying
only two boolean numbers, 0 or 1.

tutes a system’s behavior, and further that the effect of any
behavior can be described as the restriction of the affected
variable’s possible values. For example, each light bulb in
Figure 1 is constrained to only manifest the alternate state of
its neighbor. Collecting restrictive relationships together re-
sults in an underdetermined model of a virtual system.

Reality is generally much more deterministic (39). Merely
reducing a variable’s exhibitable values is not indicative of a
reified system, which must be temporally consistent, mean-
ing that each variable exhibits only a single value within any
frame of consideration (39). To simulate an unknown fact, an
agent must discover relationships that reduce the set of possi-
ble values for a variable to a single datum. A function is the
algebraic mechanism for mapping a value of one set to a value
of another, consequently, a simulatable system model is one
composed of functions. This can be illustrated by assigning
variables to the bimodal lightbulb system in Figure 1, namely
light1 and light2, which each can exhibit the states on or
off. The behavior of the first bulb is given by the constraint
between light2 and light1, described by a function 5 in
Equation 1:

light2
5
−→ light1 ≔

[
on
off

]
↗↘

[
on
off

]
(1)

As long as the SOI and DT in Figure 1 share states and be-
havior, equivalent state variables and functions can be applied
to the digital display, as in Equation 2, where 6 is equivalent
to 5 .

counter2
6
−→ counter1 ≔

[
1
0

]
↗↘

[
1
0

]
(2)

The collection of all known prescriptive functions can be
arranged as edges in a graph, with each edge connecting nodes
that represent the system variables they relate. In multiple-
arity relationships the function maps each combination of the
domain variables to a unique value in the codomain. The in-
clusion of multiple variables (or nodes) in the domain makes
the relationship a hyperedge, and the resulting holistic struc-
ture is termed a constraint hypergraph (CHG).2 A technical
definition is provided in (40), which establishes that any ex-
plicit system behavior can be represented in a CHG. This is
important for a potential DT framework, which must recon-
cile any models used to stipulate the behavior shared between
the DT and SOI into a unified representation. An example of
a CHG is shown in Figure 2, where the arrows (edges) show

2CHGs are described most succinctly as a partial subcategory of Set.
More information is given in Supplementary Information 2.
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how the state variable comprising the edge’s codomain can
be constrained given values for each node in the edge’s do-
main. Simulation is conducted by traversing a path from a set
of nodes with known values to a node whose value is desired
to be simulated.

Figure 2: A simple CHG of a microgrid, with nodes for three
grid actors (a photovoltaic array %, diesel generator �, and
utility connection *) along with associated nodes. The be-
havioral functions that relate them are given by the arrows
(pointing to the target) labeled with the algebraic rule govern-
ing the mapping.

Implementation of Digital Twins
Redefining a DT as a physical system sharing the behavior of
another system clarifies what essential actions a framework
must provide to implement a DT. In a system whose scope
is not changing, the authors posit that there are two primary
actions that a DT framework must support: (a) coupling the
SOI to the DT, so that the DT has a shared-state with the SOI;
and (b) configuring the DT to share the behavior of the SOI.
Additionally, if the scope of the twinned system is changing, a
framework must additionally (c) provide mechanisms ensur-
ing the twinned representation is valid in the redefined con-
text.

The first action is perhaps the most commonly provided
functionality, generally implemented by sensors observing
the SOI to the DT, such as an Internet of Things (IoT) net-
work. Such a platform allowsmeasurements of the SOI’s state
to be reflected in some repository, establishing a fully service-
able DT only if all information of the SOI is collected in the
database–a rarity for representations of complex systems. To
manifest information that cannot be measured, a DTmust also
twin the SOI’s behavior. This occurs through the provision of
models to the DT, which describe how observed inputs may
be transformed into unobserved state values. CHGs adeptly
perform these two tasks, storing all considered facts as nodes
in the systems, and deconstructing models into the edges re-
lating them. A serviceable DT further provides mechanisms
for simulating the behavioral models. In addition to fulfilling
the first two actions, the primary advantage of using a CHG to
represent a DT is this ability to autonomously compose simu-
lation processes. The combination of coupled states and sim-
ulatable models allows all desired information of the SOI to
be observed via the DT, whether that data is measured or sim-
ulated, fulfilling the purpose of a DT.

While this alone merits consideration of a CHG as a formal
framework for DTs, additional advantages derive from their
ability to be redefined in different contexts. This last action
required for representing a DT–proving a valid representation
following arbitrary changes of the SOI’s scope–is often char-
acterized as interoperability (10) or extensibility (41), with
the challenge of providing it being described the most signif-
icant barrier to widespread adoption of DTs (42). Adapting
a definition typically employed for software development to
a DT, extensibility is the twin’s ability to validly manifest a
SOI’s facts despite changes to the SOI’s scope (43). A model
referencing the weight of a vehicle, for instance, might be ex-
tensible for changes of the vehicle’s simulated location only
as long as the location is on the Earth.

Providing extensibility for DTs adds additional complexity
due to the expected use of a DT in forming system of sys-
tems representations (14, 44). Combining DTs into arbitrary
aggregate systems is akin to modifying the scope of the orig-
inal SOI; for example, a DT of a tire and of a car might be
combined, expanding the scope of the SOI to the tire + car sys-
tem. An effective framework ensures the representation of the
individual systems remains valid across such scope changes,
or else highlights when the representation is potentially in-
valid. This is especially important given the notion that sys-
tems are continuously changing, necessitating DTs that can
evolve their virtual representations alongside the physical SOI
(45,46).

Decomposing a system into facts and behavioral con-
straints reveals the two vectors along which system scopes
can change: first, adding or removing system data; and sec-
ond, updating the relationships between that data. The two
form the opposing sides of a modeling dilemma referred to
as the ‘‘Expression Problem’’ (47, 48), which describes the
difficulty of guaranteeing consistency after arbitrary updates
to a model. Famously, a framework can generally be con-
figured to be extensible for changes to either behaviors (rela-
tionships) or data, but not both (49). Such configured frame-
works are respectively described as either functional or pro-
cedural (50). CHGs are intrinsically functional. This means
that, while adding or removing facts in the system can indeed
affect a CHG’s consistency, modifications of a CHG’s edges
do not affect the validity of its representation, a characteristic
referred to as having no side effects (30). This is especially
useful for DTs, which generally concern an explicitly defined
system. Behavioral consistency also allows users to update
the models of a DT without needing a priori knowledge of
the global system, greatly reducing the sensitivity of main-
taining a convoluted DT architecture. Examples and further
discussion on these points are provided in the Methods sec-
tion.

Methods
Overview of Microgrid Demonstration

The claim of CHGs being used as a framework for deploying
DTs was validated following the methodology of Pedersen et
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al. (28) by specifically demonstrating a CHG-based DT made
for microgrid system. Amicrogrid is an energy grid that oper-
ates semiautonomously from a standard utility network, pro-
vide additional flexibility to organizations whose needs go be-
yond the capabilities of established grids, such as renewable
energy producers (51). Microgrids are composed primarily
of energy sources and sinks, here referred to as actors. The
system in question, overviewed in Figure 4, consists of an ar-
rangement of grid actors including two diesel generators, a
photovoltaic array, a battery energy storage system (BESS),
and several energy loads scaled at three possible levels. The
system also accounts for connections to the utility grid. De-
termining the behavior of the microgrid, including the power
produced or consumed by its various actors, requires knowl-
edge of loads on the system, the viability of all intermediary
connections, and live information on energy fluctuations, such
as the availability of solar-generated power. A DT might be
used for monitoring purposes as well as testing, with specific
importance placed on describing the resilience of the grid to
cases of random failure or sabotage (52,53).

The microgrid DT was individually validated by amend-
ing it to represent a test-scale microgrid that was operated
over a three-day span in Monterey, California in the United
States. This bench-top microgrid included a photovoltaic ar-
ray, a BESS, one diesel generator, and an applied resistive
load of approximately 0.7 kW. The DT represented these grid
actors by using data inputs from the solar cells and load to
simulate the states of the BESS and generator. Comparisons
between the test run (54) and simulated values are shown in
Figure 6, visually demonstrating its fidelity to the real system.

Development

The broader CHG was derived from standalone, generic
models originally developed by researchers associated with
the U.S. Navy (55–57). These models were developed in
largely imperative formats, such as Microsoft Excel work-
books, MATLAB scripts, and Python modules. By decon-
structing these into a CHG, the models could be simulated
declaratively, rendering an effective DT. The process of con-
version from a procedural model to a CHG involved four
steps:
1. Identify facts from the system. Facts are any piece of

information identified in the modeling process, includ-
ing variables, parameters, or outputted data. These are
listed as the nodes of the CHG in-preparation. Facts that
were measured from the real system, such as solar irra-
diance or building usage rates, were set as initial values
of their corresponding nodes, establishing the important
connection between the virtual model and the physical
SOI (45).

2. Identify relationships between these facts. Each rela-
tionship is described as an edge in the CHG. The par-
tial hypergraph is visualized in Figure 4, with edges rep-
resenting static database queries, discrete-event simula-
tion, linear system solving, stochastic relationships, and
file input/output.

3. Organize the model. The described nodes and edges
are parsed and stored into a persistent collection.

4. Interrogate the model. An autonomous agent capable
of searching the graph provides observations of the un-
derlying SOI by connecting known inputs with desired
outputs along discovered paths in the graph.

594 variables were identified for Step 1, corresponding to
various parameters and states of the microgrid system, as well
as settings for the simulation itself. These are tabulated in the
Table A. The collection of all variables forms a state vector,
and encodes every dimension along which the system (as de-
scribed) may evolve. These states blend common interpre-
tations of properties, attributes, and class variables. For in-
stance, the states of a BESS include its current charge level,
capacity, but also properties such as its maximum output. If
any of these are observable to the modeler–such as from ven-
dor specification sheets–they can be provided as inputs to the
CHG, in which case the simulation of that node is the trivial
provision of the input node’s value (where input equals out-
put). Other properties in the system include system facts con-
veying simulation settings, data directories, and timing vari-
ables. The latter is an interesting aspect of CHGs, where time
is considered an observed state of a system, rather than as
a universal property (such as in system formalisms given by
Wymore (58) or Ziegler (59)). The benefit of this is that time
can be considered uniquely for composing subsystems. Rec-
onciling twomodels is contingent upon reconciling time steps
and counters, a process captured in reconciling the CHGs.

The edges for each system are based on imperative models
written by Peterson (57) that were converted to a functional
structure. The relationships are of a varied nature: some
are algebraic, such as the relationship between the number
of seconds in a minute and the number of seconds in a year,
others are more procedural, such as the functions calculat-
ing whether the BESS should be charging based on its charge
levels and usage requirements. In every case, functions repre-
sent the lowest level of abstraction in the system–a black box
within which the solver does not consider system complex-
ity. These black boxes can be incredibly complex if needed;
the function relating which grid members should be utilized
over a given time step, for example, is calculated via a series
of Python methods. By abstracting these steps into a single
function, all the sub-variables and relationships in the meth-
ods are abstracted away so that they cannot be connected to
other nodes in the graph. This is the unfortunate necessity of
any system model, which must include a scope beyond which
entities are not considered. Functions give this primitive level
of abstraction.

Use of the Microgrid Digital Twin

Every path in the hypergraph is a potential simulation pair-
ing a set of known inputs to a unique output. Deploying a
CHG following its construction requires an engine capable
of storing a CHG, parsing its members, and searching for a
path mapping a set of inputs to an output. Such an engine
may accomplish these tasks through any means, with its spe-
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cific implementation affecting its efficiency of computation.
Note that the performance of an engine is only tangentially
related to the theoretical proposals here, and is consequently
not explored in this study. The engine used by the authors
for this article was a custom solver written in the Python pro-
gramming language titled ConstraintHg (60), which employs
a breadth-first search algorithm. Measured values (system in-
formation that is provided as an input) are given by discover-
ing the trivial loop leading from a node to itself. In this case
the engine acts as a database-management system: locating
the fact’s corresponding node and returning the stored value.
Non-trivial paths supply simulated information, such as the
projected cost of fuel for running the generator. In this case
the agent seeds possible paths starting from each input, ex-
tending each path (a tree with inputs as its leaves) until one
reaches the node corresponding to the desired output. The
edges in the path represent the series of functions that, when
composed, map the input set of the path’s leaves to the path’s
root. The result of calculating each of these functions is the
desired output.

After building the CHG and integrating it with the solving
engine, the microgrid model was used to demonstrate several
possible use cases of a DT:
1. Data collection: Relational database querying is per-

haps the most similar form of system modeling, where
each table represents the functional mapping between
sets of values. In this case, the inputs for solar irradiance
were taken from data sets compiled by the National Re-
newable Energy Laboratory (NREL) for Monterey, Cal-
ifornia, USA over the years 2000 to 2010 (61, 62). All
aspects of data querying including file locations, column
names, and primary keys were included as nodes in the
hypergraph, allowing for full data retrieval and visual-
ization, as shown with the dashed lines in Figure 6.

2. Control: Although the DT was implemented post-data
collection as a mock example, feedback control was
demonstrated by providing a controller strategy for the
generator and BESS systems that prioritized lower-cost
energy sources (such as the photovoltaic cells). Figure 6
shows the BESS switching from receiving to produc-
ing power, as well as the generator simulated as turn-
ing on to provide power to the grid when needed. Cou-
pling the digital system to the microgrid actors would
enable such real-time feedback to be implemented in the
SOI.Methods for implementing such coupling have been
widely shown, including programmable logic controllers
(PLCs), MQTT messaging services, or built-in micro-
controllers.

3. System Interrogation: Interfacing with the DT is
the act of observing a state of the SOI. The micro-
grid DT enables universal interrogation of the micro-
grid’s states by autonomously preparing simulation pro-
cesses. This is programmatically conducted by call-
ing the solve(<state>) function in the ConstraintHg
package, passing it the name of the node representing
the state to be queried. The takeaway from this is that an

agent needs only to know the name of a state and have
access to the solve method to be able to make full use
of the DT. Serialized data, such as the time series of an
actor’s power output, can be provided by returning each
value solved for along a path. Plots of serialized data are
given in Figure 5 and 6.

Limitations

Many of the limitations of using CHGs to frame DTs are born
from the nascent status of the supporting technologies. The
custom solver used in this study, ConstraintHg, is limited in
its solution speed and usability. In particular, the breadth-first
search conducted withinConstraintHg to compose simulation
paths is exhaustive and consequently computationally expen-
sive. However, because these practical limitations are not tied
to the theoretical foundations of CHGs, the authors suppose
that future developments can address these early issues. Real
time monitoring and control with DTs will require a more op-
timized approach, possibly leveraging search heuristics that
allow quicker convergence to the optimal path.

Another reason limiting the scalability of systems is that
pathfinding must be performed for every new input-output
pairing. This is because a CHG is only a partial category,
such that two functions that share a codomain and domain are
not guaranteed to compose. Due to this partiality, a path in the
hypergraph is only guaranteed to be solvable for its given set
of inputs. For instance, a model within the microgrid for cal-
culating the power received from the utility grid is to check
if the utility network is connected to the microgrid. If it is
not, then the power received is zero. This model can be ex-
plicitly written as an edge 4 between two nodes � and �, the
first representing the connection status of the utility grid, and
the second one relating the power it is providing. Note that 4
is only valid if the � is set to be False; there is no mapping
provided from � to � by 4 if � is True. This extends to any
path containing 4. A pathfinding algorithm that encounters
4 cannot then know whether 4 can be composed into a valid
path until it is supplied with a value for �, provided either by
simulating an edge connected to � or passed as an input to
the search sequence, precluding a priori traversal optimiza-
tion by common methods such as Djikstra’s algorithm (63).
The authors address this in ConstraintHg by simulating every
encountered edge in the search, so that the domain for every
edge is always known to the solver. While this is guaranteed
to be convergent, it is undeniably an untenable solution for
scaled systems. It is the hope of the authors that this, as well
as the problem of scope changes described in greater detail
in Supplementary Information 4, can be addressed through
continuing studies into the mathematics of CHGs.

Conclusion
The behavior of a system is a virtual concept, and can be rep-
resented as a set of explicit constraint functions acting on the
state variables of a system. These functions and variables can
be composed into a mathematical structure called a CHG, a
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declarative model of a system that can be used in construct-
ing analogously-behaving DTs. CHGs do not replace other
modeling systems; rather they integrate them into a cohesive,
global model. This model can be used to interrogate an SOI,
expressing values that were either measured or else calculated
within the CHG itself. These cross-cutting measures ensure
that DTs built upon CHGs are universally accessible, and gen-
erally far more extensible, scalable, and redeployable than tra-
ditional DTs.

This work introduces both theoretical and practical mea-
sures for developing DTs for fields as diverse as engineering,
organization management, medicine, and ecology. The re-
sulting DTs capture meaning across all domains, providing a
mathematically robust framework for representing the com-
plex and integrated systems constituting the world in which
we live.
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Extended Data Table A: List of Nodes in the Microgrid CHG
Node Units Description

Constants
days in year day Number of days in a year
days in leap year day Number of days in a leap year
hours in day hr Number of hours in a day
hours in year hr Number of hours in a year
hours in leap year hr Number of hours in a leap year
seconds in minute s Number of seconds in a minute
minutes in hour min Number of minutes in an hour
seconds in hour s Number seconds in an hour
tolerance Float tolerance

General Settings
use random date bool True if the start date is set randomly
has random failure bool True if random failure is allowed
island mode bool true if all utility grids are disconnected
min year year Minimum year of simulation data
max year year Maximum year of simulation data

Timing Variables
time s Total seconds passed during simulation
time step s seconds since last time calculation
hour hr Current hour (0-23)
day day Current day of the year (1-366)
year year Current year
start year year Starting year for simulation
start day day Starting day for simulation (1-366)
start hour hr Starting hour for simulation (1-24)
elapsed minutes min Number of minutes that have passed
elapsed hours hr Number of hours that have passed
num leap years year Number of leap years encountered
is leap year bool True if the current year is a leap year
hour index hr Current hour of the year (1-8784)

General Simulation
state vector list State from each actor on the grid
names list Ordered names of actors on the grid
failing actors list List of failing components
is islanded bool True if the utiliy grid is disconnected
connectivity matrix list Cell 8 9 → actor8 receives from actor 9

States for a General Grid Actor (X)
name - string Label for -
state - kW Power receiving (-) or providing (+)
is connected - bool True if - is connected to grid
- receives from . bool True if - receives power from .

- receiving from. bool True if - is actively receiving from .

is failing - bool True if - is failing
prob failing - Probability of - failing
prob fixed - Probability of failing - getting fixed
supply - kW Current energy that the - can supply
cost - $/kWh Cost of generating -’s supply
is cost per unit - bool True if supply cost is per unit vs. lump
supply tuple - tuple Values for calculating - supply
req demand - kW Minimum power required for - to operate
max demand - kW Maximum power - can receive
benefit - $/kWh Benefit of meeting -’s demand
demand tuple - tuple Values for calculating -’s demand

Node Units Description

States Associated with Photovoltaic Arrays (P)
sunlight directory string Directory for solar data
sunlight filename string Filename for sunlight CSV file
sunlight data list Yearly sunlight values by hour
sunlight data label string Name of column for sunlight data
sunlight Wh/m2 Energy from sun for a specific hour
area % m2 Area of %
efficiency % Efficiency of %

States Associated with Batteries (B)
charge level � kWh Amount of charge in �

charge capacity � kWh Max charge � can hold
charge efficiency � Efficiency of converting power to SOC
max output � kW Maximum power � can output
max charge rate � kW Maximum power � can receive
scarcity factor � Cost gain of using depleted �

trickle prop � SOC to reduce to trickle charge
is charging � bool True if � is charging
soc � State of charge for the �

States Associated with Load Actors (L)
normal load ! kW Normal load (demand) of !
critical load ! kW Critical load (demand) of !

States Associated with Buildings (B)
type � enum Type of �
lights load � kW Lights load of �
equipment load � kW equipment load of �
load data � list List of dictionaries for � load data
building filename � string Filename for � load CSV data
load directory string Directory for � load CSV data
normal key � string Normal load column in CSV data
lights key � string Lights load column in CSV data
equipment key � string Equipment load column in CSV data

States Associated with Generators (G)
next refuel hour � hr Next hour � will be refueled
prob refueling � Probability of refueling� during the day
fuel level � Liters Amount of fuel in �

out of fuel � bool True if � is out of fuel
starting fuel level � Liters Starting fuel level in �

fuel capacity � Liters Max amount of fuel in �

max output � kW Max power � can output
consumption � Liters Fuel consumption for �
max consumption� Liters Max fuel consumption for �

Note: - indicates that the node is given for each actor - ∈ X, where X is the set of all actors of a certain type (such as Generators, or all actors in general).
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Extended Data Figure 3: Illustration of Concepts Pertaining to CHGs

Figure 3: Concepts pertaining to CHGs: (a) deconstruction of an edge showing how each combination of set values is mapped
to a value in the codomain; (b) similar to a but showing conditional edge mapping from a subset of domain values; (c) a path
through a hypergraph (on left) described as a tree (on right); (d) a hypergraph with alternative routes from A to E demonstrating
competing models; (e, f, g) demonstration of cycles using a CHG for computing the =-th value of the Fibonacci sequence (=,
with an acyclical, distributed CHG in e, and a version using a cycle (and a conditional edge, shown dotted) in f. g shows two
iterations of the cyclical CHG in f, with each iteration separated on different planes of connectivity.
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Extended Data Figure 4: Diagram of Microgrid CHG

Figure 4: Diagram of microgrid CHG, showing 5 different types of connected actors either supplying or receiving energy.
Each actor class adheres to a similar pattern, and for simplicity is only shown once. This means that all nodes that are not white
(typical nodes) or black (edge descriptions) are actually represented once for each object; e.g. there are actually two nodes for
charge capacity, one for each battery on the grid (green), and each connected in the same way. Note that the diagram is provided
for illustrative purposes only and is not a formal description.
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Extended Data Figure 5: Demonstration of Microgrid CHG

Figure 5: Demonstration of Microgrid CHG showing two simulations of the states of all grid actors over the same week-long
span, with the top plot showing states of actors with the utility grid not connected (islanded) and the bottom plot showing the
opposite.
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Extended Data Figure 6: Validation of Microgrid DT Model

Figure 6: Validation of microgrid DT Model comparing data of the states of the four grid actors both simulated and compared
to values observed during a 43-hour test run of a limited scale microgrid in Monterrey, California in April 2025 (54). The
dashed lines indicate observed values (directly coupled to the DT), while the solid lines indicate simulated data. Simulated data
is overlaid on top of translucent lines indicating the data observed from the validation run.
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Extended Data Figure 7: Illustration of Modeling Uncertainty

Figure 7: Illustration of modeling uncertainty for a relationship between day of the year and the average solar irradiance.
The true value for irradiance is given probabilistically as the color map with brighter pixels indicating a higher likelihood of
measuring a value in the given range. Twelve measured values are given by the black X’s, each of which have some associated
error that is often described using a measurement tolerance. A model, given by the blue line, is fit to the measured values
with visible discrepancy between the modeled and measured values. Note that all data in the figure is synthetic and given for
illustrative purposes only.
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Supplementary Information 1:
Overview of Digital Twins
The concepts of systems modeling are found in many fields,
often resulting in competing interpretations of common
words. The purpose of this section is to precisely define some
of these terms as employed by the authors in the main paper.
These interpretations are specific to this paper and intended to
be supplementary in nature; they are not meant to serve as a
formal standard or supersede existing definitions provided by
works better suited for this purpose (9, 15, 31, 33, 45, 65–67).
The traditional definition of a DT is of a virtual representa-
tion of a physical system (31,32,65). However, this definition
conflicts with the worldview where actions in the physical do-
main can only be carried out by physical entities. Modern in-
terpretations of DTs ascribe a verbose range of services for
which a DT might be used for: decision-making (66), receiv-
ing (68) and recording (69) system data, validating (70) and
updating (45,71) system models, generating (34) and predict-
ing (9) system states, controlling physical systems (44), and
communicating signals (72, 73). To perform these physical
actions, a DT must have some physical aspect to it beyond be-
ing solely defined as a virtual entity. Carefully exploring the
ontological nuances of a DT allows greater consideration of
how they can best represented.

The goal of any agent is to affect the world to achieve some
specific outcome. This is true whether the agent is a swallow
landing on a delicate branch, a synthetic automaton milling a
workpiece, or a scientist trying to prevent the rise of global
temperatures. To properly influence the physical world re-
quires understanding of its complex network of interacting
elements. Framing and characterizing the real world creates
structures that are virtual, not physical; composed not of mat-
ter, but of information. Although entities in these two do-
mains do not interact with each other, systems in the physical
world are better influenced by agents who understood them
virtually.

Definition 1 (Virtual Domain) The domain whose quanta is
information (always taken to be discrete), the associations of
which describe phenomena observed in the physical domain,
and whose bounds are finite.

Definition 2 (Physical Domain) The domain existing in
space and time, the phenomena of which are described
virtually. Used synonymously with ‘‘real world.’’

The physical domain is taken as including elements charac-
terized as cyber, including electromagnetic signals, transistor
networks, and visual displays.

Definition 3 (Phenomenon) Some distinguishable portion
or aspect of the physical domain.

Note that the physical domain includes both the tangible
and intangible, such as phenomena that exist only in the fu-
ture. This is important when considering DTs that represent
these phenomena despite their immateriality. A key aspect

of virtually representing elements of the real world is distin-
guishing the changes that result from interaction. This neces-
sitates a definition of state:

Definition 4 (State) The description of a phenomenon by as-
signing a unique datum to each distinctive arrangement, such
that the phenomenon is characterized by only one value within
any single frame of consideration. Used synonymously with
‘‘state variable’’.

Note how the authors’ use of state differs from the collec-
tive sense of the word as used in phrases such as the ‘‘the total
state of a system.’’ The authors refer to this as the state vector.

Definition 5 (Observation) The provision of a datum for a
system state belonging to a single frame of consideration.

The values of a state are termed data. Because the pri-
mary aspect of a datum is that it can be distinguished from
another datum, the authors equate these data with the infor-
mation given as the quanta of the virtual domain (35). The
arrangement of states forms a system, defined in part here al-
though a more comprehensive and philosophical treatment of
the topic was given by Cellier (37).

Definition 6 (System) A general description of some phe-
nomena, consequently a virtual entity that represents the
physical domain as a collection of states. The term ‘‘phys-
ical system’’ refers to the phenomena being described, while
the term ‘‘model’’ refers to the virtual depiction.

Definition 7 (System Behavior) The restriction of the state
values a system can exhibit within a unique frame of consid-
eration (36).

With this terminology, the goal of an agent interacting with
the physical domain can be expressed as bringing some sys-
tem to a set of desired states. ADT should assist with this task,
providing some advantage in either understanding or manip-
ulating the complexities of a physical system. There are three
processes by which a DT can do this: measurement, control,
and simulation.

Definition 8 (Measurement) An observation made of the
physical domain following specific interaction with it by an
agent.

Definition 9 (Control) The manipulation of the physical do-
main so that it exhibits a specific set of states.

Definition 10 (Simulation) An observation of a physical
system by an agent that is not coupled along the state to be
observed.

Each of these tasks are physical, and consequently must be
performed in the physical domain by a second physical sys-
tem, called a twin, that is coupled with the SOI.
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Definition 11 (Coupling) The synchronization of two phe-
nomena such that changes in one engender changes in the
other. These changes occur across relationships between syn-
chronized states.

The need for bidirectional coupling is well recognized as a
requirement for a DT (31, 45), as each process is enabled by
a distinctive form of synchronization. Measurement is con-
ducted by coupling the states of the SOI to the twin, so that
changes in the first can be measured by observing the latter.
The reverse of this process is control, where arrangements of
the twin cause the SOI to form a desired configuration. Simu-
lation is based on the independent evaluation of the twin, yet
still requires coupling with the SOI across the initial states
from which the twin evolves. Additionally, simulation is only
effective if the two systems behave similarly, so that observ-
ing of the twin informs the agent about the unmeasured state
of the SOI.

The advantages in evaluating a twin versus the SOI come
only if the twin has greater observability. Twins should also
be highly configurable, so that the cost of matching the be-
havior of the SOI is minimized. Digital systems, whose
states are described by Boolean variables, optimally provide
these traits. Because of this, the twin is nearly always im-
plemented on a digital computer, and is consequently termed
a DT. DTs under this interpretation are physical rather than
virtual, generally composed of transistors characterized by
Boolean states. The example in Figure 1 provides an intu-
itive demonstration a DT, where the digital counter allows the
states of the lightbulb system to be understood either through
measurement (where the lightbulb system informs the digital
one) or simulation (where the DT infers the state of the SOI).
This motivates the following definition:

Definition 12 (Digital Twin) A digital system coupled to an-
other system so that each can affect the states of the other, con-
figured so that measurement of the digital system engenders
observation of all desired states of the other system.

Because these processes are performed via the DT, it is
always possible to enact them by manipulating and observ-
ing the DT’s states. Both measured and simulated values
are relayed to an agent through observation, while control se-
quences are triggered by certain states and verified by others.
From this, the authors posit that for a framework to represent
a DT it is sufficient to provide mechanisms for setting and ob-
serving the state of a DT.

Given this minimal interpretation, it is necessary to clarify
the usage of DTs in practical deployments. Although control
is not the primary purpose of a DT, it is often used to rep-
resent the control aspects of a real system (74). For each of
the functionalities of a DT listed at the beginning of the sec-
tion there is some aspect of the physical domain that must be
influenced, whether transistors in persistent memory, actua-
tion of a manufacturing machine, or illuminating pixels on
a display. A virtual entity does not perform these physical
actions, rather it describes the system behaviors that lead to

these actions occurring. An agent that understands the vir-
tual description can then configure ‘‘the physical system [to]
emulate the model’’ (39). For instance, the microgrid DT in
Figure 4 could be used to turn on and off the diesel genera-
tors (as shown in Figure 5) when the balance of the grid is
overloaded. While the actual automation would occur along
some coupling between the digital system and diesel genera-
tors, the representation of this action would be given by relat-
ing the balance of the grid (a state) with the status of the diesel
generators (another state), the first serving as the trigger and
the second one verifying that the action was performed cor-
rectly. Observing these values and enforcing their relation-
ship is equivalent to performing the control task, assuming
that the twin and SOI are coupled bidirectionally.

Semantic clarity is obtained by realizing that services pro-
vided by a DT (such as automation or visualization) are sim-
ply phenomena of the real world. Including these phenom-
ena in the SOI allows them to be measured and influenced
by the DT. The authors have demonstrated this separately by
performing automating solid geometry modeling by express-
ing the functions of Computer-Aided Design (CAD) software
within a constraint hypergraph (75). It is consequently their
belief that the minimalistic interpretation of a DT as a tool
for measurement, control, and simulation includes all possi-
ble services that can be configured on a digital platform; a
generalization rather than an exclusion that will hopefully al-
low DTs to find use in a variety of fields and applications.

Supplemental Information 2:
Overview of Constraint Hypergraphs
Understanding the structure of a CHG is essential to learning
how they fundamentally represent behavior, and consequently
to how they can be employed as a universal framework for
representing a DT. To this end, this section introduces the
high-level information about a CHG, with additional tech-
nical information provided in (40). Although similar to the
graphs of constraint programming (76), CHGs differ in that
each edge expresses a complete reduction of a variable’s de-
grees of freedom. The theory of CHGs were originally for-
malized by (77, 78) as a foundation for analyzing systems.
Though they have been employed under various names in
systems engineering–usually as algebraic links between state
variables (79, 80)–the authors assert their usage in represent-
ing general system behavior to be far more expansive than
previously considered. In addition to the frameworks laid out
previously, additional discoveries are presented in this section
concerning howCHGs should be configured to represent DTs,
specifically: (a) an interpretation of pathfinding; (b) the cal-
culation of cycles in the graph; and (c) how validity frames
should be expressed.

Pathfinding

The structure of a CHG consists of a set of nodes and a set of
hyperedges. Each node is a variable and each hyperedge con-
nects a group of nodes (called the source set) to another node
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(called the target). If the values for each node in the source
set are known, the value of the target can be calculated by ex-
ecuting the function encoded in the edge. The target node can
then be joined into the source set of another edge, and sub-
sequently used to solve for the value of another variable, in a
manner explicitly similar to the lambda calculus foundational
to functional languages such as LISP and Haskell (50). A
path is a chain of edges connecting nodes. The structure of a
path through a hypergraph is given by a tree, rooted in a set of
source nodes and terminating at a single target (81), as shown
in Figure 3c. Traversing a path is equivalent to simulating the
target node and is performed through composing all the func-
tions in the path, as in (�, �)

51−→ �; (�,�)
52−→ �

53−→ �

giving 53 ( 52 (�, 51 (�, �))) = � . The result is a type of uni-
versal simulation: the set of variables that can be constrained
(and consequently observed) from a set of known values is
given by all the nodes reachable by paths rooted in the repre-
sentative source nodes.

It is possible that multiple paths to a target node exist, as
in Figure 3d. Each path can be interpreted as a competing
model capable of solving for the target node. In order to se-
lect a preferred model, each path must be compared using
some discrimination factor, such as weights given for each
edge. Weights can represent criteria such as uncertainty or
computational expense, and when summed determine a pre-
ferred path (82). The identification and selection of paths is
known as pathfinding, and can be performed by a variety of
well-documented search algorithms.

Each constraint represents an assumption made concern-
ing the relationship between various phenomena, it can conse-
quently be assumed that each constraint is inaccurate to some
degree. Establishing edges is done by an independent mod-
eler, and may be performed most conveniently in a domain-
specific modeling framework, such as a diagrammatic model-
ing language. Such frameworks restrict the expressible con-
straint functions to better capture the domain-specific behav-
ior; geometric kernels, for instance, permit only geometric
and dimensional constraints to define a geometric model. The
generality of a CHG allows any identified constraint to be
recorded in the hypergraph, organizing formerly disparate
models into a single, unified structure. Edges encode either a
mapping scheme (01 → 11, 02 → 12, etc., where 01, 02, . . .
are the values of a variable 0) or some calculable rule (e.g.
1 = 02). A common case is providing a function created by
some statistical process such as a neural net or regression al-
gorithm. Functions can even be executable processes, such
as calling the Application Programmer Interface (API) of an
external client to perform the mapping. This allows a CHG to
connect information across software platforms. In all cases,
edges must map each combination of values from a set of vari-
ables to a unique datum of another variable.

Conditional Viability

It is not always true that a behavioral constraint relates all pos-
sible states of a system phenomenon. For instance, a model of
laminar fluid flow is only valid if the Reynolds number is be-

low a given threshold. Incorporating this model into an edge
can be interpreted as the target node being constrained over
a subset of the source nodes’ values. Instead of representing
the subset of the variables over which the constraint is valid
as a unique node, a conditional function is supplied for each
edge that determines whether the constraint is viable for the
known source values (Figure 3b).

Conditional viability exacerbates the cost of pathfinding, as
paths are no longer independent of inputs to the system. Valid
sequences for simulating a given node must be discovered for
each new set of inputs, unless it can be shown that the all val-
ues solved during the process of traversing the path are within
the validity frame of the next edge. Generally, this makes pre-
solving a CHG nonviable, resulting in increased runtime costs
during simulation.

Cycles

A cycle is a path in a hypergraph whose target node is also a
member of its source set (83). Theoretically, cycles in a CHG
should not exist, as they indicate that a system phenomenon
is constrained by its own state, violating causality. Since the
real world is causal, such behaviors cannot arise in a physical
system. However, it is often the case that a modeler wishes to
simulate the evolution of a state variable (especially through
time). In such cases it is important to note that each evolu-
tion constitutes a unique variable and consequently should be
represented by a separate node with separate edges.

However, because each of these nodes represent the same
phenomenon, they often repeat the same behavioral con-
straints, such as shown in Figure 3e. If it can be shown that
each instance of a variable is constrained by the same edges,
including a dependence upon the previous state of the vari-
able, then the repeated iterations can be summarized into a
cycle in the graph (Figure 3f).

Each cycle exists within its own frame of reference, so that
all contained nodes are connected only within a single itera-
tion of the cycle. When the cycle returns to the start, the frame
of the system is concurrently increased, a pattern visualized
in Figure 3g by a spiral. In order to exit a cycle, a solver must
identify an exiting edge that is only viable for the last frame
of the cycle.

Simulation

Simulations are defined by a sequence of tasks that, when exe-
cuted by a digital computer, forms a digital system transform-
ing inputs to outputs (sometimes described as the behavioral
trace of a dynamic system (84)). In a procedural modeling
paradigm, such as block diagrams, each transformation be-
tween a set of inputs and an output is encoded in an explicit
sequence that can be repeatedly simulated for a range of input
values (85). However, a unique sequence must be manually
defined for each pairing of input to output variables. For a
system with = variables, the maximum number of edges that
can relate these variables is given by

∑=−1
8=1 (=−8)

(=
8

)
(75), with

each permutation of these edges resulting in a possible simu-
lation.
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Explicitly defining all simulation transformations becomes
infeasible even for systems of modest complexity. This is es-
pecially critical for DTs, which, to provide appropriate mod-
eling fidelity, typically involve highly-complex system rep-
resentations extending across multiple scales and domains
(15). However, if all processes are not provided, the result-
ing DT becomes fragmented, failing to manifest the relation-
ships between properties defined by isolated models. For in-
stance, a finite-element simulation might calculate when a
column will buckle, while failing to expose the duration of
the buckling event required to execute a discrete-event simu-
lation. Object-oriented frameworks, such as the Functional
Mockup-Interface (FMI) (86), resolve this by providing an
Application-Programmer Interface (API) that specifies the
exact information that should be shared between models (42).
However, such rigid interfaces result in brittle systems that,
while functioning for the systems they are immediately de-
fined for, often fail when the behavior of the SOI changes (48).

In contrast to imperative frameworks, a CHG enables simu-
lation sequences to be autonomously derived from the graphi-
cal structure by connecting nodes representing input variables
with those representing output variables. The resulting se-
quence of hyperedges forms a rooted tree (83) composing a
function for calculating the desired outputs (87). One can
think of a CHG as encoding all possible ways a simulation
could be composed as paths through the graph.

Supplemental Information 3:
Handling Uncertainty with Constraint Hyper-
graphs
Uncertainty is inherent and omnipresent in representing real-
ity (88), making how to reconcile with uncertainty an essen-
tial question for any modeling endeavor (89). As a model-
ing framework, a CHG neither adds nor removes information
to models adhering to its formalisms. However, deconstruct-
ing model elements into the nodes and edges of a CHG can
provide significant insight into the uncertainty pertaining to
a system representation. The tools provided in understanding
uncertainty are best understood when framed against the three
types of uncertainty described by Isukapalli et al. (90): natu-
ral variability, model uncertainty, and data uncertainty. This
section describes each of these as well as how they can be
expressed and understood within the syntax of a CHG.

Background

Natural variability is the uncertainty in a model due to the im-
perfect approximation of physical phenomenon. As described
in Supplementary Information 1, information is a bounded,
finite representation of the physical domain. Such discrete
descriptions are inevitably insufficient for capturing the com-
plex interactions of reality. For instance, while the connection
between Brazilian butterflies and tornados in Texas could be
identified (91), expressing the interaction as a direct relation-
ship fails to identify the other features salient to the system’s
behavior. While the demonstrative relationship between but-

terflies and tornadoes is highly variable, similar variability is
inherent in any consideredmodel (though ideally on a reduced
scale). The incongruence between the physical phenomena
and its virtual description is intractable, meaning that it can-
not be reduced by the efforts of a modeler (92); no matter
how careful modeler measures the butterfly wing beats, the
resulting model will fail to perfectly explain tornado forma-
tion. This is described in Figure 7, which shows an illustra-
tive plot of a model predicting solar irradiance based on the
time of year. The relationship between these two phenom-
ena is stochastic rather than deterministic, and is described by
the probability density function. This is shown as the color
map of the plot where brighter colors are more likely to be
measured as real values. No model will perfectly capture this
stochastic distribution.

Distinct from natural variation is data uncertainty, which
is associated with the fidelity between the inputs provided to
the model and the state of the physical system they represent.
Each input is a datum that represents the specific measure-
ment of some real world phenomenon. Measurement error,
resulting for instance from the resolution of a measuring de-
vice or process, forms a key aspect of data uncertainty. An ex-
ample is given by the measurements of solar irradiance shown
by the black Xs in Figure 7, which cannot be guaranteed to
align in the exact position provided. The data uncertainty is
described by the error bars describing the tolerance of each
measurement.

The final form of uncertainty is model uncertainty, describ-
ing unknown information associated with the structure of the
model. The formation of every model is based on assump-
tions. For instance, the interpolation of the measured data
points in Figure 7 assumes that the solar irradiance follows
a polynomial curve. Assumptions for calculating the energy
production of a diesel generator might include the fuel being
available and that the combustion cycle performs normatively.
Each assumption is an aspect where the model might disagree
with the real world, resulting in error. In addition to assump-
tions in model relationships, the modeler makes assumptions
as to how data should be represented. While data uncertainty
is the consideration of whether the diesel generator’s fuel level
is full or empty, model uncertainty is manifest as the assump-
tion that fuel levels can only be full or empty. These two forms
of uncertainty can be reduced and even eliminated through the
efforts of the modeler (93), such as considering states with a
higher degree of resolution or making more refined assump-
tions.

Expression in a Constraint Hypergraph

The structure of a CHG–its nodes and edges–provides an ex-
cellent framework for considering uncertainty in a simula-
tion, particularly that attributed to data andmodel uncertainty.
Nodal elements qualify a system’s scope, while their values
describe its resolution. Edges represent the assumptions in-
herent in the model that might need to be accepted to simu-
late specific information. More specific details can be found
by describing how each form of simulation uncertainty is ex-
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pressed by these two elements.
The fact that natural variability is not reducible relates to

its inability to be represented in a model. It is instead the
variation inherent in the form of representation selected by
the modeler. As such it is not captured within the CHG, but
it can be framed through use of the CHG. For instance, al-
though the variability in the relationship shown in Figure 7 be-
tween the time of year and solar irradiance cannot be shown in
the model, it can be estimated by comparing measured values
against repeated simulations run over a sampling space (such
as via Monte Carlo methods). These efforts benefit from a
CHG, whose structure defines the explicit space for all simu-
lations as well as their construction via the pathfinding mea-
sures described in the Methods section.

When an agent prescribes a value for a node they introduce
information to the system from outside the model. This repre-
sents data uncertainty–the unknown accuracy of an assigned
input. Like natural variability, data uncertainty is generally
not captured explicitly in a model, as the information is de-
rived external to the model’s scope. However, the flexibility
of a CHG allows quantified values of uncertainty, such as the
tolerance stack of a measurement process or the confidence
interval for a simulation, to be included as a node in the graph
representing the specific datum. Treating uncertainty param-
eters as states in the system reveals the relationships between a
model’s uncertainty and its simulated outcomes–an important
aspect of using models for decision-making and risk estima-
tion.

Contrasted with the first two forms of simulation uncer-
tainty, model uncertainty is intrinsically captured in the struc-
ture of the CHG. Nodes encode the set of all distinguishable
ways some phenomena can be characterized. As such, each
node provides the resolution of the model corresponding to
the specific phenomena considered. Furthermore, the scope
of the system is explicitly given by the collection of nodes
pertaining to the CHG. Assumptions in the model are always
made in reference to this scope. The microgrid model, for in-
stance, contains no nodes relating to the states of transformers
or inverters on the grid. This consequently limits the model’s
fidelity, or ability to capture the effects of these actors on the
rest of the system. If the exclusion of such phenomena af-
fects the output node’s value significantly, then a method of
recourse is to include a node in the graph that aggregates un-
considered phenomena into a single value that accounts for
the noise between simulated and measured values (45).

Edges represent the relationships prescribed between phe-
nomena. Descriptions of relationships are virtual arrange-
ments rather than physical constructs, and are consequently
based entirely on virtual assumptions of the behavior of the
real world. These assumptions are implicitly given by each
edge, such that conducting a simulation implies acceptance
of the underlying assumptions for each edge in the simulation
path. For instance, Figure 6 shows an obvious discrepancy
between the simulated and observed outputs of the diesel gen-
erators in the validation study. This is due to the assumption
present in the DTmodel that the discharge profile of the diesel

generators was uniform, while the controller in the real-world
test applied a non-linear reduction at the end of each discharge
cycle. Like with data uncertainty, specific quantified values
of uncertainty (such as comparisons to measured data) can be
included as nodes in the graph, showing the relationships of
uncertainty parameters to the simulated outputs.

Assumptions of the real world relate to data uncertainty as
well, in that the modeler assumes that an input is appropri-
ate within the validity frame of the model. This is distinct
from verifying whether an inputted value lies in the domain
of an edge in the simulation path–instead it is the assump-
tion that the provided input accurately represents the corre-
sponding phenomena. As with other assumptions, claiming
an input to be appropriate can be expressed by an edge in the
hypergraph. However, rather than relating two distinct nodes,
assumptions on inputs are captured in loops: edges that have
the same node as their source and target. This is the identity
element in the category of a CHG, and its existence permits
the expression of all modeling assumptions to be expressed
solely by the edges in the graph.

Assumptions are the fundamental construct of any virtual
representation, but are uniquely framed by a CHG. By rep-
resenting system behavior as functions, relationships can be
decomposed into chains of smaller edges. This allows each
assumption to be isolated to a singular modeling construct. In
addition to the increased precision in identifying assumptions,
CHG models can be uniquely arranged to target or avoid spe-
cific assumptions depending on the needs of a modeler. Sit-
uations that require greater accuracy or execution time might
prefer accepting different models. A CHG allows every sim-
ulation, with its inherent assumptions, to be compared by the
modeler.

Supplemental Information 4:
Digital Twin Composition with Constraint Hy-
pergraphs
Figure 4 holistically describes the microgrid system. How-
ever, each collection of nodes within the greater CHG–along
with the edges that relate them–form a sub-CHG, equally
valid if not more limited in scope. These sub-CHGs often
relate to specific components of the microgrid system, such
as grid actors or transmission infrastructure, and can be con-
sequently perceived as forming a DT of that identified sub-
system. Integrating these subsystem DTs into an aggregate
DT illustrates one of the greatest challenges with providing
DTs: interoperability (42). Interoperability is an agent’s abil-
ity to exchange information with another agent in a manner
that preserves the meaning of the information (94). The case
for why DTs need to be interoperable to usefully represent a
system is based on two reasons: the first is that all systems
are composed of systems and are themselves subsets of other
systems. An adequate representation of such systems of sys-
tems requires a DT that can interface with other DTs (14,44);
e.g. a DT of a car with a DT of a tire, a tire DT with one
of a road, etc. The second reason–known at least as early as
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Heraclitus–is that all systems change. As a consequence, all
DTs must be able to adapt when the behaviors or scope of the
SOI evolves (45,46).

Maintaining meaning in a DT is not as simple as prescrib-
ing a defined interface by which all prospective DT connec-
tions must abide. The microgrid is an excellent illustrative
example, since the behavior of each grid actor is affected by
the other actors to which it is connected. A rigid interface
for a DT of a battery would need to define a priori how con-
necting to a diesel generator or utility grid would affect its
output. This is only possible if the behavior of the DT is inde-
pendent of any connected system. An independent system is
typically encapsulated; because its behavior does not change,
the only thing required for simulation is serialized messages
concerning the state of connected objects, often passed along
ports (95). Such a priori independence is an untenable re-
quirement for DTs representing the reactive systems typical
of reality. Key to this conundrum is understanding that con-
necting DTs does not form a system of independent systems,
but rather a new aggregate system that consumes the interfac-
ing models. Because of this, the problem of interoperability
does not concern interface connections, but rather changes to
the scope of the system representation. For two DTs to inter-
operate, their interactions must be captured in the aggregate
system.

Forming an aggregate system is the result of either adding
or removing information, the last of the three operations per-
formed on persistent data. Because a CHG fully captures a
system description, the types of changes typical of DT inter-
operability can be described by the possiblemodifications that
can be made to a CHG. In this sense the term interoperability
is equivalent to extensibility (47), as employed in the devel-
opment of programming languages.

There are two entities in a CHG: edges and nodes. Adding
or removing an edge in a CHG amounts to redefining the
behavior of the represented system, e.g. modifying the re-
lationship between solar irradiation and power supply, 5 ≔

([, �, 0) → % from % = [�0 to % = [�0(1− [) defines a new
interaction between the domain (composed of the cartesian
product of [, � and 0) and codomain %. Because CHGs are
function-based in the same sense as languages such as Haskell
and pure LISP, behavioral modifications of a CHG’s edges
do not affect the consistency of the graph, a characteristic re-
ferred to as having no side effects (30). In other words, obser-
vations of a fact in the system are not affected by adding edges
to the graph. The same is true for removing edges, as long as
the observation is not exclusively dependent upon a simulated
path along the removed edge. Additionally, a CHG’s func-
tional nature allows it to reveal a type of emergent behavior
resulting from non-localized interactions. If the cost of run-
ning the microgrid is influenced by the power output of the
photovoltaic array, and a separate model describes how that
power output is affected by the day’s weather, then combining
the two graphs along the shared variable allows the interaction
between weather on operational cost to emerge.

Behavioral interoperability–changes along a system’s

relationships–is the first type of interoperability. The second
involves adding or removing system facts corresponding to
the nodes in a CHG. This type of interoperability is less well-
defined in functional models which struggle with adding new
variants of information. This result is studied under the label
the ‘‘expression problem’’ (47,48), withWadler famously de-
scribing it as a table, where extending the rows requires fixing
the columns and vice versa. Allowing both rows (behaviors)
and columns (facts) to be extended without a posteriori mod-
ifications is famously difficult (96).

With CHGs, there are two potential issues with adding or
removing nodes from the system. The first is highly tractable,
in that adding or removing nodes disrupts the definition of
any connected edge, which must be redefined to accommo-
date the new nodes. This problem is highly localized; because
edges can be modified without side effects, the disruption of
modifying a node is limited to its connected edges, and does
not propagate further in the graph. The second issue requires
additional research to allow CHGs to be ideally employed.
It is that changing the considered scope of the model poten-
tially invalidates the assumptions undergirding eachmodel re-
lationship. For example, the relationship calculating the max-
imum power generation capacity of the microgrid might be
defined as summing the individual capacities of each grid ac-
tor. Such a relationship might be based on the assumption that
all actors capable of generating power form part of the do-
main of the edge. This assumption is valid in the scope of the
system as defined. However, if the scope changes to include,
for example, a wind turbine on the microgrid, the assumption
is invalidated, and the demonstrative edge would need to be
modified by someone a posteriori in order to accommodate
the proposed scope change. There are several potential solu-
tions to this problem (reviewed in (47)), although additional
research needs to be directed towards this topic to identify one
that maximizes a CHG’s utility as a DT representation frame-
work.
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